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Martingales in discrete time

We equip the probability space (Ω,F ,P) with an increasing sequence
{Fn, n ≥ 0} of sub–σ–algebras of F . We have

Definition
A sequence {Xn, n ≥ 0} of r.v.’s is a called a martingale if

1 For all n ≥ 0, Xn is Fn–measurable and integrable,

2 For all n ≥ 0, E(Xn+1|Fn) = Xn a. s.

A sub–martingale is a sequence which satisfies the first condition and
E(Xn+1|Fn) ≥ Xn. A super–martingale is a sequence which satisfies the
first condition and E(Xn+1|Fn) ≤ Xn.

We deduce from Jensen’s inequality for conditional expectation

Proposition

If {Xn, n ≥ 0} is a martingale, ϕ : R→ R a convex function such that
ϕ(Xn) is integrable for all n ≥ 0, then {ϕ(Xn), n ≥ 0} is a sub–martingale.

Etienne Pardoux (AMU) CIMPA, Ziguinchor 2 / 9



Martingales in discrete time

We equip the probability space (Ω,F ,P) with an increasing sequence
{Fn, n ≥ 0} of sub–σ–algebras of F . We have

Definition
A sequence {Xn, n ≥ 0} of r.v.’s is a called a martingale if

1 For all n ≥ 0, Xn is Fn–measurable and integrable,

2 For all n ≥ 0, E(Xn+1|Fn) = Xn a. s.

A sub–martingale is a sequence which satisfies the first condition and
E(Xn+1|Fn) ≥ Xn. A super–martingale is a sequence which satisfies the
first condition and E(Xn+1|Fn) ≤ Xn.

We deduce from Jensen’s inequality for conditional expectation

Proposition

If {Xn, n ≥ 0} is a martingale, ϕ : R→ R a convex function such that
ϕ(Xn) is integrable for all n ≥ 0, then {ϕ(Xn), n ≥ 0} is a sub–martingale.

Etienne Pardoux (AMU) CIMPA, Ziguinchor 2 / 9



We need the notion

Definition
A stopping time τ is an N ∪ {+∞}–valued r.v. which satisfies
{τ = n} ∈ Fn, for all n ≥ 0. Moreover

FT = {B ∈ F , B ∩ {T = n} ∈ Fn, ∀n}.

We have Doob’s optional sampling theorem :

Theorem
If {Xn, n ≥ 0} is a martingale (resp. a sub–martingale), and τ1, τ2 two
stopping times s.t. τ1 ≤ τ2 ≤ N a. s., then Xτi is Fτi measurable and
integrable, i = 1, 2 and moreover

E(Xτ2 |Fτ1) = Xτ1
(resp. E(Xτ2 |Fτ1) ≥ Xτ1).
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Let A ∈ Fτ1 .
A ∩ {τ1 < k ≤ τ2} = A ∩ {τ1 ≤ k − 1} ∩ {τ2 ≤ k − 1}c ∈ Fk−1.

Let ∆k = Xk − Xk−1. We have∫
A

(Xτ2 − Xτ1)dP =

∫
A

n∑
k=1

1{τ1<k≤τ2}∆kdP

=
n∑

k=1

∫
A∩{τ1<k≤τ2}

∆kdP

= 0

or ≥ 0 in case {Xn, n ≥ 0} is a sub–martingale.
We have a first Doob’s inequality

Proposition

If X1, . . . ,Xn is a sub–martingale, then for all α > 0,

P( max
1≤i≤n

Xi ≥ α) ≤ 1
α
E(X+

n ).
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Let τ = inf{0 ≤ k ≤ n, Xk ≥ α}, Mk = max1≤i≤k Xi .

{Mn ≥ α} ∩ {τ ≤ k} = {Mk ≥ α} ∈ Fk .

Hence {Mn ≥ α} ∈ Fτ , and from Doob’s optional sampling theorem,

αP(Mn ≥ α) ≤
∫
{Mn≥α}

XτdP

≤
∫
{Mn≥α}

XndP

≤
∫
{Mn≥α}

X+
n dP

≤ E(X+
n ).
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We have a second Doob’s inequality

Proposition

If M1, . . . ,Mn is a martingale, then

E

[
sup

0≤k≤n
|Mk |2

]
≤ 4E

[
|Mn|2

]
.

Let Xk = |Mk |. X1, . . . ,Xn is a sub–martingale. It follows from the
proof of the above inequality that, with the notation
X ∗k = sup0≤k≤n Xk ,

P(X ∗n > λ) ≤ 1
λ
E
(
Xn1X∗

n >λ

)
.
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Consequently ∫ ∞
0

λP(X ∗n > λ)dλ ≤
∫ ∞
0

E
(
Xn1X∗

n >λ

)
dλ

E

(∫ X∗
n

0
λdλ

)
≤ E

(
Xn

∫ X∗
n

0
dλ

)
1
2
E
[
|X ∗n |2

]
≤ E(XnX

∗
n )

≤
√

E (|Xn|2)
√
E (|X ∗n |2),
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Continuous time martingales

We are now given an increasing collection {Ft , t ≥ 0} of
sub–σ–algebras.

Definition
A process {Xt , t ≥ 0} of r.v.’s is a called a martingale if

1 for all t ≥ 0, Xt is Ft–measurable and integrable ;

2 for all 0 ≤ s < t, E(Xt |Fs) = Xs a. s.

A sub–martingale is a sequence which satisfies the first condition and
E(Xt |Fs) ≥ Xs . A super–martingale is a sequence which satisfies the first
condition and E(Xt |Fs) ≤ Xs .

Suppose {Mt , t ≥ 0} is a right–continuous martingale. For any n ≥ 1,
0 = t0 < t1 < · · · < tn, (Mt0 ,Mt1 , . . . ,Mtn) is a discrete time
martingale.
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Since
sup

0≤s≤t
|Ms | = sup

Partitions of [0,t]
sup

1≤k≤n
|Mtk |,

the above result implies

Proposition
If {Mt , t ≥ 0} is a right–continuous martingale,

E
[
sup

0≤s≤t
|Ms |2

]
≤ 4E

[
|Mt |2

]
.
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