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Abstract

We study the homogenization problem for a random parabolic
operator with coefficients rapidly oscillating in both the space
and time variables and with a large highly oscillating nonlin-
ear potential, in a general stationary and mixing random media,
which is periodic in space. It is shown that a solution of the cor-
responding Cauchy problem converges in law to a solution of a
limit stochastic PDE.
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1 Introduction

We study a homogenization problem for a parabolic reaction dif-
fusion equation with a rapidly oscillating nonlinear potential, of

the form
0 . x t 1 r t
aus(l', t) = div a<g7 g—a)Vug(x, t) + 61/\%9<g7 5_0" us('xa t>>

r t n
—l—h(E,g—a,u(x,t)), t>0, xR

u?(0,z) = up(x), xeR™

We assume that the microscopic structure is periodic in space
and that the dynamics of the system is stationary and uniformly
mixing. Our methods mix probabilistic arguments together with
some PDE and SPDE techniques.

The same type of equation was treated in [14] and [5], under the
assumptions that the coefficients depend on chance through a fi-
nite dimensional ergodic Markov process. Some of the techniques
used there do not longer apply in the more general case consid-
ered here. Results similar to those of the present paper, but for
a linear parabolic PDE, were obtained in [4].

In the same way as in [14], the hypothesis of centering for the
nonlinear term ¢ allows us to decompose it into the sum of the
spatial average of g over the torus T" := R" /Z", denoted g, and
a process g of zero spatial average on the torus. The unbounded
term % g requires the construction of a corrector G of a new type
and this is related to the semigroup of conditioned shifts and its
associated full generator (see for details [6], chapter 2, section 7
and in particular Lemma 2.7.5). In order to define G in a rigor-
ous way and to derive some useful estimates for G and its first
and second derivatives with respect to the solution, we impose
an appropriate integrability condition for the uniform mixing co-
efficient. One of the key technical steps of this work is to obtain a
rule of differentiation for the process G(t,u(t)), where u® is the
unique solution of our family of equations.



Our main result consists in proving that the limiting law of the
solutions of the studied family of equations in a certain function
space is the solution of a martingale problem, in the case a < 2,
and a Dirac measure concentrated at the solution of the Cauchy
problem for some deterministic parabolic equation with constant
coefficients, if @ > 2. In order to prove the uniqueness of the mar-
tingale problem, when o < 2, we need to construct a Lipchitzian
square root of the limiting diffusion operator, while the driving
Brownian motion takes values in some properly chosen Hilbert
space.

While the proof of tightness is the same in the three cases which
we consider, the correctors which are needed in order to take
the limit are different in the three situations. When o < 2, the
time scale is slower than the natural diffusive scale, and some
of the correctors are solutions of elliptic equations where time is
"frozen”. In that case, essentially only the ”stochastic” part g of
the potential g has a real contribution to the limiting covariance
operator. When « > 2, the time scale is faster than the diffusive
one, and the correctors solve elliptic PDEs with averaged in time
coefficients. In this case, essentially only the g part of g remains
in the limit. Finally, in the situation o = 2, the correctors are
stationnary solutions of parabolic equations. Both g and g appear
in the limiting equation.

The paper is organized as follows. The assumptions are stated in
section 2. The statements of our three results are stated in section
3. Tightness of the collection {u®, 0 < ¢ < 1} is established in
section 4. Finally the convergence is proved in section 5, in the
three cases a = 2, a < 2 and finally o > 2.



2 Set up and assumptions

We investigate the limiting behaviour of a solution to the follow-
ing Cauchy problem

0

u(z,0) = ug(x), ze€R"

1)
as £ \, 0. We assume that uy € L*(R"). The assumptions on the
coefficients of the equation (1) are as follows.

e (A.1) (Periodicity). All the coeflicients a;;(z, s) , g(2, s,u) and
h(z,s,u) are periodic in z with period 1 in each coordinate
direction.

e (A.2) (Randomness). For each u € R the coefficients a;;(s, -)
, 9(+,s,u) and h(-,s,u) are stationary random processes with
values in C'(T"), defined on a probability space (2, F,P).

e (A.3) (Smoothness and growth conditions). Uniformly in s €
R,z € T" and w € Q the following bounds hold

la(z,5)| < C,
9(z,s,u)] < Clul,  g,(z,5,u)| <C,
(L + [uDlgi(z, s, w)| < C; [h(z,s,u)| < C(1+ [ul),
\h(z,s,u1) — h(z,s,us)| < Cluy — us|,

(2)
for any u, u1, us € R; here and afterwards C' stands for a generic
positive nonrandom constant.

e (A.4) (Uniform ellipticity). For some ¢ > 0,

ai;(z,8)nin; > cnl?,  ¥n e R™



e (A.5) (Centering condition). We assume that

E/ (z,s,u)dz =0, YueR.

e (A.6) (Mixing condition). Let ¢(¢) be the uniform mixing co-
efficient defined by

¢(t) := sup |[P(A[B) — P(A)],

where the supremum is taken over all A € Fy and B € F', and
F, and F! denote

fs = O'{CLZ‘j(Z,?"),g(Z,T, U),h(Z,T, u) | r S S}

and
Ft.= olaij(z,7),g(z,m,u), h(z,r,u) | r >t}
We assume that

|7 é(t)dt < oo,

The filtration of o-algebras {Fs} is supposed to be right con-
tinuous.

e (A.7) The partial derivative 92(z, s) a.s. belongs to L}, ((T" x
(—00, +0)), for some p > n.

e (A.8)

Vag(z,8,u)] < Cluf,  [V:a(z,5)] <C

uniformly in z, s, u.

3 Statements of the main results

We study problem (1) on a time interval (0,7), where 7" > 0 is
an arbitrary fixed number. Clearly, under the assumptions (A.3),
(A.4) this problem has a unique solution u®, which is an element
of the space

Vi = L*0,T; HY(R™)) N C([0, T]; L*(R™)).

Denote by Vr the space Vi endowed with the sup of the weak
topology of the space L*(0, T; H'(R")) and the strong topology of



the space C([0, T]; L2 (R™)), where the index w indicates that the
corresponding space is equipped with its weak topology. Denote
by ¢ the law of u® on the space V.

For brevity, for a generic function f(%, L, uf(t,z)) or f(L, us(t, x))

we use the notation f(t). Also we denote a*(t) := a(%,Z%) and
Afus(t) = divia(%, £)Vus(x,t)]. Let A := AL,

It is convenient to decompose ¢(z, s, u) as follows

g(z,s,u) = g(s,u) + g(z, s, u),
with
g(s,u) == [rn g(z, s,u)dz.

The asymptotic behaviour of the solution u°(t), as ¢ — 0, de-
pends crucially on whether a < 2, =2 or a > 2.

3.1 The case a = 2

We first introduce two correctors. To this end, we define (see
Lemma 3 below) y and G as stationary solutions of the following
PDEs with random coefficients:

gxi(z, s)+div [a(z, 5)Vxi(z, s)] = —iaik(z, s), (z,5) € T"xR!
0s 0z,

(3)
and

agé(z, s, u)+div |a(z, s)VG(z, s, w)| = —g(z,s,u),(z,s) € T"xR;
S

@)
here u € R is a parameter. Consider also the process G(t,u),
defined as

G(t,u) = [ Blg(s +t,u)|Flds = [ Elg(s,u)|Flds, (5)

for t > 0 and u € R. Notice that G(¢,u) is a stationary process
for each v € R.

Theorem 1 Let o = 2. Under the assumptions A1-A6, for
all T > 0 the solutions {u} of problem (1) converges in law,



as € — 0, in the space \~/T, towards the unique solution of the
martingale problem with drift A(u(t)) and covariance operator
R(u(t)), where

A(u) := div(aVu) — divF (u) + H(u), (6)
=E [ a(z,8)(] + V.x(2,9))dz,

F(u) := E/ (a(z, S)Vzé(z, s,u) + g(z, s, u)x(z, s)) dz,

and

(R(w)p, @) :=2E[(G(s,u(-))¢)(g(s, u()), )]
=2E [ [ (G(s,u(x))p()g(s, uly))p(y)dedy.

3.2 The case a < 2

Theorem 2 Let o < 2. Under the assumptions A.1-A.7, for all
T > 0 u® converges in law, as € — 0, in the space Vi, to the
unique solution of the martingale problem with drift A(u(s)) and
covariance operator R(u(t)), where R(u) has been defined in the
preceding statement, and

A(u) := div(aVu) + g(u),
E/ Y+ V.x (z,8))dz,
g(u) = E/Tn (Gl (s,u)g(z, 5,u) + h(z, s,u)) dz;

here x; (z,s), 1 < i <mn, stands for a solution of elliptic equation

0
Ax; (z,8) = —a—Zkakl(z ,S),
which satisfies fpn X~ (2,8)dz = 0 for each s > 0, s being a pa-
rameter.



3.8 The case a > 2

Theorem 3 Let o > 2, then under the assumptions A.1-A.6
and A.8, u® converges in probability, in the space Vp, as e — 0,
to a solution of the following Cauchy problem :

~

%(t,x) = div(aVu(t, z)) + h(u); (t,z) € (0,T) x R™;
u® (0, x) = up(x)

where

~—E/ a(z, s)(I + V.x"(2))dz,
E/ [9(2,t,u)0,G T (2, 1) + h(z, s, u)]dz,

and the functzons xT(2) and G*(z,u) are defined as solutions of
the elliptic equations

AxT(2) = —diva;(2),
AGT(z,u) = —(§) (2, u),

where A stands for the operator A "averaged in time”, i.e.

A(u)(z) = div(a(-)Vu(-))(2),
with a(z) :== Ea(z, s) and (§)(z,u) := Eg(z, s,u) = Eg(z, s, u).

(7)

4 Auxiliary results, a priori estimates and tightness

Our first aim is to show that the family {Q"}.~o of the laws of
u’, is tight in V. Since
9(z.t,u) = g(z,t,u) + g(t, u),

where
gltw) = [ gz t,u)dz,

and consequently

|z tu)dz =0,vt € [0,T)u € R,



we may construct a z-periodic vector function H such that

div,H(z,t,u) = g(z,t,u). (8)

Indeed, the centering condition on ¢ allows us to solve on the
torus T" the equation

Av=g

and thus we can choose
H := Vv

Under our assumptions, H satisfies the estimates

|H(z,t,u)| < Clul, |H! (2,t,u)] < C, (9)

for any (z,t,u) € T" x [0,T] x R. From (8) it follows that

~ 1
div, |H(Z, w5t o) | = —a(2, ¢, uf (t, 2))

£ e’ a;E (10)
- H{L(g, t,u(t, x))Vu(t, z)

We thus get a useful representation for the term %g. In order to
get rid of the big term %g, we use the process G(t,u) defined in
(5). Notice that by the assumption (A.5), we have E[g(¢,u)] = 0,
for all t > 0 and u € R. Then it follows from Proposition 7.2.6.
in [6] and from (A.3) and (A.6) that

Elg(s +t,u)| 7] < 2C|ulg(s).

We next deduce from (A.3), (A.6) that G(t,u) is well defined.
and satisfies the estimates

C
1+ |

G(tu)| < Clul, |G, (Lu) <C, |Gt u)] < |

u
(11)
It is easy to see that the process G(¢,u) is stationary.

Lemma 1 For eachu € R, the process M; := G(t,u)+ [t g(s,u)ds
is a martingale with respect to {F;}.



Proof. This statement is a consequence of proposition 2.7.6. in
[6]. All we need to check is that the family {tE[G(t + §,u) —
G(t,u)|F], 6 > 0,t > 0} is uniformly integrable, and that

N B - _
P — %1\13 EE[G(t +0,u) — G(t,u)|F] = —g(t, u), for a.e. t.

By the relation (5) we have

1. = - 1
SEIG(t+6,u) — Gt )l F) = —5 [ Blg(s, u)| Flds.

The integrand is uniformly bounded, for fixed u, and continuous
with respect to s, for any t. We thus deduce the a.s. convergence
of the sequence $E[G(t48,u) —G(t, u)|F], when § \ 0, for any ¢.
The uniform integrability follows from the uniform boundedness
of g(-,u). O

The rule of differentiation of the expression (G(%,u(t)), u(t)),

ex?

where u°(t) is the solution of problem (1), is given by the following

Lemma 2 For any test function ¢ € C°(R") and € > 0, the
processes M and M7 given by

M — 8“‘(“%)[(@(5% Wt (£)), u () — (G0, ug), up)]

gy [ 0w (), 00 () ds

e W) [0 (5) T (5), Gl
el (Eia, uf(s)) V' (s))ds

e 209 [ g2, o w(9)), Gl w () (s) + Gl w(s)

et u(s))Vu(s)us(s)

e (A, (), Gl (9)u(s) + GG ()
(12)

10

N———



and

Mtgp,s — 8047(1/\%)[(@(

1 t,._. S .
+m/o (g(g—a,u (), p)ds

(13)

are martingales with respect to the filtration {F .t > 0}.

Proof Let [tq, t5] be an arbitrary subinterval of [0, T, A = {sq, $1, ..., Sm}
a deterministic partition of the interval [t1,?5], and denote h =
maxi<k<m{ (St — Sg_1)}. Considering the progressive measura-

bility of all the random functions involved, we have, for each
k=1,....,m,

S = Sk

BJ(GE, u(50)), u(s0) — (GCE w(s11)), w(541)) P

:E[/ %(G(ﬁ, u(s)), u(s))ds| Fouca |

80&
ou®

=B{ [ (G, () 5 (), u'(s))
ou’®

+(GOEE ' (s), 5
:E{ /:1 [— (ae(s)Vu
v 2@;(2—2, W () Vs (s

(5)) sl P
(), G () Vi ()u(5)
)
g (0 S (), G e (9)u(s) + GE, ()

(2w (), Gl (5))u () + GUEE, ' (s))|ds| o}

11



and

BI(G(g ' (sr1)) w(se-0)) = (GOLTE (se0)), (o) | Fos

50(

__ iE[/S’“ (95w (s1m0)) (i) ds| P ]

here (-, -) denotes the duality pairing between H'(R") and H1(R").
Summing up over k gives

12



e o ’
=E{ > L1 (=@ ()Var(s), Vac(s)u(s)
B{CY (2w (5) = Gl G () Fal)ds| 7y
+ B kfjl [ =2(a () Ve (s), V(s
E[G, (2 () = Gl u' ()P dsl 7 )

2 el 1 g e

E[[G;(j—z u(s)) — @;(%)uf(s)ﬂf_])dﬂftl}

1 O . c ko e
oo B [ 0 ), BIOCL () (1
_ G(g%,ug S)IF2])ds| Fo, }
SB( L [ (W 2w (5). w(9)BIGL S (o)
_G;(Sia, ()| Fa])ds| Fe, }
— Gl () F4])ds| Py )
N ELO‘E{ 1531 /si: {(g(sia’ug(skl)%ug(skl))

_ (g(g—a, u(s)), uE(S))}dSV‘%}

For any 6 > 0, using the bounds (2) and the definition (5) we
derive the following estimates, for each x € R"

B[t + 8,01, 2)) — Glt, (1, 2)|/F) < Coluc (1)),

E“G;(t + 0, u(t, x)) — G, (t, u°(t, I))‘/ft} < (',

1

1+ us(t, )|
(15)

(|G, (t+0,u*(t,2)) — Gy, (t, v (t,2)) |/ F] < Cd

13



The last term on the right hand side of (14) can be estimated as
follows

(@ (i) (i) = (9l w7 (9)), ()
< 35w (si-1)) = 3w ()l ()|

+ Hé(g% w () [llu(s-1) — u(s)]l
< (1+0) sup Jlur@®)l[u(si-1) = u ()]

Writing down the energy estimate for equation (1) and using
Gronwall’s lemma, we get, for each £ > 0

€ 2 T € 2
sup [[us()]* + [ [V (1)|de < p, (16)
0<t<T

where (3. is a deterministic constant which depends on ug, 1" and
the ellipticity constants and satisfies, for all ¢y > 0, the inequality

sup (. < oo. Since the solution u°(-) is continuous on [0, 7] with
c0<e<l

values in L?(R"), the Lebesgue dominated convergence theorem
yields

lim E{ i /:k [(g(gia,UE(Sk—l))aus(Sk—l))
~ (95w (5)), 07 (9)) sl F o } =0

Using estimates (15) and a Jensen type inequality for conditional
expectations, one can show that the expectation of the absolute
value of all other terms on the r.h.s. of (14) is not greater than:

€ 2 T € 2
hCE|T sup [[u®(t)]| —l—/o [Vu(s)]*ds].
0<t<T
This expression is finite, for each € > 0, in view of (16). Passing

to the limit as A \ 0, we obtain the first statement of the lemma.
The second one can be proved in a similar way. O

We now proceed with a priori estimates.

14



Proposition 1 The following bounds hold

T
B (sup Il + ] IVei(o)Pas) < ¢

Ehﬁ?““ O + (/ IV (s |2d8)2]§c. (17)

uniformly in e > 0.

Proof Denote G¢(t G(L,uw(t) and p == o — (1 A'$). By
formula (12), con31der1ng (10) we get, after integration by parts:

1

5 (W), (1)) + (G (1), ug(t))]

= — (a°(t) Vs (t), Veus(t )dt+(h€ ), u(t))dt — UM
) (t

d

—gl=0A (H'EVU (), u(t))dt — e’ (a°(t) Vus(t), 2G7 (¢ ) ( )
+ G"E(t)uf “())dt + "2 (g7(8), Ghfu () + GE(t))dt
+ dM;"* +5p(h5( ), GhE(t)us(t) + G° (t))dt,

or, in the integral form
5 (02 + 4 () Ve s), V() ds =

= 2ol — (Go (1), (1)) + £ (GF 0), o) + [ (H5(5), ()
e ) [ (s), Y (5)) + (L (5) Ve (5), o (5)) ds
et [ (a"(5)Vu(s), 2G5 (5) Vur(s) + Glis(s)u(5) Vs (s)) ds

e 2009 [ (g7(s), Gl () () + G (s)) ds + M
(18)

e [ (19 (). Gl (s)u(s) + G7(s))ds

15

“(t))dt



The following estimates are straightforward

E/Ot [(H(5).Vu(s))] + | (Hi () Vs (s), u(s) ) || ds
<2OE/ | (5)][|| Vs (s)||ds

E/ [u® (s)]%ds + CVE/ |V (s)]|2ds,
with arbitrary v > 0. Also, by (10) we have

E / (a 5), 2G1E(s) Vi (s) + G (s)u (s) Vs (s)) | ds

< CB [} |Vu'(s)]Pds.

E/\ ), G (s)u 5(3)+G€(3))|d5<CE/ [uf (s)|2ds.

and

E/ (e (s), Gl (s)u(s) + G2 (s))|ds < O(1 +E/ [ (s)]|2ds).

Choosing now € and v small enough, and taking the expectation
in the relation (18), with the help of Gronwall’s lemma we obtain

T
sup El|u (1) + E [ [|Vu(s)[*ds < C. (19)
t<T

It is easy to see, considering the bounds (2), (10) and (16) that
M, is a square integrable martingale. In order to obtain an

upper bound for the term E(supyc,;|M;""|) we estimate the

quadratic variation of the martingale M,"°, as well as the expec-

16



tation E(||u(¢)||*). To this end we consider the expression

1

ﬂZWf@N4+€%Gqﬂﬂfﬁﬁﬁf@%uqﬂﬂ
= L o) )00, 0] + a2 (G0 ) 00 )

+ P (GE(t), u*(1))d| (us(t), u(t))]
= Hug(t)HQ[ — (a* () Vui(t), Vs (1)) + (h5(t), u (1))

MI(HE(t), Vb (t)) — e ) (HF (1) Vb (), u (1))
—6”( ((t)Vui(t), G () Vs (s (t) + 2677 (1) Vs (1)
+ e 2N (g7 (1), GIE (t)us(t) + G=(t))
+e?(RE(1), Gi (H)us(t) + G5 (t))]dt
(

4 ||uf ()| Pd M + e (G (1), ug(t)) [ — Q(ag(t)VuE(t), Vug(t))

+ 2511% (6 (8), w5 (8)) + 20k (2), u (1)) dt,

(20)

where the formula of integration by parts for semimartingales has
also been used. It is easy to see that the process f{ [|u(s)||?d M%<
is a square integrable martingale with respect to the filtration F;.
Indeed, considering formulae (12) and (16), we have:

E [ [[u(s)[[‘d(M"), < 2B ((M"),) = G°E (M;)” < C.

Taking the expectation in (20) and using the same arguments as
those leading to (19), one can obtain the bound

sup B (Ju(0)]) + B (] 10| Vu(s)ds) <

0<t<T

17



Next, Ito’s formula for the square of a semimartingale gives

[|muw?+wmﬂ> )]
[Hu‘f \|2+25(G5( ,ug(t))}{[ ( (t)Vu‘f(t),Vu‘f(t))
( )dt—g M (HE(t), Vur (1))

+ (he(t
( >(H’€( uE(t)—gP( )V (1), G (1) Vus () us ()

)
_ 1/\%)(95 G/s 5( )+G€(t))

L2 (Dl (1)) + &
)+ GE(t)))]dt + dM Y+ d < M >,

+eP(RE(t), G (t)us(t
If we subtract now the last equality from (20) and integrate the
result over [0, t], we get after simple rearrangements

<M"E >p= (G (t), E( ))2 - 52/)(@5( ) o)’

+2e07200%) (@ (G (), w()) (7 (5), 0 (5) ) s
w(s)us(s) + Gy (s)Vu'(s))ds

+26% [ (G(s),u <»(<@vw<>0”<>
— 222073009 [1 (G5 (5), u(5)) (97(s), Gy (s)u(s) + G7(5)) ds
— 2% [1(GF(s), u(s)) (°(5), Gl (5)u(s) + G (9))ds
—2¢7 [ (GF(s),u()) M7

(21)

Hence

B((0r°)) < CB( 1l +

+ (26072003) 4 9 20-3(103) 9.2 / uf (s)||*ds
2 [ u(s) |Pds + 262 [ u(s HHVu(MMQ
< 0(52/) + (ga—2(1/\%) + 8204—3(1/\%) + 82p)t).

(22)

18



We next get by the Burkholder-Davis-Gundy inequality that

E ( sup |M; ’€|) < KTE< (M“ﬁ)T) < TT + TTE((M )
0<t<T

< % _’_[; C<€2p+ (804—2(1/\%) _'_5204—3(1/\%) +€2p)T).

(23)

Now the first inequality of Proposition 1 follows for small £ from
the relation (18), and for all other € from (16).

The second estimate of Proposition 1 can be obtained in a sim-
ilar way . We only show how to estimate the martingale term.
Applying the Burkholder-Davis-Gundy inequality we get

<E([ lu @l
< B( sup. o ()] OF7)

WE(Oiltlg [ ") + CE((M")7),

{ o | [ I (s) 1]

IA

where as before v stands for an arbitrary positive constant. We
already estimated the expectation of the quadratic variation pro-
cess associated with the martingale { M;"“}. The desired estimate

for the expression E (sup |luf(t)]|* | is now straightforward. O
t<T

The tightness of {uf} in the space Vi also relies on an equi-
continuity result for the family of functions

{t = (u*(t), ) }=>0

in C([0, T]; R), where ¢ is an arbitrary element of L?(R"). In view
of Proposition 1 it suffices to prove this equi-continuity for ¢ from
a dense subset of L?(R").

Proposition 2 Under assumptions A.1-A.6, for any p in C°(R")

19



and any § > 0 there exist v = v(0) > 0 and €y > 0 such that

P{ sup |(u°(t),9) — (u°(s),¢)| >} <9, VO0<e<e.

[t—s|<v

Proof For each ¢ > 0 the process M;/"“, defined in (13), is a
square integrable martingale. We deduce from (1) and (13) that

d|(u*(t), )+’ (G°(t), )] =

— (a*(t)Vus(t), Vip)dt — ') (H5(t), V) dt

— e UN(HE (Vs (), @) dt + (hE(t), p)dt

— (@ () Vi (1), Gy () Vi + G (1) eV (t) ) dt
+ 22N (g5(1), GUE(t) ) dt
- .

+e? (W (t), G (t)p)dt + dMf (24)

In view of the inequalities

/St (CLE(T)VUE(T), Vgp)dr

< eVt — s||u|| p20,m: 5 (R
and

£ Oﬁ (GZ’J:(S)CLE(S)VUE(S),QOVU (s ))ds

cellu® HL2 0,T;H'(R™))>

and Proposition 1, the integrals [¢ (CLE(S)VUE(S), Vgp)ds and

e J§ (Gre(s)a*(s)Vus(s), pVus(s))ds form tight families in C([0, T7).
Similar estimates are valid for all other absolutely continuous
terms on the right hand side of (24).

The estimate of the modulus of continuity of the martingale term
M7 is based on the bound for the increment of the quadratic
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variation < M¥®¢ >,. By the definition of «* and G¢ we have

d[(w(t), )" + 2e7(G= (1), ) (v (8), )]

= —2(a(t)Vu'(t), Vo) (u (t), p)dt — 2"~ (HE(t), Vi) (u'(t), ) dt
— 251‘(1A%)(ﬁ{;5(t)Vu5( ), )(uf( ) )dt+ 2(h5(t),go) (ug(t),go)dt
— 2P (GE(t)a" (1) Vul (), Vi) (uf(t), o) dt
- 26”(G"5( Ja® () Vu(t), pVus(t)) (u (1), @) )dt
+ 220720 (G (1) (1), )( (1), o)t
+2sf’(h€( ), GiE(t)) (us(8), ) )dt — 2P (G2 (1), ) (a” () Vu(t), Vip)dt
+ 26218 (GE (1), gp)(g (1), p)dt + 2e*(GE(t), ) (h° (1), ) dt
+2(us(t), p)dMP,

On the other hand, by the Ito formula we find

:2[(u5(t),90) +e(G5(t), 9)|{ = (" () Vui(t), Vi) dt
— e UMD (HE(t), Vip)dt — eI (HF (1) Vul(t), o) dt
— e (Gl (H)as (1) VUl (t), Vi)dt
— (G (Oa (1) Vs (t), pVus(t))dt
+ e 2N (G (1) g7 (1), ) dt + (h5(2), ¢ + "Gl () ) dt
+dMP+d < MPF >,
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Opening the brackets and comparing two previous expressions
allows us to write down the formula for < M¥*° >,

< 15 5 = (O 1), )" < (CL0,w),

+2e7200) (G (s), 0) (), )
22 [ (G(s). ) () V' (s), G () Vo + Gl () Vi (s)) s
_ 9o20-3(1A8) /0’f (G=(5), ) (4" (), G<(5)) ds

Our aim is to estimate the quantity E[(< M#PE >, — < M?° >,
)2}, with 0 < t; <ty <T. We have

BA=( [ (G5(5),9) (0 (5)V(s), G (5)Vip + Gl () Vs (5)0) ds) |
<C<E|( | t (G=(s), ©) (0 (s)Vu(s), G (5)Vip)ds)’

(7 (G5), ) (0" (5) Vui(s), Gl (5) Vi (s)p)ds) |
<CEVE[( [* |ju(s))ds [ HVu ()| ds)] + B[( [ [Vu(s)*ds)’]

<CVZR( [ (9 Pds) + SB(( 1V (9] ds)?)]

<Ce"(1+ (to — 11)?)
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where the relation (17) and the assumptions (A.3), (A.4) have
been used. Therefore,

B[(< M >0, — < M#* >, ]
SOB(e |l (1) + €7[lu (1) + (20 (4120) 4 gl

(t2 = t1)* sup [ (®)]* + (1 + (2 — t1)°)
0<t<T

+e¥(ty = t1)*( sup [l ()" + sup [lu(t)[|*)
0<t<T 0<t<T

+ Ce” sup [[us()[]P(< MP*° >, — < M¥° >,)))
0<t<T

SC(54p + (84/) + 8204—(4/\204) + g404—(6/\304))(?52 - t1)2)
€2p P,E V,E 2
+7E[(< M# >y, — < M¥° >, )]
This yields, for all sufficiently small

E[( < M?© >,— < M#* >, )] < C(s4p + (% g2

+ 8404—(6/\304))(t2 . t1)2).
Finally the Burkholder-Davis-Gundy inequality gives

E[ sup |M#° — M7P9|Y < CE[( < M#* >, — < M#* >, ).

t1<s<ts

Combining the last two bounds, by Theorem 8.3 in [1] one can
deduce the required estimate for the modulus of continuity. O

We now state
Theorem 4 The family of measures Q° = L(uf) is tight in Vp.

Proof The result follows from the above bounds by the Prokhorov
criterium, whose applicability in the space V7 has been justified
in [17]. O
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5 Passage to the limit and proofs of the main results

In this section we prove the convergence of u°, as ¢ — 0, and
describe its limit.

5.1 Case a = 2: Proof of Theorem 1

Our goal is to introduce a limit martingale problem and to show
that any accumulation point of the sequence {u®,e > 0} is a

solution of this problem. We first state a lemma, whose proof can
be found in [9].

Lemma 3 The equations (3) and (4) have stationary solutions.
Under the normalizations

/n X" (z,8)dz =0, /rn Gz, t,u)dz =0

the solutions are unique and ergodic. Moreover, the following
bounds hold

|‘Xk‘|L°°(T"><(—oo,+oo)><Q) <C

HGHL"O(T”X(—oo,qLoo)xQ) S C‘U‘

HéquLm(TnX(—OO,—l—OO)XQ) < C (26)
~ C
G” (T x (—o0,+00 < .
H uuHL (T"x (—00,+00)xQ) = 1t ‘U‘
We now define two additional correctors as
r 1 % ~(x t
) ’t - 9o G* 7t7 :G<_?_7 )
X (1) x(s 52) (x,t,u) S



Using equations (1), (3), (4) and the representation (13), we get,
after multiple integrations by parts

—i@s ) )t — (070 (1), CLE(0) Vi + G ()7 (1))l
+ (gE(t ), GhE () )dt — €(h5(t), G’if(t)gp)dt + dM7P*,

A= (x (=, ) (1), Vo)

g €

= — e(dive(a” (1) Vaxi (1)), u(t) S*” Jat —~(div.ai( -

X € g€

e (diva (VU 0) O 52V + (5 (0 (), V)

+ (R ()X (1), Vi) dt

=(a(t)u*(t), V.x(=, =) VVe)dt — =(div.a;(=, =) us(t)gz)dt
—e(a*(t)Vus (1), X () VV@)dt + (97 (t)x" (1), Vep)dt + (h*(£)x(t), Vio)d

=(— divy(a® () VLG (t,u (1)), ) dt + (a*(t), V.G (t,u (t)) VUl (t), p)dt

t

— =(5° (1), p)dt + £(div,(a*(t) VUi (t)), G, (é o (1)) dt

(0, G w0 p)dt + 2(1(0), G (1)) )

g2’ ol g2’
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(¢ () V-G, G (), V)t — (7 (0), )t
— (0 OV (1), Gl Ly () Vi)t

— e (O V(). Gl é W (1)l () )t
+ (g0, Gl =5 w0 )t + (0 (1), G

t €
c ?7 u (t))gp)dta

where we denoted by a;(t) the &th row of the matrix a(t).

Summing up the above identities we get

AW (1) =((T+ Vox(=, é)w( JuE (1), Vo) dt
a“(OV.CC St (1) + (g (1), Vi)dt
(GrE(t) + Gt ws (1) g (1), ) dt + (hE(L), ) dt + dMF*
(" (&) Vs (1), G (8, u™ (1) Vs () + G (1w (1) Vi)t
(OVU(), G () Vs (t)p + G (1) Vip)dt
)Vl (t), X (1) VV ) dt
)

from which we derive the expression for

(u (1))
:(UO,SO -l-/o ( CL(I‘FVX))UE(S),VVgp)dS

(
)
[ 1@ (5)),9) + (Gl (). ) + () (" (s)). )]s
+ Mf’g + Ag(t)’ (27)
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where M7 is the martingale introduced in (13) and

A(t) =— 5{ [(Ge(t) — G7(0), ) + (G°(t,u (1)) — G°(0, up), )
+ (¢ (1) (t) = x7(0)ug, Vip)]
+[[ (a€<s>w€<s>, G (s, u%(5)) Vi () + G (5, u™(5)) Vip) ds
[ (a°(5)Vu(s), Gl () Vu () + Gl (5) Vo) ds

—I—/ a‘E X°(s )VVQO)d

[ (s),x <>w+G'€<su<>>w+é;f<t>so)ds]}

0

+ [ (W (), (@) + VX 5) = {all + VX)) V) ds

Here and in what follows the notation (#)(u) stands for E [t 0(z,t, u)dz,
with periodic in z and stationary in ¢ random function 6(z, ¢, u).
If & doesn’t depend on u we simply write (6).

Since all the terms in figure brackets have uniformly bounded
expectations, the contribution of these terms vanishes as ¢ — 0.
The fact that the other terms on the right hand side tend to 0
can be proved in the same way as in proposition 7 in [14]. We
conclude that

lim E[ sup |A.(t)]] = 0. (28)
eNO  o<<T
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Let @ be an accumulation point of the sequence of probability
measures {P o {u}~!} defined on B(V7), and denote by u a ran-
dom variable with law Q.

Let 0 < s <t <T, and let ©, be a continuous bounded func-

tional defined on V;. If we set ©F = O,(u®) and denote by F, the
functional

Fy(t.u) = (u(t), 0) — (0. 0) = [ (u(s). {all + V) VVig)ds
~ [ (V&) (u(s)), Vi) + ({9 (u(s)). Vo)) ds
~ [ (G u(s)).9) + ({9Gi) (u(s)). ) + () (u(s)). )] ds.

for any u € Vp, then from formula (27) it follows that
E[(F,(t,u") = (Fy(s,u"))05] = E[(A(t) — A(s))O]]

Using proposition 6 in [14] and taking into account (19) we can
pass to the limit here as ¢ — 0 and conclude that the process
F, is a Q-martingale with respect to the natural filtration of

o-algebras B(f/t), 0<t<T,.

We treat now the martingale term M7 through its quadratic
variation which was computed in (25). Notice that all the terms
on the right hand side of (25) vanishes as ¢ — 0, except for the
third one. Therefore,

B( sup [(M7): =2 [[(@(s), 9)7 (), #)ds) = 0. (29
Denote by (R(v)yp, @) the quantity
E[(G(t,0),0)(9(t,v),0)] = 2B [ [ G(t,0(@)g(t,v(y))¢(@)oy)dady,
(30)

for v € L*(R"). The bilinear form R(v) does not depend on t.
Using the relation (5) and the stationarity of the random field
g(t,u), for each real u, we derive the following representation for
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R(v)

V)P, @) 2/ dSE/n/ g(t,v(x")p(x)p(z")dxd’
—2/ dsE/ / (s +t,v(x))g(t,v(z"))o(x)o(x)dvds'
—2/ dsE/n/ 9(0,v(2"))(x) (2" dwdz'

for any p € L*(R").

The mappings G(t,-) and g(t,-) are Lipschitz continuous uni-
formly with respect to t. Now, following exactly the same scheme
as that in the proof of Proposition 8 in [14], we derive

E( sup | [ [(G°(s).0)(5(s). ) — (RO (5))p. )] ds]) — 0.

o<t<T /0 N0

Combining this formula with (28) and (29), we pass to the limit,
as € \, 0, in (27) and arrive at the following statement.

Proposition 3 For every ¢ € Cj°(R"), the process

Fy(t,u) = (u(t), ¢) — (uo, ) —/o

t , A

(A(u(s)), p)ds,

defined over the probability space (Vp, B(Vy), Q) is a square inte-
grable martingale w.r.t. the natural filtration of o-algebras, with
the associated quadratic variation process given by

t

(Fo(u))e = [ (R(u(s))e, @)ds,
where
A(v) :=div(a(I + Vx))Vv) — div(aVG)(v) — div{gx)(v)
+{g(G, +G)) () + (M)(v)
and R(u) is defined in (30).

(31)

We prove now that the martingale problem we just stated has
a unique solution. To this end we apply the well-known result
of Yamada-Watanabe which specifies that the uniqueness of the
solution of a martingale problem is a consequence of the path-
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wise uniqueness for a corresponding SDE. This result may be
adapted to our type of SPDE.

We define the Hilbert space K of real valued stationary random
processes as follows. We first denote by W the set of all processes
{g(t,u),t > 0}, where u varies in R and let Span(1¥) be the linear
set generated by W. All the processes in Span(WW) are stationary
and adapted to the filtration {F;}. The space Span(WW) may be
endowed with the bilinear form:

< G0 >i= | E[g(0,w)g(t,v) + 5(0,0)g(t, w)]dt,

where for instance g, stands for g(-,u). In view of assumption

(A.6) this form is well defined. Also it is easy to see that < -,- >

is pre-Hilbertian, as considered on the quotient space Span(WW) /N,
where N is the null set {h € Span(W)/ < h,h >= 0}.

Set now K the closure of Span(W)/N under < -,- > . In this
way K becomes a Hilbert space. We now define , for each fixed
w in L?(R"), the mapping

C*(w) : L*(R") — K

C(w)el(t) = [ gt w(x))p(w)dz,
and denote by C(w) the adjoint of C*(w).

It is easy to see that C(w) is a linear operator, for each w, and is
Lipschitz with respect to the parameter w, according to assump-
tion (AS), l.e. HC(ZUQ) — C(wl)HE(K;LQ(Rn)) S HUJQ - leLQ(Rn).
The following relations are straightforward

< C(w)C*(w)p, o >=<C*(w)yp CW)@
= [ TElC*(w [(HO

(0)
=" UJno w(x))p(2)g(t, w(y))e(y)drdy)dt
= (R(w)p, ¢).
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Consider now the following SPDE in L?(R")

{du(t) = A(u(t))dt + C(u(t))dB, (32)

u(0) = uy,

where B; is a standard cylindrical Brownian motion on K, i.e.
for any h € K, < h, B; > is a real valued Brownian motion with
covariance t\/< h, h >, and A(u) is defined in (6). By theorem
1.1, page 83, in [12], the equation (32) has a unique solution u in
V. O

5.2 Case a < 2: Proof of Theorem 2

We consider first the following elliptic PDEs written in divergence
form

Ax; (z,8) = —diva,(z,s), ze€T", (33)
1 <i < mn,s € [0,00) being a parameter. For each s € R
this equation has a unique up to an additive constant solution,
X (z,s) denotes the solution which satisfies:

/rn X; (z,8)dz = 0.

Combining now the theorems 8.3, 8.8 and 8.34 from [7], we deduce
that x; (-, s) € W22(T™")NCY(T"), v € (0,1) being a determin-
istic constant. The assumption A.7 and Theorem 8.22 from [7]
tells us now that ¢; (z,s) := ag;'_(;s) e WH(T")UC(T") and
satisfies the equation:

_ odiva; - /Oa -
A (z,8) = — P (z,s) —div <%(z, s)V.x (z, s)) . (34)
It is obvious that
_ 0 _

Now, like in (8), one can find F;(z, s) € C17(T") such that,

IX;
0s

= divE;(z, s) (35)
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Denote x*(z,t) == x~ (£, %) and E*(z,t) = E (£, L),

€ g™

For an arbitrary ¢ € C§° set

B(1) = (1" (1), )+ 2000, V) + 8 (G (1))
We have

d(u(t), o) = — (a*(t)Vu'(t), Vi)dt + ig(gg(t), p)dt + (h°(t), p)dt

- 1(u (1), dlval(;,i)a )dt-l—( (1), af(t)VVgo)dt

€ 0x;

— 5 (af (1) VuE(t), GLE (1) Vo + GLIE(8) Ve (£) ) dt
(9 S w )GL (D), )

78a
+5—:2< ()G’(— (1), gp)dt+th‘p€,
8X_5

™| -

dle (¢ (O (1), V)] = €1~ ( w) it

+ €l ( ), X" Vgo) dt

2T EE(t), uf (1) VV @) dt 4 2 “(E5(t), Vus (1) Vp)dt
+ = (Ve V(x T (1)u(t), Vi) dt

+ (a* () Vx5 (1), w () VVe) di

—€ (a (t)Vu (1), X*’E(t)VVgp) dt

+e 72 (g7 (1), x () Vep)dt 4 (he(t), x (1) Vp)dt,

g
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where M/ is a square integrable martingale. Summing up gives

P )+ [ < )<1+va (g€%> vw) ds
+ /0 (h(5), )ds + /0 (gg,E—a,uf<s>>é;<€%,uf<s>>,so) ds
+ My + Ry,

where

E( sup |Ri[) — 0,

0<t<T
as € — 0. The quadratic variation of the martingale term M;°
was computed in (25)

_t
< M¥* >t:€a(G(?,u5(t)), gp)

[\

— 5“(@(0,%),@)2
+ 2/(: (G°(5),9)(7°(s), p)ds

g
+ 2e“ /(f (G5(s5),¢)(a"(s) VU (s), G (s) Ve + G (s)Vu(s)g)ds

9% /Ot (C_?E(s),gp
— 2e“ /Ot (GE(S),gp
—252/ (G=(s), ¢

We now pass to the limit in the last two expressions in the same
way as we did in the proof of Theorem 1 and the required state-
ment follows. O

5.8 Case a > 2: Proof of Theorem 3

The proof of convergence is slightly more involved in this last
case, comparing to the two other ones. The general strategy is
the same as in the previous subsections, however we shall need
to introduce and study new types of correctors, and prove some
averaging lemmas adapted to those. In order to try to clarify our
strategy, we split this subsection into smaller units.
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5.3.1 Definition and properties of new correctors

We now define correctors which are obtained via stationary and
ergodic solutions of linear parabolic PDEs with large parame-
ters in front of the time derivative. Let x; (2, s), G*¢(z, s, u) be
stationary and ergodic solutions of the equations

! axl‘,"»’f : +, . Oay,
o7 g (z,8) + dlvz(a(z, s)V.x; “(z, s)) = — 920 (2,5),
1 oG*=

o s (z,8,u) + divz(a(z, S)V.G1(z, s, u)) = —g(z,s,u),
for s € (—o0, +00), z € T", u e R.

As was proved in [8], for each € > 0 these equations have station-
ary solutions which are unique under the centering conditions

- x e (z,8)dz =0 and /n G1¥(z,5,u)dz = 0.

Define

o5 (z,t) == xi °(x, w(x,t,u) == GHe(x, —, ).

(36)

5a—2)’

These functions satisfy the parabolic PDEs:

ov; , t . t

By (x,t) + div |a(z, @)Vvi (x,t)| = =b;(x, ga—2)’ (37)
ow® , t . N t
5 (x,t,u) + div |a(x, @)Vw (x,t,u)| = —g(z, —80[72,7,&),

(38)
where u € R is a parameter, and for brevity we have denoted
Oay,

bi(z,8) =>_ 97, (z,$).

k

The solutions of these equations are periodic in x and stationary
ergodic in t, for each fixed wu.
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Proposition 4 For any (t,z) € (0,00) x T",
(a) it @) = x (@),
(b) X (1) = X (@),

a.s., as e — 0, where x;" is a solution to the first equation in (7).
Moreover these convergences are uniform on T" x [0,T], for any

T > 0.

(39)

Proof. First we are going to show that uniformly in ¢

|05 || oo (T ¢ (—00,00)) < C (40)

To this end we consider the following Cauchy problems

0 t t
a ;'Nﬁ + div a(l’, 8a2)VU£V’€ = _1{N71§t<N} bl(l', m) in T" x (—OO, N),

v sy =0

with N =0,+£1,£2,.... As was shown in the proof of Lemma 4
in [9], the functions v satisfy the bound

[0 (Y| ooy < Ce™ N Dby | yp—1.00 (T (00,00 (41)

with constants x > 0 and C' > 0 which only depend on the
ellipticity constants of matrix a(x,t).

By the same Lemma 4 in [9], the function v° admits the repre-
sentation

= 3 e
N=—00
Summing up the estimates (41) we obtain the desired bound (40).

Next, combining (40) with the Nash estimate for solutions of
parabolic equations, we conclude that the family of functions
{v°, e > 0, w € Q} is Holder continuous in T" X (—o00, 00) and,
moreover for any a € R,

[v*[|ov (o xfaary)) < C

for some v > 0 and C' > 0 which do not depend on a. Hence the
same estimate holds for the C”(T" x (—o0, 00)) norm. Therefore,
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for each w € Q) the function v° converges along a subsequence, as
e — 0, and the convergence is uniform on compact sets. Denote
the limit function by 00 =00 (x,t).

Now denote Vi = 5--v°. Approximating the coefficients {a;;} by
smooth ones, one can easily show that V7 solves the equation

J_ .. .. t . 0 t 0 t
akaLdlv a(x,@)vvl,€ __8—:Ukb( ) dw[(axk a(z, g

g2

We want to show that for any @ € R, w € €2, V(w) is a compact
family (indexed by & > 0) of elements of L?(T" x (a,a+ 1)). The
function on the right hand side of the Vi ’—equation is uniformly
bounded in

L*((a — 1,a + 1); H"YT"™)). Moreover there exists C' > 0 such
that

Vi |l 2((a—1,a) <) < C,

hence for each € > 0 and w € €, there exists ty € (a — 1,a) such
that

|V (o)l 22y < C.

Now from standard parabolic estimate,

3Vk

Vi [l 22 (a1 (T <,

L%(a,a+1;H-1(Tn))
which implies the whished compactness in L*(T" x (a,a + 1)).

Let ¢ = p(x,t) be a C®(T" X (—00, >0)) function with a compact
support. Using ¢ as a test function in the integral identity of the
first equation in (7), we get

Z [rn Usg—fdxdtJrZ /Tna x

= — 70/na(a:,%)Vgpdxdt.

v° - Vpdxdt =

By the Birkhoff ergodic theorem a(z, =) converges a.s., as € —
0, towards a(x) = Ea(z, s) weakly in LIOC(T" X (—00,00)). Pass-
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ing to the limit in the above integral relation we find

// vodrdt + // Vpdxdt =

= - / / 2)Vodadt.

0

Therefore, v” is a bounded zero spatial average solution of the

equation

0

avo + div |a(z)Vo'] = —diva(z).
By the uniqueness of a bounded solution, v does not depend on ¢
and solves the elliptic equation div [d(a:)Vvo] = —diva(z). Thus

v(x) = xT(z), and the entire family v° converges a.s. to x™(x),
as € — 0.

The second convergence in (39) is the evident consequence of the
first one. O

We have also proved the following statement.

Lemma 4 The sequences {x;°,¢ > 0} and {axl £ > 0} are
bounded in L>(T" x [0,00)), uniformly in w € Q.

Similar results hold for the process G+ (z, t, u), as well as G5 (., ¢, u).

Lemma 5 (a) For any (t,x) € (0,00) x T", u € R, the following
convergence takes place:

w(x,t,u) =G (z,u)
GHe(x, t,u) =G (x,u),
G (x, t,u) =G (@, ).

Y

in probability, as € — 0.
(b) The function GT<(x,t,u) is differentiable in x and its partial
S

6Ij

derivatives (x,t,-) are Lipschitz, uniformly with respect to

g, T, t,w.
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(¢) The following bounds hold

- OG+*
G5 (2, t,u)| < Clul, ‘ (x,t,u)| < Clul,
8.Tj
for any (t,x) € [0,00) x T", u € R.
We now define
+,8,a o ae (T t) S o ~+,€<£L“ t )
© ty=x""(—-,—], G x,t,u) =G — —,ul.
ety =3 (L (2 t,)
It is easy to see that these processes satisfy the equations
ox; = x t Oajy, v 1
20Xi 2 1: +,a i
t)+ed —,—)Vaux; l)) =— )
€ at (.T, >+ lviﬁ(a(g?ga) X (.T, )) aZk (5 €a)
OG- _ r t ~ _x t
£ 5 (a:,t,u)—i—stlvx(a(g, g—a)VxGJ“E’O‘(x,t,u)) = —g(g, g—a,u)
Moreover G and GF:5" satisfy
G e t o ozt
P (o, )4 Ediv, (S, VLG (@t ) = (S, ),
3G+’€’O"H t ~ " _ rx t
52#(x,t,u)+€2divx(a€(§, g—a)VxG:[f’a’ (%tau)) = —g;’u(g, g—a,u),

5.83.2  Preparation for taking the limit

Consider now the process:

() = (w(0), ) + e (Gl (1), ) (0w (1), Vi)
+ (Gt ul (1)), ¢).

Differentiating the terms on the right hand gives

L w (), )

a—1 ~
£ d(G(g

- —é(g“"(t), p)dt — e (a® (1) VUi (1), G (H) Vi + G () Vu (1)) dt

uu

+ e (g (1), Gir (t)p)dt + e (h7(t), Gif (b)) dt + dMP™,
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ed(x " (H)us(t), Vo)
1 -t dp

_ (as(t)ue(t), VZXnL,E(é, Eia)vvw)dt — g(divzai(g, 8_) ( )axz

)dt

—e(a*(t)Vur(t), x () VV)dt + (¢°(t)x T (t), Vio)dt
+e(RE(t)x(t), Vip)dt,

5d(é+’5(-, t,u(t)), gp)

= (a*(t) V.G (-,

™M
Q)]
Q

— (@ (Ve (), G (L Lt (1) Vo)t
— e(a* (1) Vi (1), G*E”(g,gia,u (1) Ve (1)) dt
+ (gg(t),éi’g”(g,Sé,ug(t))w)dtﬂ(hf( ), G”’(—,i uf (1)) dt.

g€ €9

Summing up the above relations we get

AW (1) =((T+ Vx5, gia»af(t)uf(t), TVt

(@ (VG (1) + 1 L) ge (), Vo)t

+ (G 5% u()g° (1), p)dt + (h°(t), )dt + dMF*
— e[ (a (O Vur (), Gl (1w (1) Ve () + G (8,0 (1) Vep)dt

(ag(t)Vug( ), x T (t )VVgp)dt
— (A7 (), x5 (¢ )V¢+G+€a’(t w(t))p)dt]
g 1(a€(t G/a( )VQO—F G//s( )Vug(t)gp)dt
e (g7 (1), G (t)p)dt + e H(R7(t), Gl (t) ) dt
(42)

Denote, as in the case a = 2, by () a limit point of the sequence

Q° = L(u).
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5.3.83 Some averaging lemmas
The following statements will allow us to pass to the limit in (42).

Lemma 6 Let E°(z,t,u) be a sequence of continuous z-periodic
random fields, such that

[E°(2,t,u)| < Clul,

|E (2, t,ug) — E°(z,t,u1)| < Clug — uql,

for any u, uy, us € R, uniformly with respect to €, t, z, w. More-
over, suppose that for each ¢ > 0, s > 0, u € R, the function
E® has a.s. zero spatial average : [t» E°(z,s,u)dz = 0, and for
each e >0, s > 0 the function u — E°(z,t,u) is a.s. of class C*.
Then for any t € [0,T] and ¢ € Ci°(R"), the following conver-
gence holds true:

t (T s .
b Je E (; ks (S,ﬂ«“)> p(x)dzds — 0,

in L1(Q), as € — 0, where K stands for supp(y).

Proof. Making use of the representation
Ef(z,t,u) = div, [k°(z,t,u)],

where u € R is a parameter and k°(z, ¢, u) is a z-periodic function
satisfying the estimates

Kk (z,t,u)| < Clul,
(z,t <C

[ (2.t u)] < C,

u

we obtain

1
divy |K5(5 80l (t )| = —E5 (S 8wt (t, ) +rl 5 (5 1 uf (t, )Vl (E, o).
£ £ £ £
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By Proposition 1, we get

E|/ / < us (s, ZC)) o(x)dzds]|
—E\E// < el )) V(x)dxds

+€/0 /K KD <g,—a,u (s, ZC)) Vu (s, x)p(x)drds|
< eCIHE sup [|u(s) | 2x) + B [, V6 (3)] 2y
0<s<t
<eC(t+1).
U

Let d(z,r) and ¢(z, r) be stationary, continuous, periodic in z ran-
dom fields, which are measurable w.r.t. c{a(z,r), g(z, 7, u), h(z,r,u), z €
T" u € R}, and satisfy, for some C' > 0,

[rn c(z,m)dz =0, d(z, )] < C.

Define
r

) = [ G  Fo(zr)dz, - fi(r) = [, d(z =)V (zr)dz,

where F* stands for a stationary zero average solution of the
following parabolic equation:

oF*
ot

(2,t) +div

a(z,%)VFE(z,t)] oz, .

£

Lemma 7 For any t > 0, the following convegences hold in
L*(Q), ase — 0,

—/fg )dr — Ef*(0) — 0, —/fl )dr — Bf5(0) — 0.

Proof. Denote by F'V¢(z,t) the solution of the Cauchy problem

OFN<
ot

(z,t) + div

a(z, %)VFN’E(Z, t)] = c(z,

£ 5a—2>’

FN4(2,N) =0, (z,t)€T"x (—o0,N),
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where N is an arbitrary real number. The difference (FV<(z,t) —
F¢(z,t)) decays exponentially, as (N —t) — oo, uniformly in ¢,
that is

sup \FN’E(Z, t) — F°(z,t)| < Ce_V(N_k),
z€Tn, telk,k+1]

for any £ < N, with nonrandom constants C' and 7. Denote
fYE(r) = Jpo d(z, =) FY4(z,r)dz. By integrating the latter in-
equality over T" we get

YA — ()] < Ce D, (43)

Since f2(0) is measurable with respect to the events before 5o,
and f°(t) is measurable with respect to the events after time -,
for each ¢t > 0,

[E[(/7@)f°(0) = E(f()ES(0)]]
= [E[(f() = E(f~(1)) f0)]]
= [B{(f°(0) = f25(0)(f*(t) — Ef(1)) + F2~(0)(f(t) = Ef*(1))}]

< 20 HE| f(1)] + Ol E(f55(0))E(f<(0))?
t
)

Qea—2
where ¢(t) denotes again the uniform mixing coefficient (for fur-
ther details see Lemmas 3 and 4 in [8]). Hence

2a

< Cle™ + ¢

2

BI(S [7(F5(5) ~ BF(s))ds))

_ t— 7 [F B ()77(r) — BUF() () dsdr
— 272 ‘ () f7(r) = E(f7(s)E(f°(r))|drds
< QCt 17 [le +¢(§€;_2)]drds

<ot

where we have used the assumption (A.6) and the stationarity
of the random field f°(s). The first result follows. The second one
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can be proved similarly. O

Lemma 8 The following convergence holds, as ¢ — 0, for any
r>0

() B[, <a(z, gL)(I VLR (s, r)) dz B [ (a(z0)(I + Vx*(2))) dz — 0
E/ < a(z, ——)V.w (2,1, u5(52,527"))> dz — EAn<aVZ@+>(u€(€z,€2T))dz —

where for each € > 0, u® is the solution of the problem (1), v°
and w® are defined in (36).

Proof Denote
n° —E/ (I + V.0 (2,1))dz.
In view of the stationarity of the integrand, we may write :

=B fy )y ot

By the definition of v* we have

(I 4+ V. 0% (z,r))drdz.

E[ [ a(. V() + Vo (2 7)dzdr
= E[ [ divla(z, gL)(I—I—VZUE(z,r))] H(2)dzdr
—E/n/la” (2, 5)x" (2)dsdz = 0.
Hence
/ /. al (I + VX (2))(I + V& (z,7))drdz
:E/ /naz —)(1+vx (2))dz
_E// div |a(z, —)(I + Vx*(2))
=B [ a(z0)( 1+vx (2))dz —E [ div[a(z,0)(I + VX" (2))] x*(2)dz
~E [ [, div|a(z,Z5) + VX' (2)

The second term on ther. h. s. is equal to 0 by (7). The third term
tends to 0 by Proposition 4, Lemma 4 and the boundedness of the

v°(z, s)dzds

(v¥(z,7) — x"(2))dzdr.
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first factor of the integrand. Statement (b) can be proved in an
analogous way, using Proposition 1, Lemma 5, and the argument
developed in the last part of the proof of Lemma 9 below (the
study of the term I5). O

5.3.4 Passage to the limit

Let {u®} denote a subsequence of solutions of (1) that converges
in law, as ¢ — 0, in the space V7. We denote by @ the limit law,
and by u the generic element of V7.

Proposition 5 For any ¢ € Ci°(R"), the process MY defined on
the probability space (Vr, B(Vr), Q) by the formula:

MY = (U(t),se) ~ () — [ (u(s),BVVip) ds
+ [ (bu(s). Vo) ds — [ (h(u(s)). o) ds
is a martingale with respect to the natural filtration of o-algebras
B(V;),0<t<T.

Proof Fix 0 < s <t <T and let again O, denote an arbitrary
bounded continuous functional defined on V;. We denote ©F =

O4(u®), and write Oy for O4(u). By the formula (42), we have:
0=EB|[(M" — M?)03] = E|(«"(1), ) — (u"(s), )65
@ (M) + Vx4 (S 8%))1&5(7"), VV)dr]©:
€ L +.e0
e G S N
r

G (=, =, u*(r)g° (r), ) dr]©:

g’ gd’

g (), Vip)dr]©;

ga

he(r), gp)dr} ©° +e* %R,

where R. is bounded. We proceed with the following statement.

Lemma 9 For any test function ¢ € C°(R") and0 < s <t < T,
the following convergence takes place, as ¢ — 0,

(@) B [ (a(, )+ Vox" (5, ) (1), VY )Oidr
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— B2 [ (ol + Vox)u(r), VV@)O.dr,

where (a(I +V.x")) = E Jp» a(z,7)(I + VxT(2))dz, and EC de-
notes expectatz’on with respect to the measure (),

(b) E/ ( (V.G 61 w(r), Vip )Odr
e [ ((@V-G*)(u(r)). Vi )Oudr,

r

(0) B[ (X2 59 5w (), Vg )6
— B2 [ (x*g)(u(r)), Vo) O,dr,

(@) B[ (G, W NI S5 )+ ). )
— EQ/!S (G + h)(u(r)), @)@Sdr.

Proof. We prove the first statement only. Essentially similar ar-
guments apply to the others. Denote K := supp(y). In (a), we
only consider the most complex term :

!E [ g LIV ) VY ) B [ @V yutr), V)0
o 2o
~ [ ats g—a)vf (2, E_a)dz] wE (, 1) V'V ip(w)daldr |6
et LWX*"E(Z;&%)W
~B /[ a (2, 0)dz|u (, )V V o () dr|dz| ]
YT [E /T (2,00 V.07 (2,0)dz — (aV.x*)
x u (2, 1)V Vp(a dr}dw’\@i\

+€($ r

’/ E/ (aV x ") (z,7)VV(x)drdzO:

_ Q
/KE /S aV.x N u(z, r)VVp(z)
=11+ 15+ 15+ 1.

From the convergence in law of the uniformly integrable sub-
sequence {u} it follows that I — 0, as ¢ — 0. The uniform
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integrability is a direct consequence of Proposition 1. The conver-
gence of I to 0 follows from Lemma 6 and Lebesgue’s dominated
convergence theorem, while the same result for the integral I3 is
proved in Lemma 8.

It remains to consider the second term 5. Fix a small § > 0. The
tightness of the sequence (u®) allows us to choose, for any ¢ > 0
and any compact set K, the step functions ¢;(r,z), 1 < j < N,
defined on (0,T) x K, such that: P (n;(B5)°) < 4, Ve > 0, where
the events B, 1 < j < N, are disjoint and such that

B C{llu(z,r) = ¢;(r, )| 20, x) < 0}

This d-—net can be chosen in such a way that all its elements g;
have the form:

Qj(?", .T}) = Zagl[tg_l,tg]xKij(T? x)a
where {t/, 1 < i < N}, is a partition of [0,#] and the sets {K7,

1 < i < N} are disjoint and such that their union contains K.
Denote

A® = (lw* (@, r) — q;(r, )| 20,0 10) > 0},
J

and

We then obtain:
B )l
+OX [ [ |5~ B o)

+C’Z/€_/:/K \u®(r,x) — q;(r,x)| drdx dP
j J

= Ji 4 J+ i

ef(gg)-ﬁxesan)\|uf¢a7ﬂ|drdxcnp

dr|ed] dP
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It is clear that J; < C'd, due to the fact that P(A®) < 6. Lemma
7 implies that J; — 0. Finally, J5 satisfies the estimate

J3 < C\/ZZ/Bs_ lu* = il 20y 1) < CVT.
] J

The convergence of I5 to 0 is now obvious. O

The quadratic variation of the martingale term M%® was com-
puted in the formula (21) from which it easily follows that

lim E((M¥¢),) = 0.

e—0

This implies

O

Combining this with Proposition 5, we conclude that, on the
probability space (V, B(Vr), @), we have:

(v(),9) = (w0, ) = [ (0(s),aVVep) ds
+ [ (b(u(s)), Vi) ds — [ (B(v(s)). ) ds =0,

@ a.s. In the latter relation we have used the notation
b(u) == E/rn[a(z, S)V.GF(z,u) + g(z, s,u)xT(2)]dz, u€eR.

Let us show that b = 0. Indeed, by the definition of y* and G*
one has:




where we have also used the assumption (A.5). Hence @ is the
Dirac mass concentrated at a solution of the Cauchy problem:

%(t; .T) = dlv(éiVu(t, .T)) + ﬁ(u)’ O<t<T,xeR"

u?(0,x) = up(x),z € R"™.
Since this problem has a unique solution, the whole sequence

{u®, € > 0} converges in probability to the solution of the above
Cauchy problem.
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