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Abstract

We study the exploration (or height) process of a continuous time non-binary Galton-Watson
random tree, in the subcritical, critical and supercritical cases. Thus we consider the branching
process in continuous time (Z;);>0, which describes the number of offspring alive at time . We
then renormalize our branching process and exploration process, and take the weak limit as the
size of the population tends to infinity. Finally we deduce a Ray-Knight representation.
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1 Introduction

We consider a general continuous time branching process, describing a population where multiple
births are allowed, unlike in the paper [2]. We first describe the exploration process, or height process,
of the corresponding genealogical tree. We next study the convergence as the population size tends
to infinity, of a properly rescaled version of it, towards a reflecting Brownian motion with drift. The
difficulty is that we have to deal with a non Markovian exploration process. It had not been described
so far in the literature. Taking the large population limit requests new arguments, in comparison with
the binary branching situation studied in [2].

We have carefully avoided to make any unnecessary assumption. In particular, we assume that
the number of children born at a given birth event has a finite second moment, and no higher order
moment. We hope to be able to treat in a near future the case without second moment, and study
the limit of the genealogical trees in case where the limiting branching process is a continuous state
branching process with jumps.

In the supercritical case, as in [2] and [6], we need to reflect the exploration process below an
arbitrary level I, in order for this process to accumulate an arbitrary amount of local time at zero.
This means killing the population at time I'. It turns out that for taking the large population limit,
reflection is also needed in the critical case. On the other hand, reflection is not required in the
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subcritical case. In order to be as concise as possible, we study the limit of the exploration process
reflected below I" in the general case, and at the end show how the proof can be done without reflection
in the subcritical case.

The paper is organised as follows. Section 2 is devoted to the description of the height curves. In
Section 3 we describe the relation between the laws of height processes and non-binary continuous
time Galton-Watson random trees. Finally, in Section 4 we present the results of convergence of the
population process and the height process, in the limit of large populations. In this paper a unique
letter C will denote a constant which may differ from line to line.

2 Description of the exploration process

In this section we will describe the exploration process of the non-binary tree associated to a con-
tinuous time branching process (Z;),~,. We fix p > 0 and consider a continuous piecewise linear
function H from a subinterval of R into R, which possesses the following properties : its slope is
either p or —p ; it starts at time ¢ = 0 from O with the slope p ; whenever H(¢) =0, H' (t) = —p and
H'! (t) = p ; H is stopped at the time T;, of its mth return to zero, which is supposed to be finite. We
will denote 77}, ,, the collection of all such functions. We will write 7, instead of 7, 1. We now
define a stochastic process whose trajectories belong to .77}, as follows. We choose the slopes of the
piecewise linear process H to be 2 (i.e. p = 2). We define the local time accumulated by H at level
tuptotime s :

L
Li(t) = ;g%g/() 1{1§H,<z+s}d”-

L,(t) equals the number of pairs of branches of H which cross the level 7 between times 0 and s.
Let {V;, s > 0} be the cadlag {—1,1}-valued process which is such that, s—almost everywhere,
dH,/ds = 2V,. Let {®y, k > 1} be a sequence of independent and identically distributed (i.i.d) ran-
dom variables with values in N. @, will be the number of newborn at the k—th birth event, where
this events are numbered in the order in which they are explored, see below. Let {P;", s > 0} (resp.
{P;, s > 0}) be a Poisson process with intensity A (resp. ). We assume that the three processes
{O, k> 1}, {P", s >0} and {P,, s > 0} are independent.

We are interested in the case where the number of children at each birth event is random, the explo-
ration process H is defined from the process V by the following equation :

dH;
ds

Vo= 142 [y gamt <2 [y B 2(L(0) 1 (0)
+2 Z (Ls(HS,j)_Ls,j(Hs,j))/\((ak—1)7

k>0,8} <s

=2Vs, Hy=0, Vp=1

where the (S,:’,k > 1) are the successive jump times of the process

N s
PS+:/0 1y, _ 1ydP;,

and where Lg(¢) denotes the number of visits to level 7 by the process H up to time s, Hy = 0 and
Vo = 1. For any k > 0, ®; — 1 denotes the number of reflections of H above the level H 5 Recall that
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®;. denotes the number of brothers and sisters born at the kth time of birth. We define

a=Y (PO =0 and (*=Y ({—a)’P(©; =0),
1 >1

respectively the expectation and the variance of the number of births at each birth event. In this work,
we assume that these two quantities are finite. Let 7 denote the common law of the random variables
{O, k> 1}. We write Y for the subcollection w,A,u (i.e Y = {m,A,u}) and we denote by Py the
law of the random element (H,, s > 0) of J#. The random trajectory which we have constructed is
an excursion above zero (see Figure 1 (B) ). We similarly define a law on .77 ,, as the concatenation
of m i.i.d such excursions.

Hifmax

Hlowmin

v

(A) s

v

(B) s

Figure 1: (A) The non-binary tree and its associated exploration process. (B) The exploration
process. The ¢-axis is real time as well as exploration height, the s-axis is exploration time

We denote by 3 the set of finite rooted non binary trees which are defined as follows. An ancestor
is born at time 0. Until she eventually dies, she produces a random number of offsprings. The same
happens to each of her offspring, the offspring of her offspring, etc., until eventually the population
dies out (assuming for simplicity that we are in the subcritical case). We denote by 3,, the set of
forests which are the union of m elements of 3. There is a well-known bijection between trees and
exploration processes. Under the curve representing an element H € 7, we can draw a tree as
follows. The height H; g, of the leftmost local maximum of H is the lifetime of the ancestor and
the height Hj,,,,i» of the lowest nonzero local minimum is the birth time of the first offsprings of the
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ancestor. If there is no such local minimum, the ancestor dies childless. We draw a horizontal line at
level H;yyymin. H makes @1 + 1 excursions above Hj,,,min. The leftmost excursion is used to represent
the fate of the ancestor and of the rest of her progeny, excluding the first offsprings and their progeny.
The ®; others excursions describe the fate of the first offsprings and their progeny. If there is no other
local minimum of H to the left or to the right of the first explored one, then there is no further birth:
We draw a vertical line up to the unique local maximum, whose height is a death time. Continuing
until there is no further local minimum/maximum to explore, this procedure defines a bijection @,
from .77, into 3 (see Figure 1). Repeating the same construction m times, we extend @, to a bijection
between %, ,, and 3,,. Note that the horizontal distances between the vertical branches in the tree
representation of the exploration process are arbitrary. See Figure 1(A).

To the exploration process H, we associate the continuous-time Galton-Watson tree (which is a ran-
dom element of 3) with the same law 7 and the same pair of parameters (u,A) as follows. The
lifetime of each individual is exponential with parameter . The birth events come according to a
Poisson process with rate A and each time of birth, there is a random number of offsprings with law
n. The behaviors of the various individuals are i.i.d. This defines a probability measures Qy on 3.
We use the same notation to denote the law on 3,,, of m i.i.d random trees with QQy as their common
law.

In the supercritical case, the exploration process defined above does not come back to 0 a.s. To
overcome this difficulty, we use a trick which is due to Delmas [6], and reflect the process H' below
an arbitrary level I' > O (which amounts to kill the whole population at time I'). The height process
H' = {H!', s > 0} reflected below I is defined as above, with the addition of the rule that whenever
the process reaches the level I, it stops and starts immediately going down with slope —p for an
exponential duration of time with expectation 1 /A. Again, the process stops when first going back to
0. The reflected process H' comes back to zero almost surely, see [2] . In this case, the exploration
process H! is defined from the process V by the following equation :

dH!

d; =2V,, Hy =0, Vo=1

Vs:1+2/ 1{V___1}dP,+—2/ Ly _—1ydP; +2(L5 (0) — Lj+ (0))

—2LyT)+2 Y ( LFH ) =Ly (Hg ) A (O — 1),
k>0,5,<s ¢ ¢

where LI (¢) denotes the number of visits to level ¢ by the process H' up to time s.
For each I' € (0, +c0), and any subcollection Y = {7m,A, u}, denotes by Py 1 the law of the process
H'. Define Qyr to be the law of the (7,A, ) Galton-Watson tree, killed at time t =I" (i.e. all
individuals alive at time I'™ are killed at time I').

This reflection below an arbitrary level I' will be necessary both in the critical and in the super-
critical cases. For our large population convergence result, we shall treat the subcritical case without
this reflection in the last subsection of the paper.

3 Correspondence of laws

The aim of this section is to prove that for any subcollection Y = {m,A,u} and I" € (0, +o0) [includ-
ing possibly I' = +oo in the subcritical case], Py CIDIjl = Qy . Let us state some basic results for
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homogeneous Poisson processes, which will be useful in the sequel.

3.1 Preliminary results

Let (T¢)i>0 be a Poisson point process on R with intensity A. This means that Tp = 0 and (Tj1| —
Tx,k > 0) are i.i.d. exponential random variables with mean 1/A. Let (N;,# > 0) be the counting
process associated with 7', that is, for all # > 0,

N, =sup{k > 0,T; <t}.
The following result is well known and elementary.

Lemma 3.1 Let M be a nonnegative random variable independent of T, and define

Ry = sup{T}, Ty < M}.
k>0

d
Then M — Ry (:) V AM, where V and M are independent, and V has an exponential distribution with
mean 1/A.

Morever, on the event {Ry; > s}, the conditional law of N - =N given Ry is Poisson with pa-
rameter A(Ry — ).

In addition, we have the following result, which is Lemma 3.2 in [2].

Lemma 3.2 Let T = (Ty)x>0 be a Poisson point process on R with intensity A, and let M be a
positive random variable which is independent of T. Consider the integer-valued random variable K
such that Ty = Ry and a second Poisson point process T = (Tk/)kzo with intensity A, which is jointly
independent of the first and of M. Then T = (Ty) >0, defined by

Tx if k<K,
T —
Tx+Ti—x+1 if k<K,

is a Poisson point process on R with intensity A, which is independent of Ry;.

3.2 Basic theorem

Let {Uy, ¢ > 1} and {V,, £ > 1} be two sequences of independent and identically distributed (i.i.d)
exponential random variables with means 1/u and 1/A, respectively. Let (T),k > 1,£>1) be a
family of mutually independent Poisson processes with intensity A. In the same way as Section
2, we introduce the sequence {@;, ¢ > 1} of i.i.d random variables with law 7. We assume that the
processes (T,f h>1,0>1),{Us, £> 1} and {Oy, ¢ > 1} are mutually independent. The link between
the random variables V; and the process (T,f , k>1,£>1)is given by Lemma 3.1.

We are now in a position to prove the next theorem, which states a one-to-one correspondence
between the tree associated with the exploration process H! defined in Section 2, and a continuous-
time non binary Galton-Watson tree with the same law 7 and the same pair of parameters (u,4),
killed at time I".



Theorem 3.3 For any Y and T € (0,+o0) (including the case I’ = oo when A < W), the following
representation holds

Pyr q’;l =Qrr.

Proof. The individuals making up the population represented by the tree whose law is Qy are
labeled ¢ = 1,2, ..., with individual 1 born at time my = 1 corresponding to the ancestor of the whole
family. The subsequent individuals will be identified below. We will show that this tree is "explored’
by a process whose law is precisely Py. U, will be the lifetime of individual ¢. For any ¢ > 1, the
birth times of the offsprings of individual ¢ are {T,f , 1 <k <K}, where Ky = sup{k, T,f < U}.

If £ is not the sister of an already explored individual born at the same time, i.e. if
my_1 & {my,my,...,my_»}, then we define Ay = @, — 1 the number of sisters of individual ¢ born at
time my_;. If £ is the sister of individual j </, then we let Ay = A; — 1.

Stepl. We start from the initial time # = 0 and climb up to level M| = U; AT. We go down from
M until we find the most recent point of the Poisson process (Tkl) ( recall that this process gives the
birth times of the offsprings of individual 1). By Lemma 3.1, we have descended a height V| A M.
We hence reach the level m; = (M} — V1) V0. If m; = 0, we stop, else we turn to the next step.

Step2. We assign label 2 to the first offspring of the last birth event of offsprings of individual 1,
born at time m; and we let A, = ®, — 1 denote the number of unexplored sisters of individual 2 born
at the same time her. Let us define (7}?) by

7! if k<K,
TI%I + Tkz_ Ki+1 otherwise;

where K is such that T,él =m.

Thanks to Lemma 3.2, (Tkz) is a Poisson process with intensity A on R, which is independent of m;
and in fact also of (U, V).

Starting from m;, the exploration process climbs up to level My = (m; 4+ U,) AT. Starting from level
M, if Ay =0, we go down a height M, A V,, to find the most recent point of the Poisson process
(T?). At this time we are at level my = (M —V3) V0. If however Ay > 1, we go down a height
Vo A (M, —my) and in this case we are at level my = (M —V,) V my. If m; = myp, we change the value
of Ay, and let it be equal to Ay — 1. If my = 0, we stop. Otherwise we continue.

Suppose we have made ¢ — 1 steps and my_1 >0, £ > 3.

Stepl. We start from m,_| which is the birth time of individual /. Note that by then for all 2 < j </,
A is the number of sisters of individual j who still remain to be explored. We now define

7! if k<K,
=0—1 | 70 e
TKH +T,_ Ko 141 otherwise;

Then (T,f) is a Poisson point process with intensity A on Ry and is independent of (m;,Mj,- -
'7m€—17MZ—1)-



Starting from my_, the height process climbs up to level My = (my_ + Uy) AT, which is the time of
death of individual £. We set

sup{2 < j </, A; >0}, if  infocjcp Aj >0,
0=
1, otherwise.

Note that, if Ay > 0, £* = £. Coming down from level My, if /* = 1, we wait a time V, A My, to find
the most recent point of the Poisson process (7}'). At this time we are at level my = (M; — V;) V0.
If however ¢* > 2 we go down a height V; A (My — my«_1) and in this case we are at level my =
(My—Vy)Vmg_q. If my =my«_1, we change the value of A+, and let it be equal to Ay« — 1. See
Figure 2.

M, Ms
I M, My Ms Mg
| | M i | m3= M3 =Mg
| . Mz mg m; ke

mz= ms

mg=0

Figure 2: Two equivalent ways of representing a non binary tree.

Since either we have a reflection at level I or we are in the subcritical case, zero is reached a.s.
after a finite number of iterations. It is clear that the random variables M; and m; fully determine the
law Qy - of the non binary tree killed at time # = I" and they have both the same joint distribution as
the levels of the successive local minima and maxima of the process H I under Pyr,see,eg. [2]. B

4 Weak convergence

4.1 Renormalization

Let x > 0 be arbitrary, and let N > 1 be an integer which will eventually go to infinity. Let (Z,N >0
denote the branching process which describes the number of offsprings at time ¢ of [Nx] ancestors in
the population with birth rate Ay = N6 /2a + o /a and death rate uy = No?/2+ 3, where o > 0,
B >0 and o > 0. In this population, the number of children at each birth event is a random variable
O that has the same law as ®;. We now define the rescaled continuous time process

XNV = NIz 4.1
In particular, we have

Xév’x: [Nx]/N —x as N — oo,



Let HVT be the exploration process associated to {Z,N o<t < I'} defined in the same way as
previously, but with slopes , and where A, u are replaced by Ay and uy to be specified below. We
define also L?]’F(t), the local time accumulated by HV' at level ¢ up to time s, as

NLy = 7
LS (1) =35 ;13(1)8/ 1 z<HﬁV*F<z+s}dr’ 4.2)

where § = 3-(a+a+{?) and k> = 6°8. The motivation of the factor 4/k2§ will be clear after we

have taken the limit as N — +oo. Lév’r(t) equals 4/N k2§ times the number of pairs of 7-crossings of
HN'T between times 0 and s. Note that this process is neither right- nor left-continuous as a function
of s.

Let *L'fcv T be the time to explore the forest Sy . We have that

4 |N.
Ty’r:inf{s>0: N 0) > 25[1\;6]}

We define, for all N > 1, the projective limit {.chN (t), t >0, x > 0}, which is such that, for each T,
{£N(1),0<r<T, x>0} = { NF() 0<t<T, x>0}
Proposition 3.1 in [2] translates as (note that the factor N ~1 in the definition of va * matches the

slopes 2 of HN'I', which introduces a factor N~! in the local times defined by (4.2))

Lemma 4.1 We have the identity in law

{,S,”XN(t),tZO,x>O}@{ 15X

4X t207x>0}.

4.2 Tightness criteria in C(]0,+)) and D([0,+o))

We shall start with the basic tightness criterion for random processes on the space of continuous
functions C([0,+e0)). For T > 0, we define w, r(.) the modulus of continuity of x € C(]0,+o0)) on
the interval [0, T] by

wer(p) =wr(x,p) = sup  |x(s) —x(r)|, p>0. 4.3)

|s—t|<p, s,t<T

Consider now a sequence {X",n > 1} of random processes with trajectories in C([0,+)). The
following proposition follows from Theorem 7.3 in [4].

Proposition 4.2 The sequence {X",n > 1} is tight in C([0,0)) iff the two following conditions hold
(i) for each n > 0O, there exist an b and an ny such that

P(X"(0)| > b) <1, 0> np.
(ii) for each € >0, T >0,
lim hmsupP(wT(X”,p) >¢€)=0.

pP—=0 p—eo



Corollary 4.3 Condition (ii) of Proposition 4.2 hold if, for each positive € and 1, there exist a p,
p > 1, and integer nq such that for each T > 0

1
—P| sup [X"(s)—X"(¢r)|>€|<n, foreveryn>npand0<t<T.
p 1<s<t+p

Let us present a sufficient condition for tightness which will be useful below. Consider a sequence
{X/",t > 0},~, of one-dimensional semi-martingales, which is such that for each n > 1,

t
X = X2 +/ Ou(X")ds + M, 1> 0;
0
where for each n > 1, M" is a locally square-integrable martingale such that

3
o), = [nx)ds 1> 0:
0

¢, and y,, are Borel measurable functions from R and R, respectively. We define V" = X +
Jo ©n(X")ds. Since our martingales {M!",z > 0} will be discontinuous, we need to consider their
trajectories as elements of D([0,0)), the space of functions from [0,0) into R which are right contin-
uous and have left limits at any # > O (as usual such a function is called cadlag).We briefly write D for
the space of adapted, cadlag stochastic processes. We shall always equip the space D([0,0))with the
Skorohod topology, for the definition of which we refer the reader to Billingsley [4] or Joffe, Métivier
[8]. The following statement can be deduced from Theorem 13.4 and 16.10 of [4].

Proposition 4.4 A sufficient condition for the above sequence {X',t > O}n21 of semi-martingales to
be tight in D([0,0)) is that both

the sequence of rv.s {X[/,n > 1} is tight;

and for some p > 1,

T
VT >0, the sequence of r.v.'s {/0 [|@n (X)) + wn (X)) dE,n > 1} is tight.

Those conditions imply that both the bounded variation parts {V",n > 1} and the martingale parts
{M" ;n > 1} are tight, and that the limit of any converging subsequence of {V"} is a.s. continuous.
If moreover, forany T > 0, as n — oo,

sup |M;' —M;"| — 0 in probability,
0<1<T

then any limit X of a converging subsequence of the original sequence {X"},~ is a.s. continuous.

In particular, the space C([0,0)) is closed in D([0,0)) equipped with the Skorohod topology. The
next Lemma follows from considerations which can be found in [4].



Lemma 4.5 Let X,, Y, € D([0,)), n>1and X, Y € C(]|0,0)) be such that
1. for all n > 1, the function t — Y, (t) is increasing;

2. X, —» X and Y, — Y, both locally uniformly.

ThenY is increasing and

t t
/ X (5)dY,(s) %/ X(s)dY (s), locally, uniformly, in, t > 0.
0 0

The following is a consequent of Theorem 13.5 of [4].

Proposition 4.6 If {X/",t > 0}, -, and {Y",t > 0}, are two tight sequences of random elements of
D([0,0)) and C([0,00)) respectively, then {X;' +Y/",t > 0}, -, is tight in D([0,0)).

To x € D([0,0);R), we associate for each T > 0 and p > 0 the quantity

Per(p) = Wr(,p) = inf max sup  [x(t) —x(s)],
melll LET f<s<r<s;y

where Hg is the set of all increasing sequences 0 =1y < t; < --- <1, =T with the property that
info<j<y |tiv1 — 1] > p. We state another tightness criterion, which is theorem 13.2 from [4].

Proposition 4.7 The sequence {X",n > 1} is tight in D(]0,0);R) iff the two following conditions
hold
(i) for eacht > 0, {X' — X" ;n > 1} is tight in R;

(ii) for each € > 0,
lim limsup P(wr (X",p) > €) = 0.

P—0 oo

One can compare wy 7 (p) with w, 7(p). Consider the maximum (absolute) jump in x :

Jx) = sup |x(z) =x(t=)l; (4.4)

0<t<T

the supremum is achieved because only finitely many jumps can exeed a given positive number.
We have

wer(p) < 22 1(p) 4 Jj(x) 4.5)
and
wrr(p) < wir(2p)
( see section 12, page 123 in [4]).

As is well know that, C-tightness implies D-tightness, in the sense that

Corollary 4.8 A sufficient condition for the sequence {X",n > 1} to be tight in D([0,);R) is that ¥/
T>1¢e>0,
lim limsupP(wr (X", p) > €)=0

P—0 p—eo

and under that condition any limit of a converging subsequence is continuous (Corollary of Theorem
13.4in [4]).
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4.3 Tightness and Weak convergence of X"V~

The following result describes the limit of the sequence of processes {XV**, N > 1} defined in (4.1).
The continuous time Galton-Watson process {X,N’x,t > 0} is a Markov process with values in the set
Ey = {k/N,k > 1} with its infinitesimal generator given by:

2
0 =N (B + ) | L purtoet 1) -1

2a =1

(Y4 [0 -]

forany f: Ey — R, x € Ey, where py is the probability that there are ¢ simultaneous births. Conse-
quently for any f € €(R),

MY = O = 10 [ Qs

is a local martingale. Applying successively the above formula to the cases f(x) = x and f(x) = x2,

we get that

t
Xt]\”x:Xé\”er(a—ﬁ)/o x5 ds 4+ m N 4.6)
and
2 2 t 2 0’N+ 20 o’N +28
XV = (x4 2(a— /XNX d 2 /XNde
X =X") +2(a—B) | (X) ds+ 20Ne>21 N 5 ds
+ MmN, 4.7)

where {Mt(]) N> 0} and {M,(z)’N,t > 0} are local martingales. Now combining (4.6), (4.7) and the
1td6 formula, we deduce that

a2 2 t
(- E5218) v
0

where k2 = g_j(a+a2 +&2).
We will establish some lemmas to prove the tightness of the process X*.

Lemma 4.9 Forall T > 0, there exist a constant C > 0 such that for all N > 1,

sup E(XN) <C.
0<t<T

Proof. Let (7,,n > 0) be a sequence of stopping times such that 7, tends to infinity as n goes to

infinity and for any n, (MI(A)T’”N) is a martingale and XtIX,fn < n. Taking the expectation on both sides of
equation (4.6) at times ¢ A T, , we obtain

N x N X I/\Tn N
B = )+ (a—BIE([  xNas)
it follows that

t
B2 ) <EXY) + (a—B)* /O E(XY2 )ds.
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From Gronwall and Fatou Lemmas, we deduce that for all 7 > O there exists a contant C > 0 such
that

sup sup E(x\™")<cC.

N>10<t<T
[ |
We shall also need below the
Lemma 4.10 Forany T > 0,
2
supE | sup (XV)7| < .
N>1 |0<i<T

Proof. Since from (4.6), we have
2 T
> +3(a—[3)2T/ E
0

Using Doob’s inequality, we obtain

2
sup (X,'")
0<s<t

2
sup (X")
0<t<T

E

ds+3E

<3E (‘X{)V’x

o (]

2 T
E| sup (x") §3E(‘Xé\"x )+3(a—[3)2T/ E| sup (X¥*)*| ds+3CE <(M(1)7N>T>.
0<t<T 0 0<s<t
However, from (4.8) and Lemma 4.9, we have that
L(c*+a*) +
E(MDNy ) < <1<2+ a Na) Pler—cr

for all 7 > 0. The above computations, combined with Gronwall’s Lemma, lead to

2
sup (X'
0<t<T

sup £
N>1

< oo,

Recall that, C denotes a constant which may differ from one line to the next.
Corollary 4.11 {M,(l)’N,t >0} and {M,(z)’N,t > 0} are in fact martingales.

It now follows from Proposition 4.4, (4.6), (4.8), Lemma 4.10 and the fact Xév " — x that {XM*} s,
is tight in D([0,0)).

Standard arguments exploiting (4.6) and (4.7) now allow us to deduce the convergence of the mass
processes (for a detailed proof, see, e.g. Theorem 5.3 p. 23 in [1 1]).

Proposition 4.12 We have XV~ = X~ as N — o for the topology of locally uniform convergence,
where X is the unique solution of the following Feller SDE :

t t
X :x+(a—[3)/ X*ds+ K/ XEdW,
0 0
where W is a standard Brownian motion.
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4.4 Tightness and Weak convergence of H"T

4.4.1 Some preliminary results on Galton-Watson branching process

In this section, we state some results on Galton-Watson branching process which will be useful in
checking tightness of HV'I'. To do this, we denote by 3% the set of finite rooted non binary trees
which are defined as follows. An ancestor is born at time 0. Until she eventually dies, she produces
a random number of offsprings. The same happens to each of her offsprings, the offsprings of her
offsprings, etc., until eventually the population dies out as all individuals alive at time I"™ are killed at
time I'. In the same way as done in section 2, we denote for any k > 0, ®; the number of brothers and
sisters born at the kth time of birth. We have described in section 2 a bijection between non binary
trees and exploration processes. Therefore, we associate to HN'T the Galton-Watson tree , killed at
time ¢ = I (which is a random element of 3V) with the same law 7 and the same pair of parameters
(un,Ay) as follows. The lifetime of each individual is exponential with parameter y. The birth
events arrive according to a Poisson process with rate Ay and at each time of birth, there is a random
number of offsprings with law . We define U,ﬁv to be the lifetime of individual k. The behaviors of
the various individuals are 1.1.d.

Consider the branching process in continuous time (Z"),>( which describes the number of offspring
alive at time ¢ of a unique ancestor, in the population with birth rate Ay and death rate py, whose
progeny is killed at time ¢ = I". We define the length of the genealogical tree

r
St — / ZVdr.
0

Since the births along this tree are occurring at rate Ay, then the total number of offsprings born before
time I', denoted A,F,, satisfies

E (A{,’S{,) — AySL. 4.9)
We now prove

Lemma 4.13 For any I > 0, there exists a constant C(I") such that
E(AY) < C(D)N.
Proof. We have from (4.9)
r
E(AY) = E(AvSY) = WE ( / zgvdt> (4.10)
0
However, from (4.1) and (4.6), we have that
t
E(Z)) =1+ (a-p) [ E@Z)ds,
0
it is easy to see that

E(ZY) = exp[(a—B)i].
Hence,

E </0Fz§de) = (a—B) ' (exp[(ax—B)]—1) =C(T) 4.11)

13



Now combining (4.10) and (4.11), we deduce that
E(A) <C(T)N,
since Ay = N6 /2a+ a/a. [ |
We consider a sequence (AY);>1 of i.i.d random variables which are independent of {@y,k > 1},
and such that .
Ay N
@) v Up
AV Yy Zk 4.12
k;l N (4.12)

where U} ~ &(uy). Recall that {U}Y, k > 1} is a sequence of i.i.d random variables describing the
lifetime of individual k and is independent of A}:,. The random variables Aﬁ{v describes the exploration
time of the total progeny of one individual.

Let (TkN )k>1 be the sequence of i.i.d random variables defined by

O
Y=Y A, (4.13)
i=1

describing the time it takes to explore the total progeny of ®; individuals born at the same time. Note
that {A;cv n k=102 1} are i.i.d random variables with as law that of AY, and are independent of ®.

By combining (4.12), (4.13) and Lemma 4.13, we deduce
Lemma 4.14 For any I" > O, there exists a constant C(I") such that
E(TY) < C(I).
Proof. Using Wald’s identity, we obtain
1
E(T}") = E(0)E(AY) = SE(O)E(U])E(Ay).

The result now follows from Lemma 4.13 . |

Thanks to these results, we are in position to study the asymptotic property of HV-L.

4.4.2 Tightness and Weak convergence of HV1

In this section, we will need to write precisely the evolution of {Hév ’F, s > 0}, the height process of
the forest of trees representing the population {Z"'™, 0 <7 < T}. To this end, let {V", s > 0} be the
cadlag {—1,1}-valued process which is such that, s—almost everywhere, dH> " /ds = 2NVN .

The (R x {—1,1})-valued process {(H."*,VN), s > 0} solves the SDE

g N,
Hgvvfzzzv/ vNdr, Hy"' =0, V=1,
0

N s N+ s pN.— K28N ( nr NT
B k26N
2

NT /e K28 [ NT, NI NI /N (Or—1)
Trysan Y (B2 E) - L5 ) ) A @
k0,83 <s ¢ ¢ ¢
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where {PSN >0} and {PSN ", 5 > 0} are two mutually independent Poisson processes, with respec-

tive intensities
a '8 (N*k*+2Na) and & (N*k*+2Np)

and where the Sf{v’J’ are the successive jump times of the process
. s
PN+ :/O vy dPY (4.15)

and where LISV’F(O) and LISV’F(F*) respectively denote the number of visits to 0 and I" by the process
HN'T up to time s, multiplied by 4/Nx?§ (see (4.2)). Note that our definition of ZV'T' makes the
mapping t — L{VV’F(I) right continuous for each s > 0. Hence Lﬁv’r(t) =0fort > T, while L?[’F(F*) =
limy_s oo LY ’F(F — %) > 0 if AV has reached the level I" by time s.

For the rest of this section we set

v=kV8.

We deduce from (4.14)

yN 1 2 s _ 1 NT 1 _

Ni/z = W+Q§V7+_N_\/2/O I{Vr@:H}deV’ +§< MH0) - Ly; (0)> - EL?”F(F ),
where
28 2 v? N, N ;7 N.T (Or—1)
o T A M GG AR A T P
Nv 0 r \% X N+ 4 k k k N
>O7Sk <s
2 NV T NIy NI NI SN+

:W 0 1+T<Ls’ (Hr’ )_Lr7 (I_Ir7 ))/\(®§£\’v+_l) dPr’

— Q§V>+71 _Qév7+72, (4.16)
with

R BN+
Qs’ ) :W/O ®ﬁ:\ﬁ++]dprlv’ and
A R R NV2 N NDy NT NI ) PN+

Qs’7 :WO ®§1\£++1_1_T(LS’(Hr’)_Lr7(Hr7)) dr’ . 4.17)

Writing the first line of (4.14) as
S S
H§V7F:2N/O l{VrN__H}dr—ZN/O Lyn__yydr,
denoting by Ms1 N and Msz’N the two martingales
2 s N?vZ4+2Nad
MY = QN W/o Lyv_ 1y®ps (7%& (4.18)
and 5 S
== /0 Ly ry (P = (VN +2NBS)dr) (4.19)
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and recalling (4.16), we deduce from (4.14) ,

VN 1 2N [$ 1
HNT 4+ 55— N 2N _/ 1{V,N:71}(®139’1++1 a)dr— QN2 — [N

NvZ Nv? 27
4a6 Bo (s 1 NT
20 [ @ = 2 [t dr b 30T 0) - 37 0),
(4.20)
We first check that
Lemma 4.15 Foranys >0
E(Qy""?) =E(K/),
where
INVZ 448\ [* Nv *
kY= (220 [ty (- 1—T(LN(Hﬁ”)—L’XI<H£V=F>>) dr
Proof. We have
2 Nv? + -
B0V ) = o ([ (O — 1= M@ - LY )) ar )
2 Nv? +
— B X (@ 1= SN L ()
N, + k k k
k>0,5,"" <s
NVZ T N T V)T
NV2]§)E< {SN+<}<®]< 1_T(Ls <HSk W) - L +( SN+>)> )
2 Y E(2(s5.0)).
TNy 2k>0
where
Nv? +
CIDS(r,n)zl{,<s}E<(n—l—T(LISV’F(Hﬁv’F)—L]rv’r(va’r))> ‘SkN’+:r,®k: )
Nv? +
1B ( (-1 @ - ) ).
We deduce that
QN+2 W/ E<¢S(V,®ﬁN,+)> dﬁN’+
+
szﬂ-«:/ D ( r@PN++1)dPN
2Nv-+4ad
(T)E/ Dy (r, Opy e, )L yy—pydr
2 4 N
:( Nva; “5)/ E<1{VN_ l}E(@PN+ - N4V (LN (N - LJ,V’F(HfV’F))) >dr
ANV +40d Nv? +
:( av2 )Eﬁ/ (1{VN_1}<®PN++1 1—T(Lﬁ\'vr(Hf”F)—L]rV’F(vavr))> )dr
=E(K
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|
The next proposition will also be important in the proof of the tightness and weak convergence of
HNT

Proposition 4.16 We have
E(KY) — 0, as N — oo

Proof. For r € R" and p € N*, the stopping time
TP =inf{s >0 NV (LY EHND) - YT HYTY) > p b - 421
r = 4 s r r r Zp r (4.21)

describes the time it takes to explore the offspring of p individuals born at the real time HY T, Since,
the r.v. Aﬁcv ; describes the exploration time of the total progeny of one individual , one can see that

¥ =YP  N72AY.. Hence we deduce from (4.13) and (4.21)

2
(B YT <o -1y = {reN T > s

Now we have

INVZ+ 408 s 2 N

av? 4
2NVZ+4ad [
< (T) /o l{er:l}@ﬁ:wl{”Tvz(L?’F<Hr”*F>—LrN’F<Hr”’F>)< @ﬁer“}dr
ONVZ+4ad [
< (T)/o I{V}V:—l}®ﬁr’v’++11{r+N*2T§£’v,++1>s}dr'

Hence tacking expectation in both side, we deduce that

ONVZ+408 s

N

M) < (T) * (/0 o= Oplfvary | > S}dr>
r.' +

2 s
< (szv—tma) / P(TY > N2(s — r))dr.
0

Let % < n < 1. Using Markov’s and Jensen’s inequality, we obtain

2 s r
E(kY) < (W) [JE(TINH"/O (sil,,)n-

From Lemma 4.14 , there exists a constant C(I") such that
E(T{") < C(I).

This implies

2NV? +4ad s d
Bk < (M )l [ @)
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Hence
E(KN) =0, as N — oo.

It follows from Lemma 4.15 and Proposition 4.16 that for each s

Q§V7+’2 — 0 in probability, as N — oo.

. NA+2 . . . . . .
Since s — Q¢ "7 is increasing, this convergence is locally uniform in s; We have the

Corollary 4.17 QY2 — 0 in probability in € ([0,%),R).
Remark 4.18 From the definition of HY''' | we have, Hﬁv’r <I,Vs>0.

For the proof of the weak convergence of {Hﬁv ’F, s > 0}, we will need the following lemma

Lemma 4.19 For any s > 0,

S

s s s
/0 I{Vrlvzl}dr—> 5; /() 1{VrN:_1}dl”—> 2

in probability, as N — oo,

Proof. We have (the second line follows from (4.14))

S N

S S

We conclude by adding and substracting the two above identities and using Remark 4.18. |

For s > 0, define S
R :/0 Ly 1ydB,

where PV~ was defined in (4.14). Let (AN (s),s > 0) (resp. (AN(s),s > 0)) denote the intensity
of the process (P, 5 > 0) (resp.(PY"",s > 0)) where PVt was defined in (4.15). More precisely,
the process PN which counts the successive local minima of HV-X (except the at height 0) is a point
process with predictable intensity AV (s) = a = (N?v? + 2N a§)1 (vN —_1}» and the process PN~ which

counts the successive local maxima of HV'T is a point process with predictable intensity A" (s) =
(sz2 +2NB6)1 VN =41} Recall that the process V7 is the (cadlag) sign of the slope of VT,

Remark 4.20 Note that PN-* (resp. PN with intensity AN () (resp. AN(.)) can be viewed as
time-changed of P (resp. P'), a standard Poisson process i.e.

PNt =p (/Os/lf(r)dr> and PN~ =P (/OSAN(r)dr> .

18



For the rest of this section we set
S N
AV = /0 AN(rdr, AN = /0 AN, AN = (N*V? 4 2Nas)s/2a,

AY =N*V%s/2a, AN =N*v?s/2 and @ =0 —a.

In the equation (4.20), we set

N 5
P 7/0 Lo 1y (O, —a)dr.

From Remark 4.20, we deduce that

2 AY
N
¥y = Nv2+2oc6/ ©p (4¥) HdA T NvZ+208 Jo Op(y)+1du
_ 2 & ® ® +(sAN N
k=0

where Z; denotes the length of the time interval during which P(u) = k and T (AY) is the first jump
time of P after AY. It is easily seen that Z; has the standard exponential distribution and we notice
that (£1,01,E,0;,,---) is a sequence of independent random variable. By the same computations,
we deduce from (4.18) that

w2 (P N\ _ AN
Mg = sz( Z Op i 15k — Opay 1 (T (AY) —A] )),

where Z; = &, — E(Z;). From (4.19), we have also

2.N 2 P/(AN) =/ — (AN AN
w—— (X m - an-a)
k=0

where &) = &} —E(E}) and where E} denotes the length of the time interval during which P’ (u) = k
and T_(AZSV ) is the first jump time of P’ after A?’ . As previously Z/ has the standard exponential
distribution and that (E’l ,E1,01, E’Z, E,,0,,- ) is a sequence of independent random variable.

If we define forn > 1

n n n

1 ~ — = al ~ — 2 =/
Sn = Z (®k+l‘:'k - ®k+1‘:'k) y Sn = Z ®k+1:'k and Sn = Sk
k=0 k=0 k=0

we obtain the following relations
2 -
N LN _ 1 1 1 1

with
| 2

Apy = Nv2—|—2a6 P(AY) A(TH(AY) —AY), (4.25)
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2000
= Opum 1 (T (AY) ANy, oy = (NvZ+208)

and
(4.26)

with

2

The following Proposition plays a key role in the asymptotic behavior of VI

Proposition 4.21 As N — oo,

2 2
WYtV s o) s (V2T V2 o) (a0,
s s s \% v *

where B! and B are two mutually independent standard Brownian motions.
We first prove the
Lemma 4.22 As N — oo, A}VS\, — 0 in probability locally uniformly in s.
Proof. Let 7 > 0. From (4.25), we notice that
Ay < v 31O
NVZ+200

Ny+1 ’HP(A@/)H,

this implies

sup ‘Al sup (4.27)

2 o
S (— Op+1 3k+1)

However, for p > 0, we note that

{ sup

0<k<P(A})

p(Nv2+2a6)} c {

p(Nv2+2oc6)}
2

sup
0<k<2AY

U {P(A’TV) > 24Y } (4.28)

It follows from (4.27) and (4.28) that

~ Nv2+208
P| sup |A} <P| sup = PNV +200) +P (P(AY) > 24%)
0<s<T 0<k<24Y 2

. NvZ+2ad
<P sup E PNV +200) +P (P(AY) > 24F)
0<k<2AN 2
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We deduce from the law of large numbers that the second term on the right converges to O a.e, as
N — oo. We will now show that the first term on the right converges to 0, as N — . We have

2 2 5
Skl > p(NV + OC5)> =1- |:1—]P’(‘®1

>

2

p(szJrzoc6))]2AITv
2

P sup |Opss
0<k<2AY

24
L E [ ex _ p(NV*+2ad)
P 26,

however, we notice that, as N tends to infinity,

p(NV?+2a) i N . p(NVZ+2a)
1—]E<exp (— 2|®1’ >>] ~ exp [—ZAI}]]E (exp (— 2|®1| ))] .

_ p(NV?+2ad)
by = AYE — .
N T (exp( 2‘®1|

We now show that by — 0, as N — oo, which will imply the Lemma. We have

2,2 1 2
by — (N“v +2Noc5)T/ P exp _p(Nv ~+20¢5) o\
0 2|0

=1—-

Let

2a

2 2 e 2
_pNT (Nv +2a6> / y*ZIP’(|®1\>y)exp (_p(Nv +2a6))dy
0

a 2 2y

(recall that AY = (N?*v2 +2Na8)T /2a). Define for N > 1,

2 2 2
fN<y>=N(M) Y 2(|61] > y)exp (—”<NV “"“”).

2 2y

It is easily seen that fy(y) — 0, as N — oo and it is not very hard to show that

6> ~
() < 13 YP(|81] > y).

Hence, since ©; is square integrable, we deduce from the dominated convergence theorem that

by — 0, as N — oo,

Following the same appoach, we have the

Lemma 4.23 As N — oo, /_\iév — 0 (resp. A%,JV — 0) in probability locally uniformly in s.
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Let us rewrite (4.24) in the form

Y MY = Sty + s (Sh) ~ ) aShoan v Al + Rl

= Gsl N Gl N — GivN — Ay Ay, (4.29)

with
G szz Sl GV N2v2 (Shay) —Shay))  and GIY = ]%S},( /G-
Lemma 4.22 combined with (4.4) leads to
Corollary 4.24 Forall T >0, j(G'"N) — 0, as N — oo,
For the proof of Proposition 4.21 we will need the following lemmas
Lemma 4.25 For any s > 0,
(GHN, 5> 0) = (? aZZCZBL sz()) in 2([0,9)).

where B! is a standard Brownian motion.
Proof. The result follows from Donsker’s theorem (see, e.g. Theorem 14.1 page 146 in [4]). |

Corollary 4.26 The sequence {G"V, N > 1} is tight in 2([0,)).

Lemma 4.27 As N — oo, G''N — 0 in probability locally uniformly in s, where G'"N was defined
Proof. Let € > 0 be given and T > 0. We have

in (4.29).
P sup ’GI’N| > €& =P sup i‘sl _Sl S ¢€

NZVZ
< IP’( sup [ Siyw — Siam | > 8) +IP’< sup |P(AY)—[AY]] > < > )p)
|s—r|<p, 0<s<T 0<s<T

<P(wr(G'"N,p) >€)+P < sup |P(AY) —[AY]] > (N2V2> p) : (4.30)

0<s<T 2a
Furthermore, we have
2a(P(AY) — [A])
N2v2
Indeed, it is readily seen 2a[AN]/N?v? — s a.s, as N — oo (recall that AN = N?v2s/2a) and we

have 2aP(AY) _ (P(A’Q’)) (2aA§V )

N2v? AN N2v?

—0a.s, as N — oo,
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we deduce from the law of large numbers that the first factor on the right converges to 1 a.e, as
N — oo and from Lemma 4.19 that the second factor converges to s, as N — oo,

Since, moreover, for each N the function s — {2aP(AY)/N?Vv?} is increasing, we deduce from the
second Dini’s theorem that the second term on the right in (4.30) converges to 0, as N — oo, It
follows that

limsupIP< sup |G| > 8) <limsupP (wr(G'"V,p) > ¢€).

N—roo 0<s<T N—boo

Combining this inequality with (4.5) , we have

€ €
1imsupIP< sup ]G1N| > 8) < hmsupIED (wT (GIN p) > Z> +limsup P (j(GLN) > 5)

N—roo 0<s<T N— N—roo

€
< lim hmsup]ID <wT (G1 N,p) 4) +limsup P <j(Gl’N) > 5) .

pP—0 N N—eo

Combining Proposition 4.7, Corollary 4.24 and Corollary 4.26, we deduce that

N—roo 0<s<T

limsupIP’( sup |G| > 8) =0.

The result follows |

Lemma 4.28 As N — oo, GI'N — 0 in probability locally uniformly in s, where G'N was defined
in (4.29).

Proof. We can rewrite GV as
2 2 /- _
LN _ 1 1
G = SO+ vz (Shean —Shyy )
Following the same approach as proof of the Lemma 4.25 and the Lemma 4.27, we have that for any

s >0,
2 Gl 2 C o .
(N_VZS[A?’]’ 320) — (V%BS’ SZO) in 2([0,)).

where B° is a standard Brownian motion and that

2 (a ol : . : :
v (S PAN) ~ S[ AN) — 0 in probability locally uniformly in s.
Since, moreover, Cy — 0 a.s (recall that Cy = 2a§/(Nv? +2a8§)), the result follows readily by
combining the above arguments. |

We can rewrite (4.26) in the form

M = NiZ Sy~ N2 2 (S Py [AN1> + gy
GG A (4.31)
with
G = N2 vy and G = % <S12° (A% S[ZAN]>

Similarly as above, we deduce the following results

23



Lemma 4.29 For any s > 0,

(GHN, 5s>0) = (ﬁ

” B s> o) in 2(]0,)),

where B? is a standard Brownian motion.
Lemma 4.30 As N — oo, G>N — 0 in probability locally uniformly in s.

Since, the sequences (©,Z; — ©%;)x>; and (ifc)kzl are independent, the processes {G!''N, N > 1}
and {G>N, N > 1} are also independent. Consequently the assertion of Proposition 4.21 is now im-
mediate by combining the above convergence results.

Let us state a basic result for counting processes, which will be useful in the sequel. For this, let
Q be a counting process with stochastic intensity (A(7),r > 0). Let # = (.%;,t > 0) be the filtration
generated by Q. Let (Si,k > 1) be the successive jump times of Q, and suppose that

t
g—/zmm
0
is an .% -martingale.

Lemma 4.31 The sequence

(4o ),

is a sequence of i.i.d standard exponential random variables.
Proof. Let ;
w:AA@m
and let 7 be the inverse of v, that is,
T, =1inf{t > 0: v, > u};

see Exercice 5.13 of Chapter I in [5]. Then, 7 is right-continuous and strictly increasing, and vy, = u
by the continuity of v. Clearly, (Qz,) is adapted to the filtration (.%¢,) and is again a counting process.
Since Q — v is assumed to be an .% -martingale and since 7, is a stopping time, we deduce from Doob’s
optional stopping theorem that the process (Qr, — u) is an (%, )-martingale. By Proposition 6.13 in
[5], the process Q;, = Oy, is a standard Poisson process. It follows that

Sk
| 20)ar=v(s) = v(Sit) = T~ Tic,
k—1

where Tj is the kth jump time of Q°. Consequently the 7; — 7;_; are independent and identically
distributed standard exponential random variables. |
To ease the reading, we rewrite (4.20) in the following form

‘/N 1 1 1
r 1 2 N 4,2 [ I [N7F [ 1 I
H§V7 +Ni/2 _W—FMY?N_MAS’N-'—‘PS _QsN ’ +FN(S)+_’) ( {YV (0)_ 0+ (0)) __2 {VV ( )

(4.32)
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where
4000

Y5 = [ O, dr 4Po / Ly oy
In the following, we give useful properties of the sequence of processes (FY, N > 1).
Lemma 4.32 For any s > 0,
FN(s) — F(s) in probability, as N — oo,
where  F(s) = 2AaB),

K'2
Proof. We have

4008 4ps
P =2 / Ly 1}®PN++1dr R A -

4055 4ﬁ6 s
T av? Z / I{Vﬁv:fl}d“r‘JsN v /0 Lyp—siydr

where ¢/ describes the boundary effects at the points s, tending to 0 as N goes to . Indeed, we have

N+

Savt
QS <C®PN+/ l{VNf 1}d1’
E{V,-‘r

For k > 1 define, with A" (r) = ™ (N*V? + 2Nat§) 1 yn _

N, +
Sk

EN = /S e AN(r)dr. (4.33)

k—1

Hence we have
N < aC e,
5 =\ N2y2 +2Nad PN+ P41
It follows readily from Lemma 4.31 that
E(¢MN)? — 0as N —s oo
However, from Lemma 4.31, (4.33) and Remark 4.20, we deduce that

N
Nioy 4a8AY P(AY) oAy 4ps /
F (S) - (V2<N2V2+2N(X5) A{YV P(Aév) k;l ®kék l{VN +1}dr+ gs .

From Lemma 4.19, we deduce that the first factor of the first term on the right converges to 2cts/ak?
as N — o. We have from the law of large numbers that the second factor converges to 1 a.e, as
N — oo. Moreover it follows from the strong law of large numbers that the third factor converges to
a in probability, as N — oo. Now combining the above arguments, we deduce that

2(a—B)

FN(s) — o in probability, as N — oo.

In addition
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Lemma 4.33 The sequence {FN,N > 1} is tight in €([0,)).

Proof. We have

4000
N
F (S = av2 / I{VN__I}(’DPN++1dF

=b) —df.

4;35

The sequence {6, N > 1} is tight in €([0,0)). Indeed, For all 0 < s < ¢t
4a0
E( sup [pV—b"2|=E( su /1 v @ dr‘
(s<t<£)+p| ad ) <s<t<£)+p WA=—1 "R 41
4a6 stp 2
g (W) E (/S |®P,{V’++1 |dr)
408\* ([P
<o () B ("R i)

< (4“5)2<42+a2>p2.

av?

We obtain similarly, the tightness of {d",N > 1} in €'([0,)). Consequently {FN,N > 1} is tight in
%((0,°0)). u

Corollary 4.34 FN — F in probability in € (]0,0),R ).

Let us rewrite (4.32) in the form

1 1
H' = Ry + 5L (0) = S (), (434)
where
N 1 VN N N 1 N N +2
R =2~ N2 W Y (s) = 5L+ (0) =07, s >0 (4.35)

We have proved in particular
Lemma 4.35 The sequence {RN,N > 1} is tight in 2(]0,)).

Proof. We may rewrite (4.35) as

vy o1
RY 405+ 500 (0) + 0872 — s = My = MEN W 4+ FY(s). (4.36)

Tightness of the right-hand side of (4.36) follows from Proposition 4.21, Lemma 4.33 and Proposi-

tion 4.6 . From (4.2), it is easily checked that LJO\Q(O) = 4/Nk?8. Since, moreover N~ 'VN — 0

a.s uniformly with respect to s and QN 2 5 0in probability, locally uniformly in s, the sequence

{RN, N > 1} is tight in 2([0,0)). [

In what follows, we investigate the tightness property of H¥1 by help of Lemma 4.35 and the function
j(.) was defined in (4.4). We have
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Proposition 4.36 For any T > 0, the sequence {H"'', N > 1} is tight in € ([0,)).

Proof. We show that the sequence {H"'T, N > 1} satisfies the conditions of Proposition 4.2. Con-

dition (i) follows easily from Hév T'— 0. In order to verify condition (i), we will show that for each
€>0,

lim limsupP(wy (HY'', p) > ) = 0.
P—=0 N—eo

Indeed, let € > 0 be given and T > 0. Since LV1'(0) (resp. LNT(I'™)) increases only when 2T =0
(resp. when 7Y T-r ), it is not hard to conclude from (4.34) that for any 0 < d < 1,

|5_t|<P7 Ogrvng \S—IKP, ()Sr.,ng

{ sup ’HSN’F—HfV’F‘ > 8} C { sup ‘R@’—Rﬂ >d8}

However, from (4.5) we have

P( sup ‘R?—Rﬁv}>d8>§P(wRN7T(p) fif)p@(( )>d78>.

|s—t|<p, 0<rs<T

Consequently
de de
P sup HYT —HNT| > ¢ SP(WRN’T([))>—>+P(‘].( )>—>
|s—t|<p, 0<rs<T 4 2
Combining this inequality with Lemma 4.35 and the fact that j(RY) < % we deduce that
lim limsup P(wr (HY', p) > €) = 0.
P—0 N—seo
The result follows. |

We can now establish

Lemma 4.37 The sequence {LN'1(0), N > 1} (resp. {LNY(I'"), N > 1}) is tight in 2([0,)), the
limit LY (0) (resp. L' (T'™)) of any converging subsequence being continuous and increasing.

Proof. Let us rewrite (4.34) in the form

1
BT =R Lo
where UN = LY (0) — L)' (7). 1t then follows from Proposition 4.6, Lemma 4.35 and Proposition
4.36 that {UN,N > 1} is tight in 2([0,0)). We now show that the sequence {LV"1'(0), N > 1} satisfies
the condition of Corollary 4.8. Indeed, let € > 0 be given and T > 0. Since LV'1(0) (resp. LN'T(T'7))
increases only on the set of time when HYT =0 (resp. HY' =T ), we notice that
F

sup ‘LZSV’F(O) —L],V’F(O)| < sup }USN—UM unless  sup }HNF HNF| >3
ls—t|<p ls—t|<p ls—t[<p
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It then follows from (4.3) and (4.5) that
P (wr (LY7(0).p) > €) <P(wr (UY.p) &) +B(wr (HVT,p) > )
<P(ivr (U",p) 2 ;) +P(j(UY) 2 g) +P(wr (HY",p) > g)

The assertion of Corollary 4.8 is now immediate by combining Proposition 4.36, tightness in Z([0, o))
of {UN,N > 1} and the fact that j(U"Y) < §. We deduce that the sequence {LV'1(0), N > 1} is tight
in 2(]0,00)). Now we show that the limit K of any converging subsequence is continuous and in-
creasing. To this end, for each [ > 1, we define the function f; : R, — [0,1] by f;(x) = (1 —Ix)". We
have that for each N,/ > 1, s > 0, since INT (0) increases only when HNT =0,

E ( /0 " AHYTYALNT(0) %@“(0)) > 0.

Thanks to Lemma (4.5), we can take the limit in this last inequality as N — oo, yielding

E (/Sf,(H,r)dKr—Ks) >0.
0

Then taking the limit as [ — oo yields

But the random variable under the expectation is clearly nonpositive, hence it is zero a.s., in other
words

N
/0 1iyr_ogdK, =Ky, p.s, Vs >0.
which means that the process K increases only when H! = 0. From the occupation times formula
N S
| sthar= [ gt wa
0 0

applied to the function g(h) = 1¢;—0y, we deduce that the time spent by the process H T at 0 has a.s.
zero Lebesgue measure. Consequently

s
/0 I{H}“:O}dBrEO a.s.

hence a.s.

S
BS :/0 l{Hrl">0}dBr \V/S Z O.

It then follows from Tanaka’s formula applied to the process H' and the function & — h™ that
K = LY(0). The continuity of K follows from Corollary 4.8.

Following the same approach as LV'T(0), we have {LV'1(I'"), N > 1}) is tight in 2([0,0)), the limit
LY(T'™) of any converging subsequence being continuous and increasing. In other words L' (I'") is
the local time of H' at level I'~. ]

An immediate consequence of these results is
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Proposition 4.38 For each I" > 0,

<HN,F’FN,\PN+M1,N7M2,N,LN,F(O)7LN,F(1—~—)) - <HF,F7\f /a2+CzBl fBz LF )LF(F‘)>
in (£([0,%0)))* x (2([0,%0)))"

as N — oo, where F, B' and B? are as above, L' (0) (resp. LY (I'") is the local time of H at level 0
(resp. at level T™) and H U is the unique weak solution of SDE

— 1 1
ur = 20—P) 2B+ iroy = L > 4.

N K. K +2 S(O> 2S( )’ S—07 ( 37)
i.e. H' equals 2/x multiplied by Brownian motion with drift (a — B)s/x, reflected in the interval
[0,T7].

We are now ready to state the main result.

Theorem 4.39 The following holds
HNT' — HY in 6(]0,)), as N — oo.

Proof. Equation (4.37) follows by taking the limit in (4.32) combined with the above results. It is
plain that H', being a limit (along a subsequence) of H"'I, takes values in [0,T]. The fact that LF( )
(resp. L'(T'7)) is continuous and increasing, and increases only on the set of time when H! = 0
(resp. HY =T ) proves that §H" is a Brownian motion with drift (& — )s/x, reflected in [ I,
which characterizes its law. We can refer e.g. to the formulation of reflected SDEs in [13]. |

4.5 The subcritical case

We now want to establish a similar statement for weak convergence of the height process in the
subcritical case (i.e o < ) without reflecting the process H¥I'. In other words, in the subcritical
case, we can choose I' = +oo, which simplifies the above construction. The two main difficulties are
the need for a new bound for E(7}") (see Lemma 4.14), and a bound for E (supoS s<T HY ) , since we
cannot use Remark 4.18 anymore. Now we notice that in the subcritical case (i.e @ < f3), the constant
C(T") defined in (4.11) in the proof of Lemma 4.13, is bounded by 1/(f — ) for all " > 0. In that
case, we can choose I' = +-o0. Consequently, an easy adaptation gives a result similar to Lemma 4.14.
In the subcritical case, the equation (4.32) takes the following form

yN 1 1
N _ N N N+2 N N N
H' + o5 = a3 T+ = 007+ F7 (5) + 5 (L4 (0) = L+ (0)), (4.38)

where
MY =mN — MmN,

Since MY1 N and M, 3’N are two orthogonal martingales, we deduce from (4.18) and (4.19) that

y s 4v2N +8as 4v2N +8B6
N\ __ 2
o= | (%Nm (T o=t (T)I{W—l}> oG9
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From (4.39) we deduce that {M" s > 0} is in fact a martingale. Recall That ¥V was given by

2 P(As) - - -
k=0

see (4.23). We now set for £ > 1

2 £

N —_
= G) Naly A% 4.41

¢ Nv2+2a5kz_0 et 1=k (4.41)

We will need the following lemmas

Lemma 4.40 There exist a constant C > 0 such that for all T > 0,
N 2
B (@) =T,

(recall that AN = (N>v? +2Nad)s/2a).

Proof. Since the random variables P(AY), ©; and E; are mutually independent, we have from (4.41)

that
N ) 4 P(AY) (~ )2 & A
D 5 > = TNV LS [ O 1Er) + O 1®i+13k3}
< P(AY) (NV2+2a6)? k;o : 1§i¢l§P(A§V ) ) |

Hence tacking expectation in both side, we deduce that

- (q’p(AfTV)>2 = m [E (P(AT)) (E (@)1)2) (E(31)2>

+E(PEDE@) - 1) (261)) (BE) ]

The second term on the right is zero because the random variable @ is centered and since
E(P(AY)) < CTN?,

we deduce that

(o) <cr

Lemma 4.41 There exist a constant C > 0 such that for all T > 0,

E( sup \\Pﬂ) <C(1+T).
0<s<T

30



Proof. From (4.40) and (4.41), it follows that

2
ey =

ANy~ m®P(A§V)+1 (T"(A7) —AY).

However, noting that (:)k_ < a, where C:)k_ = sup{—0y,0},

2a
N N +(gN N
sup [Py | < sup |y |+ sup (TT(Ay)—AY).
OSS§T| S‘ OSkSP(AIYY)‘ k| NV2+2a6 0<s<T s s

It follows that

272

2a
E| sup [P ) < |E sup  |®Y = m( sup (TF(AY)—AY
<O§s§T’ s‘) <0§k§P(A’}’)| ¢l NVZ+208 ogsgr< (A5) —AY)

212
2a
< |E sup oY +————E| sup (T+ AN)—AN )
<0§k§P(A¥)| k|> Nvi+2a8 <0<S<T A=A

It is easy to check that (P}, k > 0) is a discrete-time martingale. Moreover, note that P(A}) is a
stopping time. Hence, from Doob’s inequality we have

1
272
E( sup ¥V <2{E<<1>N- ) ] +C
<0<S£T| s ‘) > P(AN)
The result now follows readily from Lemma 4.40. |

Now we deduce the following basic estimate for HV

Lemma 4.42 There exist a constant C > 0 such that for all T > 0,

E( sup Hé\[) <C(1+4T).

0<s<T

Proof. Let us rewrite (4.38) in the form

1
Hy' =W+ S L(0),

where

5 1
+ MY Y+ FN(s) - <L) (0) — QY2 (4.42)

1 yN
WN: S 2 o

S T NvZ N2

Set
sy =sup{0<r<s; LY(0)—LN (0) >0},

then the fact that LV (0) is increasing, and increases only on the set of time when HY = 0 proves that
HY =0and LY (0) = LY (0). It follows that

N N N
HY =wl —wl.
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Hence
HY < sup WY —w}],

0<r<s
this implies

sup HY < sup W)Y W} <2 sup W)Y, (4.43)
0<s<T 0<r<s<T 0<s<T

However, from (4.2), it is easily checked that L), (0) = 4/Nk?§. Since, moreover QY12 s>0)isa

increasing process with values in R see (4.17), we have from (4.42) that

4o
sup |WN| < sup MY |+ sup |‘I’N|+ / Lyv_ 1)Opves  \dr
0<s<T 0<

L4 5
ﬁ /l{vN +l}alrJrQN+2

Combining this inequality with (4.43), we deduce that

- 8ad
sup HY <2 sup |MY|+2 sup |‘P1§V|—|— / L= 1) Opvs  (dr
0<s<T 0<s<T 0<s<T

8/35/ L +l}dr+2QN+2

Hence tacking expectation in both side, we deduce that

E( sup HSN> §2E< sup |M£V|> —|—2E( sup |‘P]SV|) +2E (QI}["J“z) +C(1+4+7)

0<s<T 0<s<T 0<s<T
1

212
<2 E( sup Mf’) —|—2E< sup |‘P§V]) —|—2E(QN+2>+C(1+T).

0<s<T 0<s<T

This together with Lemma 4.15, (4.22), Lemma 4.41, (4.39), Doob’s Lz—inequality for martingales
implies the result. ]

This result is used to prove Lemma 4.19. The rest is entirely similar to the supercritical case. There-
fore, we obtain a similar convergence result.

Theorem 4.43 HY = H in €([0,)), as N — oo, where the process H equals 2/ multiplied by
Brownian motion with drift (e — B)s/x, reflected above O.

Remark 4.44 The critical case cannot be treated as the subcritical case. In other words, in the case
a = B, we cannot choose I = oo, since E(T!) would no longer be bounded (see Lemma 4.14).

Remark 4.45 From our convergence results, we can as in [?] (see also Theorem 3.1 in Delmas [0])
deduce the well known second Ray-Knight theorem, in the subcritical, critical and supercritical cases.

Ackownledgement. The authors thank Fabienne Castell for a useful discussion concerning the proof
of Lemma 4.22.
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