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Using a forward—backward stochastic differential equations (FBSDE) associated to a transmutation process driven
by a finite sequence of Poisson processes, we obtain a probabilistic interpretation for a non-degenerate system of
quasilinear parabolic partial differential equations (PDEs). The novetly is that the linear second order differential
operator is different on each line of the system.
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INTRODUCTION

In this paper, we are interested in the problem of providing a stochastic representation of the
solutions of the following system of quasilinear parabolic partial differential equations (PDEs)
Y(t,x) €[0,TIXRY, Vi€ K
(&) G (6,20 + Llui(t, x) + file,x,u(t, %), Viui(t,)07(t, %, ui(t, x))) = 0

u;(T, x) = hi(x)

where the coefficients b, f, o and h are given from above, the second order differential
operator L is defined by

v 0,TIXRYXR, L s Pt
(t,x,y) e [0,T] X X R, ui(t,x) —Ej;l a;(t, x, Mi(tyx))jm axjaxm

d
+ > (B (8 x,u(t, %), Vi1, x)
j=1

ou;(t,
X 031, %, ug(t, o)) )
9x;
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andfori € K, V(t,x,y) € [0, T] X R? X R, the matrix ¢;(t, x,y) = (0; o-? )(t,x,y) is supposed
to be uniformly elliptic. Moreover, we give sufficient conditions which ensures existence and
uniqueness of a solution of the system of forward—backward stochastic differential equations
(FBSDE, E %%) [see Eq. (2.1)] whatever the time duration 7 may be.

It is well known that backward stochastic differential equations (BSDEs) are closely
connected to PDEs. This link between PDEs and BSDEs has been used in two ways. In the
first case, regularity results for solutions of PDEs have been used in the study of solutions of
BSDEs and there have recently appeared some probabilistic methods for systems of PDEs.
and an essential tool in this new method is the Malliavin Calculus. For example, Pardoux and
Peng [7] prove that BSDEs provide a probabilistic formula for solutions of certain classes of
quasilinear parabolic PDEs.

BSDEs with Poisson Process were first discussed by Tang and Li [12] and Wu [13]. Studying
such equations, Barles et al. [1] generalized the result of Pardoux—Peng [7], and obtained
a probabilistic interpretation of a solution of a parabolic integral-partial differential equation.

Soon after appeared fully coupled FBSDEs. This motivation comes originally from
stochastic optimal control theory. In his Ph.D. Thesis Antonelli obtained the first result on the
solvability of a FBSDE over a small time duration. Using the strong link between the
FBSDEs and a quasilinear parabolic PDE, Ma et al. [5,6,11] in their so called “four step
scheme” prove successfully an existence and uniqueness result for a FBSDE. But they
require non-degeneracy assumption on the diffusion of the forward equation, non-
randomness and rather stringent smoothness of the coefficients.

Recently in the same spirit, Delarue [2] proved a similar result under rather weaker
assumptions than those required in the “four step scheme” and provided in a probabilistic
manner a solution of a non-degenerate system of quasilinear parabolic PDEs. The key device
of his method based on an iterative scheme is an efficient control of the length of the interval
on which the result on small time duration holds, which ensures existence and uniqueness of
solutions on arbitrary time intervals. For this to be true, the non-degeneracy of the forward
diffusion coefficient is crucial.

All those systems of PDEs studied so far have the same linear second order differential
operator on each line. Pardoux et al. [9] removed this restriction in the case of BSDEs and
provided a stochastic representation of a viscosity solution of a system of semilinear
parabolic PDEs with a different second order differential operator from one line to another.
This is done by coupling the forward diffusion with a transmutation process driven by a finite
sequence of Poisson Processes. We aim in this work to get a similar result in the case of non-
degenerate parabolic quasilinear systems through the study of a corresponding system of
FBSDEs following the method developed by Delarue [2].

The paper is organized as follows. In “FBSDE with poisson process in small time duration”
section, we prove the existence and uniqueness of a solution of a system of FBSDE with respect
to a Brownian motion and a finite sequence of Poisson Processes for a small time duration. We
also present some properties of the solutions before extending this result to the case of random
coefficients. Studying the case of smooth coefficients, we establish by a stochastic method our
main result (existence and uniqueness under the non-degeneracy assumption) of the solution of
the system of PDEs. Finally in “Global solution of the system of FBSDE” section, we extend
the local solution of the FBSDE (E *%) obtained in the previous section to a global one.
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FBSDE WITH POISSON PROCESS IN SMALL TIME DURATION

VO € N¥, || stands for the Euclidian norm in RZ.

Let k = 2 be an integer and K = {1,2,...,k}, L= K — {k}.

We consider a filtered complete probability space ({1, F,(F,)o=i=r,P) such that the
filtration (F;)o=,=7 is generated by two mutually independent processes:

e a d-dimensional Brownian motion (B;)y<;<7.:

e a Poisson random measure N on Ry X L where L is the set of marks equipped with the
field £ of all subsets of L such that M([0,7] X A) = N((0,7) X A) — tA card A is an F;-
martingale for all A C L and some fixed A > 0.

Moreover, we consider a filtration (G;)o<,<r satisfying the usual conditions such that
(By)o=i=7 still a (G,-Brownian motion and the filtration (g?)os,g defined by Vi &
[0,716° = Gy V F,.

ForO0=r<s=T,i€ Kand! € L, we define

Ny = N((0,s]X L), Ns(l)=N(0,s]xX{l}), Ml)=N)— As

We define the Markov process N'' by

k—1
N =i+ ZlN((t, s1% {I}) mod[k] and let N% = N’
=1

Let P denote the o-algebra of G,-predictable subsets of () X [0, T].

For each i € K, we are given b; € C([0,T] X R x R x R? RY), f; € C([0,T] X R¢
XRF x R? R), 0; € C([0, T] X R x R,RY x RY) and h; € C(R,R).

We define the following continuous functions on their domains

h:[0,TIXR!XREXRIXK — RY

FiI0,TIXRIXRFXRYIXK — R
o:[0,TIXRYIXRXK — RIXR?
h:RIXK — R

by putting V(t,x,y,u,z,i) € [0,TIX RIX RXR¥XRI X K, &(x,u,z,i) = &(x,u,z) for
o= B? fand O-(resp h)(tvxaya l) = O-i(tvxay)(resp hl(x))
Leti € K; we define the functions b;, f; and f; € C([0, 7] X R? x R X R*"! x R?) such that

Y(t,x) € [0,T] X R, Vu € Rk,

ﬁ(taxa Uy, uz,.. '7ukaz) = ﬁ(taxa uiahi7z) :fi(t7x7 uivhiaz) + Azhl(l)
lEL
Ei(t7x7u17u27-”auk7z) = bi(tvxa uiahiaz)
Uiyj — U 151516—[

where  hj - {u,-+jk—ui k—i+l=j=k-1
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For i € K and ¢ € R? a Gy-measurable random vector satisfying E(|§|2) < oo, we intend
to find a §,-progressively measurable quartet of processes (@?‘f")ossg £
(X080 Y08l gO&i 7080 with values in R? X R X R¥"! x R solution of the problem

Vs €10,T]

X086 = g4 [ b(r, 0% N)dr+ [ o(r, X040 Y040 Ni)B,

(E*Q YO8 =y XG40 + [1 £, 0041, Niydr — [1 2064, — [T ST HOE (M, () 2.1)
lEL

E [o(XPEP 41V 12057 4 1) e < o0

where Vs € [0, T1, HY¢' = (H%(1), HY¢/(2),...,H*%i(k — 1)).

The superscript 0, &, i indicates the dependence of the solution on the initial date (0,&, i)
and will often be omitted for notational simplicity.

This section is devoted to the study of (£ % £ in small time duration. In all of what follows,
we assume that 7 = 1.

The Case of Non-smooth Coefficients
Existence and Uniqueness of Solutions

Let us first prove existence and uniqueness of solutions. The idea is based on a fixed point
argument on a suitable space in the spirit of the method developed by Delarue [2],
Théoreme 1.1.

We say that the functions b, f, h and o satisfy assumption (H1), if there exist two constants
K and A such that

H1.D)V: € [0,T], V(x,y,u,z) ERIXRXRFIXRY Vie L and V,y,u,7)€E
RY X RXRF ! x RY,

|bi(t,x,y,u,2) — bi(t,x,y, u',2)| = Ky —yl+lz—2Z|+u—ul)
|fi(t,x,y,u,2) = fi(t,x,y,u, ) = K(x— x|+ |z = |+ lu—u)
|oi(t,x,y) = oy, x', Y)I? = KXx—xXP+ly—yP
|hi(x) — hi(xX))] = Klx—YX|

(H1.2)Vr € [0,T], V(x,y,u,2) € R“XRXRF T xRY, Vi € K et V(¥',y) € R xR,
(0= X it x,y,u,2) = bi(t, ¥, y,u,2)) = Klx — x|
(v = ity x,y,u,2) = filt,x,y u,2) = Kly =y
(H1.3)V: € [0,T], V(x,y,u,7) € RIx RX RV x R4, Vi € K,
|bi(t, x, y, u, D + | filt, %, ,u, 2| + oyt x, y)| + ()] = A

THEOREM 2.1 Assume that (H1) holds and let i € . Then for every §y-measurable
random vector ¢ satisfying Elfl2 < 00, a solution of (E* ) satisfies
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(1) (Xy)o=s=r is continuous and (Y)o<,<r has a cadlag version.
(ii) E( sup x> + sup |Y,|2) < 00,
0=t=T 0=t=T

Moreover, there exists a constant C%ll)\ > 0 depending on K and A such that for every
T= C%?\, the problem (E ¢) admits a unique solution.

Proof As explained, our aim is to construct a contraction in a suitable space. To this end for
T > 0 and Q € N, we consider the following sets

HzT(RQ) the space of {G?} progressively measurable processes
T
W1 [0,7]x Q— RO, W] = EJ W, 2dr < oo
0

SzT(RQ) the space of continuous {Q?} adapted processes

¥ [0,T]xQ— RE, II\Plli = E( sup |\If,|2) < o0
0=r=T

S%(RQ) the space of {Q?} adapted cadlag processes

¥ [0, 7] X Q— R, |[¥|]2 =E( sup |x1f,|2) < o
0=t=T

[L2(PRL)IF! the space of mappings H:QX[0,7]XL— R which are PRL-
measurable such that

T
o+ = EY | tar < oo
eL Jo

Vp=1, B[Zgﬂ the space S2(RY) X S3(R) X [LA(PRL)IF! x H2(RY) endowed with the
norm

2p 2p
(X, Y, Hg, Zo) oo =<E sup |xs|2"> +<E sup IYs|2p>
0,71 0=s=T 0=s=T

p

N =

1
2 19PN p

T T
+|E JZ(HS(Z))st +|E (J |ZS|2ds>2
07eL 0

Notice that B[zg 7) endowed with this norm is a Banach space.
We define a map ¢ on B[ZO 7y into itself as follows

2 2
B[OA,T] - B[()A,T]
X,Y,H,Z) — (X8 706 fO&i Z2040)
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where the quartet (®?7§7i)0§ssT £ (X?’g’i» Yg’él’y Hg’&iv Zgg’i)OSssT is defined by

Vi € [0, 7]

RO = gy [Lp(s, KO8 Y, H, Zy NDds + 1 ots, X060 v, NDag, 2P

and
Vi €[0,7]
VP =y K7 + [1 £, 00, Nidds = [] Z0%aB, = [T B Dam, () 23)
! IEL

s

Note that the process )_(? 4145 a solution of a SDE with initial time 0 and initial values (&0)
(i initial value of the process N?*i), whereas the triplet ()72"5"47 Ff;f‘i, Z?’g’i) solves a BSDE with
Poisson process.

In the sequel of the proof, we denote

¢X,Y,H,2) = (X, Yy, Hy, Z) = 05, oU,V,G,W) = (U, Vs, Gy, Wy) = 0
Using It6’s formula, we get

X, - U,]> = 2J X, — U, b(r,X,,Y,,Z,,H,,N') = b(r, U,,V,,W,,G,, N))dr
0
+ ZJ <X) - Ura (o(r, X,, Y,,Ni) = ot(r, Ura V,,Ni))d3,>
0
+ J |U(r7)_(r7 YI')N;) - (T(rv UH Vr)Ni«)lzdr
0

Applying the Burkholder—Davis—Gundy inequality and assumption (H1.1), we find 6 > 0
such that

T
E sup |Xt - Ur|2 = 2KEJ |Xr - Url(lxr - Url + |Yr - vrl + |Zr - er + |Hr - Grl)dr
0=r=T 0
1

T 2
+ 26KE |:J |Xr - Ur|2(|Xr - Ur|2 + |Yr - Vrlz)dr:|
0
T - -
+ KZEJ (|X, Ol +1y, - V,Iz)dr
0
so using standard estimates, we prove the existence of a constant yx depending on K such that

E sup |X,— O[> =wT'?

0=r=T

T
E sup 1% O, +E sup IYt—V,|2+EJ \Z,— W, [2dr
0 0

==T 0=r=T

T
+EY| (@, Gwrar
0

IEL
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which implies

0=t=T

T
(1—yTYE sup | X,— U, =yT"? [E - |Yt—vtI2+EJ 1Z,—w,|*dr
0=t=T 0

T
+ EZJ (H, =G dr (2.4)
0

leL

Moreover, It6’s formula yields from Eq. (2.3), for all ¢ € [0, T]

T T
17 0+ [ 12 - WPds A | S~ Gowrds + (A - Ty

t leL 1<s=T
_ 2 r_ _ o
= ‘hN;T (Xr) = hys (UT)‘ +2J (Y5 = VO(f(s, O5,Ny) — f(s, 0, N))ds
t

T T
2 (- V@ - Wods 2| S~ Vo d - Gonamp) 2

tleLr

Applying (H1.1) and (H1.2), we deduce
T B B T B B B B
EJ |Z, — W,|%ds + AEJ > (@, — G))*ds = K’E sup |X, — O,
0 0 7eL 0=t=T
T B B _ B T _ B
+2K[EJ = 1% = Oidas+ E| 1%~ Vil
0 0

T T
+EJ |Y¥ - Vvl |Zv - Wv|d5+ EJ |Yv - Vvl |I:I€ - led5:|
0 0

Hence using standard estimates, we find a constant yx ) depending on K and A such that

T T
B 12 - wlas x| S - Gowras
0 0 7eL

= v |(1+DE sup |X; = PR +TE sup |7, - V2| 3O
==

0=t=T

Furthermore, using Eq. (2.5) we obtain
E sup |¥, = Vil = E(lhy; (X7) — hy: (T7))

0=r=T

T
+2E sup (J (¥, = V)(f(s, O, N') — £(s, 0/, N;’))ds)

0=t=T t

T
J (YA - VA)(Z_S - Ws)st

t

+ 2E sup

0=i=T

0=r=T t

T
+OF sup J (T, =V, )H, — G(DdM,(0) @7
lEL
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From the Burkholder—Davis—Gundy inequality, there exists a constant C > 0 which can
change from line to line such that
1

T B B _ 2
2E sup = CE(J 17, — V%1z, - Wx|2>
0

T
J (Yt - Vv)(zv - Wt)dBv
0=t=T

t

1 - _ L _
=-E sup |Y§ - Vs|2 + 4C2EJ |Zx - W_leds
4 o=s=1 0

Similarly, using again the Burkholder—Davis—Gundy inequality for discontinuous
processes and standard estimates where

M) = (Ys- — Vy-)(H, — G)(D)dM (D),

there exists another constant which we note C again changing from line to line such that

T
2E sup J > (¥ = Vo )Hy — G)(DAM (D)

0=r=T =
1
1 T 5
= CE[(ZAMt(Z)2)2 = CE J Z(YS, _ Vs’)z((HS o Gs)(l))szS(l)
0 7/eL
= 1 v o_ 112 2 JT 5y )
=zF s IV =Vl +c /\E; (= Gybyas s

Hence, combining these two previous inequalities with Eq. (2.6), we deduce from Eq. (2.7)

T T
B sup |7, 0P+ E [ 12~ Wlds+ a8 | S A - G
0=s=T 0 0 €L

T
= ZKEJ |)_/Y - V?l(l)_(ﬁ‘ - le + |Yv - V?l + |Zs - V_Vrl + |I:IS‘ - Gsl)ds
0

- _ 1 _ _
+K%E sup |X, — U +=E sup |¥, — V|
0=s=T 2 o=s=T

+ Cyk.n

(1+T)E sup |X, — U)* + TE sup |¥, — V|
0

<=s<T 0=s=T

which implies using standard estimates and modifying y(x )

E sup |V, — VI = 2y :

0=s=T

(1+T)E sup |X, — UJ)? +TE sup |¥, — Vi
0=s=T

0=s=T

+ Cyx.n

=s=T O=s=T

(1+ TE sup |X, — U,|* + TE sup |¥, — Vslzl
0

1 L
+5E sup |7, — V.|? (2.9)

0=s=T
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hence putting 8k ) = 22y .2 + Cyk.1), We get

(1= 8y TIE sup. |7, — V,|* = 8,0 (1 + DE sup |X, — T, (2.10)

O0=s=T

and the following inequalities

J |Z, — W,|*ds + EZJ ((H, — G,)(1))*ds
0

IEL

=y |1+ TE sup |X, — U,|* +TE sup |¥, — V,|°
0=s=T 0=s=T (2.11)
T
(1 — %T"*E Sup 1%, — Ul> = yT?|E sup |v, — ViI> + EJ |1Z, — W,l*ds
=s=T O=s=T 0
TED J (H, = Gy)(D)ds 2.12)
leL

Th1s proves that there exists a constant C(K » = 0 depending on K and A such that for
CE’,})A), the map ¢ is a contraction from By, 7, into itself.
Consequently by the fixed point theorem, there exists a unique {g? }OSZST—progressively
measurable quartet of processes with values in (R, R, R*"!, R%) solution to (E % ¢).
Note that this solution is obviously G-progressively measurable. (]

Remark This theorem shows that for every T = CE}; \ and for every x € R the problem
(E®%) with x as initial value of the SDE admits a unique solution @0“ 4
(xPys g 70y which is a {F,}o=,=p-progressively measurable quartet of
processes. In particular the Fy-progressively measurable random variable Y, = Ygx'
deterministic.

Now, we establish some properties of the solution, which will be useful in the sequel.

A Priori Estimates

THEOREM 2.2 Suppose that (b,f,h, o) and (13 f,fz d) are two quartets of functions
satisfying (H1) with the same constants K and A. For i€ K, let @05’
(X081 yO&i O£ 7060 do=s=1) (resp @ (Xogl Yogl Hogl Zogl)(0<s<T)) be the
associated solution to (b, f, h, o) (resp (b f,H &)) with initial condition (0, &, i) (resp (O, §, i)).
Then there exists two constants CE’I?))L) and 'BEII?A) depending on K and A such that for

T= CE’,?A) and for every A € Gy, the following estimate holds

E(lA sup |X, —54|2> + E(lA sup |V, — >+ EY J 1A((H — Hy)(1))*ds
0=s=T 0=s=T

lEL

T
+ EJ 141z, — ZPds = B, [E(lAlf — &%+ E(al(h — XD (2.13)
. |

T T 2
+ EJ 14l(a — &)(s, Xy, Yy, NDIPds + E<J 1a(lb — Bl + | f — f)(s, @24, Ni)ds) ]
0 0
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Proof Let A € Gy. Using It6’s formula we have

T
E<1A sup |Xs_Xs|2> SE(1A|§_§|2)+EJ IAI(TNf(S7X57Ys)_&Ni(S7Xs7YS)|2dS
0=s=T 0 : '

3 s
+2E sup (J 1A<XX—)~(S,b(s7®?‘§vl7Ni) —E(s,(i)gvﬁl’]vi) >ds>
0

0=r=T

t
+2E sup (J 1A<XS _st(o-Ni (S,st Ys) - &N" (S,XS, ?s))st>>
0=t=T 0 ’ s

Thanks to Burkholder—Davis—Gundy inequalities, assumption (H1) and standard
estimates, there exists a constant yx depending on K such that

0=s=T

T
E <1A sup |X, —Xs|2> = yk [E(lAlf— &8+ EJ 1a(1%, — X,I* + 17, — v,*)ds
0
T ~ ~ ~
+ EJ 1A|Xs - X&|(|ZY - Zvl + |Hs - Hvl)ds
0

T
+ EJ 14l(6 — 0)(s, Xy, Yy, NDIPds
0

T 2
—i—E(J 141(b — b) (s, ®%% N |ds>
0 ( ) (2.14)
Furthermore, applying 1t6’s formula to Eq. (2.3), we have Vr € [0, T],

T T
|7, —¥.I° +J 1Z, — Z,*ds + AZJ ((H, — H)(D))ds+ Y (AF, - ¥,))?

leLJt t<s=T

T

= | (X7, Ni) — h(Xr,N%) |2+2J (¥, Y,) <f(s,(;)2’é’i, N1 — f(s, 0% ,Ng)) ds

t

T T
~2| v - zoas) 2| S v )~ HOM0 (2.15)

t tleL

Hence, we deduce Vt € [0, T],

T T
EJ 1412, — Z,|*ds + AE ZJ Lu((H, — H,)(1)*ds

erLJit
< E(LJR(%r.Np) ~ h(xr.N5) )

T . o
+ 2EJ 1a(Ys — Yy) (J?(S, (:),?’gla NY) = £ (s, ®?’§’17N§)> ds (2.16)

t
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Moreover from Burkholder—Davis—Gundy inequalities, there exists 7y > 0, changing
from line to line such that

[SIE

T T
2E sup J ]A()N/s - Ys)((zs - Zs)st) = ZYE(J 1A|)~75 - Yslzlzs - Zs|2d5>
0=t=T|J)¢ 0
1 ~ ) T ,
=-E|1ssupl¥,— Y, | + yEJ 1412, — Z,|"ds (2.17)
4 0=s=T 0

and similarly to Eq. (2.9),

T
2K sup J S 1 = Yoo )(H, — H)DAM, (D)

0=t=T \J: Jer

T
= 1E<1A sup |7, - Y‘Y|2> +AyEZJ LA(H, = H)(DPds — (2.18)

4 0=s=T Ier Jo

Hence combining Eqs. (2.16), (2.17) and (2.18), we find from Eq. (2.15) a constant B, »,
depending on A and K such that

T T
E<1A sup |7, Y.y|2> B[ 12 - ZPas+ BY | 1 - H0rds
0

0=s=T IeL YO
- 2
= B |:E<1A‘hNiT(XT) - thT(XT)’ (2.19)
r ~ ~0,&i . . .
+E< sup J (¥, = v,) (f(s, 0, N — f(s, ®S*f*',N;>) ds>)]
0=1=T),;

Using assumptions (H1.1), (H1.2) and standard estimates, there exists Bx > 0 only
depending on K satisfying

0.£i
N

T
2E< sup J 14(¥, — Yy) <f<s, 0., Ni) — (s, @8*5*",N§>>ds>
0=t=T )¢

T T
= BK |:EJ lAl}?s - X‘vlzds + EJ 1A|Yv - Y?l(lzv - Zrl + |I:IS‘ - Hfl)ds
0 0

0

T T 2
+ EJ 1417, — Y %ds + E(J lA’(f—f)(s,®?s§si7N§)lds) 1
0
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So, plugging this inequality into Eq. (2.19) and adding with Eq. (2.14), we obtain
modifying B )

T
E<1A sup 1%, — X5|2> + 13(1A sup |¥, — Y5|2> + EZJ 14((Hy — Hy)(D))*ds
0 T

0=s=T =5= €L Jo

ro . S 2
+ EJ 14lZ, = Z,IPds = B {E(IAIS — )+ E(lA\hN'T(Xn ~ hy, (X7)| )
0

T T
+E | 140X, — X,|P)ds + EJ 141Z, = Z(IX, — X,|ds + |, — Y, |)ds
0 0

T T
+E | 1,37 - v s + EJ Ll — H(% — X| + [F, — ¥,))ds
0 0

T T 2
+E | 14|(6— o)(s, X, ¥, NY) \2ds +E (J La(lb = bl + [F = £ (s, @i_)’g’i,Ni)ds> ]
0 0

Hence using once again standard estimates, we prove the existence of two constants ,BEE?A)

and CE??A) depending on K and A such that for T = CE?A),

T
E ( sup 141X, — X5|2> +E ( sup 14]¥, — Ys|2> +E) J 1u((H; — H,)(1)*ds
0=s=T 0=s=T e, JO

T . ~ o~ .
+ EJ 1412, = Z,Pds = B0, [E4IE = &) + EQAIGNG — hy)xXnP)] - 220
0

T

T 2
+E (J 1a (16 = bl + IF = f1) (s, ®8’§’i,N§)ds) +EJ 4|6 = 0)(5,X,, Yo, N) | ds
0 0

O

COROLLARY 2.1 Assume that (H1) holds and T = Cf;??/\). Then V(z,i) € [0,T] X K and for
every x € RY, the unique solution @' = (X'~ yi~i gi~i zixiy _ . of the problem
(E™) extended on whole [0, T] by putting Vs € [0, 7], X/ = x; Y/¥ = Y™, H'Y =
Z!5 = 0 satisfies

(i) ACH, ), such that ¥(z,x) € [0, T1X RY,

T
E sup |X§,’x’i‘2+ EoggT‘ yio ’24- E Z Jo (Hi’x’i(l))zds

0=s=T €L

T
xi|2 (i1) 2
+ EJ0|z; "ds = Ciy 1+ 11D (221
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(i) V((t, %), (¢, ) € ([0, T)x RY?, ACE, , such that
. Iy 2 . e » 2
E sup Xi‘x‘l _XiA, S +E sup Yi‘x‘l _ t J +EJ lez _Z;’ Ji ds
0=s=T 0=s=T

. . 2 . .
+E ZJ (H;W(l) —H' ”(1)) ds = Byl =P + Rl =71 5

lEL

Proof (i) Letx € R¢ and assume T = CE;?/\)- The process (@;*x’i)OSSST is a solution of the
problem

Vs € [0,T]

X = x4 [ 1 (0b(r, O N'Hydr + Jo lirr(Do(r, X, Y,, N:))dB,

Yoo = h ,,(x“”) + [T ynf o, 0 NHdr — [T 7,dB, — LTIZLHr(l)er(l)
€

E [[(1X, 1+ 1Y, 1> + 12, + |H,[))dr < +oo

Applying Theorem 2.2 to the quartet of functions (1, 71f yei, 1y m1&yeis Lm0, hyei) and
’ s s ’ s T
0,0,0,0), we have

E sup ‘X’M’ +E sup ‘th;’ +EJ ‘ZZ,’X’iyzds
O=s=T

2 r 2
N EZJ (H' () ds = BID,, {|x|z +E (’thT(O)‘ ) + EJ | (5,0,0)| ds
Sl

IEL
(] (ol peoo0n)’

applying assumption (H1.3), there exists a constant C'% K. A v depending on K, A and A such
that
E sup |t +E sup yY““\ +EJ |zt s + EZL (H () ds = b, A+

leL

(ii) Let (r,x) € [0,T] X R% and (¢, x¥) € [0,T] X R4, ¢ <1.
Noting that the two quartets of functions (1 7b e, L ryf yiis 11Oy, hyei)  and
s ? K s T
(l[t’“,T]bN“-r"v l[ﬂyTlth/,,», Loy, hNy_,,)7 satisfy (H1), using of Theorem 2.2 we obtain
s s s T

. 12 , 12 T ) 12
B sup P X B sup [ = v [z 2
) L \2 2
+ E;J (H?“(l) o ”(l)) ds = B, {Ix - Y+ E ’ (thT.f - hN;_f)(XT)‘

2
dr

J ‘ (1[,/77"] O-Nf.l'i — 1[Z,T]0'Nﬁ~") (r7X¢JX-,i’ Yi;x,i)

2
+E (J ([1mbyg = lurbys ). G)tr’x‘i)dr> ] (2.23)

+ ‘ Vo fyes = L e
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and from assumption (H1.3) there exists a constant C ) depending only on A and A such that

B (i = )00 = 8| (g =y )0 1

2
= E‘ (hN?i - hN;A,)(XT)‘ Liuqe ap-0)

E[ (s — e o)

= 2A*P(u()7, 1) # 0) = Cp ol — 1l

where v is the law of the first jump between 7 and 7.
So, using the same argument in the two last integrals and assumption (H1.3), we easily find
from Eq. (2.23) a constant CE?)A' N such that

2 . 'y
+ E sup Y09 -yl

0=s=T

tx,i oyt X
E sup |X| X

0=s=T

2 T ) s il?
+EJ0 Zt =z ds

T 2
X0 X i 2 i
+EY L (Hery = B ) ds = B0 b = X+ CRy I = 7]

IEL

O
We deduce the following result which is an obvious consequence of the previous corollary.

COROLLARY 2.2 Assume that (H1) holds. Then there exists some constants
(1.1) (1.2) (1) (2) (2)
C(K,A.,\)a C(,(A’A’/\)7 ,B(K?)L) and C(K_A) such that V7T = C(K,A)7 the map

0:[0,TIXRYXK — R

(t,x, i) R

which defines also a mapping
0:[0,TIxR?Y — R*
(r,%) = (0@,x,1),0,x,2),..., 6(t,x, k)

satisfies

(i) V(t,x) € [0,TIXR?, V(¢,¥) € [0,TI X R4, VieEK,

10, x, D> = CELy (1 + Ixl?) (2.24)

10, x, 1) — 0, 2 i)* = B lx = X7+ CRA I =7 (2.25)

(i) Vi € K, V(t,x) € [0,T] X R? and for every G, measurable random vector & with finite
second moment, there exists a P-null set Gg}g such that Vs € [1,T1],

Vo & G 0(s,X'% (w), N'') = Y (w) (2.26)
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VIE L HY(l) = 0(s, Xy, N +1) — 0(s, X7, N (2.27)
fN}" (S,Xi’x’i, Yi,x,i’ H;’X"i, Z;’x'i) :fNj'i (S,X;'X’i, G(S,X?x’i),zg'x’i) (2.28)
bysi (s, X050, Y0¥ HEY Z0) = bysi (s, X%, 0(s, X0, Z0) (2.29)
Proof Putting
CE}{I/{/\) = max CEII}AA) ; BE}(),)\) = max BE%,),\)
CS&?A),A) Aax C?I?)A e C(i N l:rrlnnk CE?.))\)

then we easily get Egs. (2.24) and (2.5) as immediate consequences of the previous corollary.
Let us recall the proof of Eq. (2.26) which is an adaptation of one given in Ref. [2].
We nevertheless include a complete proof for the convenience of the reader.
Let (t,x) € [0,T]XR?,i € K and ¢ a G, measurable random vector with finite second
moment. Applying Theorem 2.2 (using the same coefficients and different initial values),
we have

. .2 .
Vs €1, T], Ve >0 E(1{|§7x|<s}\yi’x" - Y& ) = BEE?»E(MHQ}I&— x|2>

Hence
Ve>0 E(l{lf x<e) | 008, %, ) = Y& ) (KA)E<1{|§—X|<S}|§_X|2)
Furthermore, we have

E(]‘{|§7X|<g} | o, & i) — Y;,g,iIZ)

= Z{E(l{lgvks}l@(t, &) = 06, %, DI + E(1 e ges) | 62, x, ) — Y;7§.i|2>]
Using the Lipschitz property, Eq. (2.25), we obtain
E(1{1¢-v1<e) |61, £, = 00,3, D) = B30y B 1g- gy 1€ = 1)
Hence

. . 02
Vi= 1ok E(Lege |60, €0 = YIETT) < 48R, B gl = 2

Choosing £ = (1/m), x=(p/m), p € Z9, we have

. £il2 4 (])
Vm e NZE(1{|§—(p/m)|<e}|0(t7 §> l) - Yig | ) (K)\) ZE {IE=(/m)lw<(1/m)} )

pEZ! pEZ!
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therefore
) (g 2 2d+2 " )
B0, &0 Vi) == R, Vi=1,...k VmeEN
We deduce
ps O &ED =Y Vi=1,.. .k (2.30)

Elsewhere Vs € [1,T], (M) _,—s £ (XL YR HES 78D s solution of the
problem

Vs € [1,T]
Xyt = X0 [0 (r, ©05 N Jar + [Vo (X, ¥, N ) aB,

Vi = h OGN 4 [f (r 03 NN ) ar — [1Z,0B, — [} S H, ()M, (D
it iel

E 11X, + 1Y, +1Z, 1> + |H,*)dr < +o0

hence using Eq. (2.30) and uniqueness of solutions of our system, we obtain

t.&i

Vs € [1,T], 6(s, X050, NUT) = ysX "N = yréi pg

Using Ref. [9], lemma 2.2 we get Eqgs. (2.27), (2.28) and (2.29). O

In the next section, we extend our results to the case of random coefficients in order to get
some regularity properties of the map 6 given in the previous corollary.

However, the proofs being the same as in the previous section, we only give the statments
of the results.

Extension to the Random Coefficients Case

We assume V i € K the functions b;,f;, o; and h; are, respectively, P ® B(RY) @ B(R) ®
BRM1)® BRY)/BRY), PQBRHQVBRYSBRHRBRY)/BR), PRBRI)DBR)/B
(R™) and GY®R?/B(R?) measurable.

THEOREM 2.3 (SOLUTION IN SMALL TIME DURATION) Let i € K and assume that the
coefficients satisfy assumption (H1). Then for every G, measurable random vector ¢ with
finite second moment a solution of (E *%) satisfies

(1) (Xy)o=s=7 is continuous and (Yy)y=,<7 has a cadlag version.
(i) E ( sup |X,I°+ sup |¥,]*) < co.
0=t=T 0=t=T
. ~ (il . ~ (il
Moreover, there exists a constant CELK)A) depending on K and A such that for T’ = CEZI{?A), the
problem (E 9-€) admits a unique solution.

THEOREM 2.4 (A PRIORI ESTIMATES). Let i € K, (b, f, h, o) and (b, f, h, &) two quartets of
functions satisfying assumption (H1) with the same constants K and A.
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Let (@0 'i)(0<S<T) (resp ((:)0’5"[)(0<X<T) the associated solution to (b, f, h, o)

(resp (b f7 h &)) with initial condition (0, &, i) (resp (0, §, i)).

There ex1sts two constants CEK)A) C(K)A) and B(Kl))\) depending on K and A such that for

every T = C(K » and for every A € Gy, the following holds

E(14 sup 1Xs — X% + E(14 S ly, — 7.5 + EZJ 14l(H, — Hy)(D|*ds

0=s=T IEL

T
+ EJ Lz, — 2P ds = B, [ElE— &) + B0 — DxnP)
0

T T 2
+ EJ 14l(0 = (s, X, Yy, NDI’ds + E (J La(lb = Bl + I f — (s, @¢, Né)ds> }
0 0

COROLLARY 2.3 VT = C’E?A), V (t,i) € [0, T] X K under the assumption (H1), for every
x € RY we define the process (O""),=s=7 as the unique solution of the problem

Vs € [1,T]

Xt =x+ [[b(r, 00", NtYdr + [Jo(r, X, Y,,N"')dB,

Y = I (X7) + | F(r O NYYdr — [T ZiidB, — [T ST HE(D)AM,())
leL

E [TUX, 1 + 1Y, + |H > +1Z,)dr < 400

extended on [0,7] by putting

Vse 0,1, XM =xY™ =E(Y;"/G,)
thz _ erz + J‘Oztfx’idB + J‘O Htxl(l)dM (l)

then

(i) 3 C(K A such that V (7, x) € [0, T] xR, )
E sup X"’ + E Sup |Y’“] —i—EZJ H"X’i(l))zds_}_ EJ |Z§’X’i|2ds
0

0=s=T IEL

il
= CEK)A ;\)(1 + |x|2)

(i) V ((¢,%), (/,.¥)) € ([0,T]x R)?, AC; ), ,, such that

+E) J (H;=X~i(z) - H ’i(l))zdv

IEL

2
tx,i _ oyt X txi t’)c’t
E sup (X X, Y, Y,

0=s=T

T
+EJ
0

+ E sup
0=s=T

51 (i2)

Zixi -zl %ds s = Byl =X+ Cilaple =7
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THEORENI\/[Q)Z.S Vi€ K, Vp =1 there exists two constants BS,)“’K“’)\_ A and 2383’1(”\) such that
VT = CEK_ A)» and for every Gy-measurable random vector & such that E|? < oo,

(i) the process (@8*5") solution of (E* %) satisfies

0=s=T

T
E sup |X§)’§’i|2p+ EosupT‘Yg’g’i|2p+E J Z(H?’g”'(l))zds

0=s=T 0 /eL

T p
i|? i
! E(Jo 2% ds) = Blxan( + Eld™) @31)

(ii) For every quartet (Z), f, g, ) [resp (b, f, o, h)] satisfying (H1) with the constants K, A,
for every A € Gy and for every random vector & (resp &) with finite 2pth moment

we have
E<1A sup |X, — X‘y|2p> + E<1A sup |¥, — Y5|2p>
0=s=T 0=s=T

P

T P T
+ E<1AJ |Zs|2ds) B L] S~ s
0

0 7eL

. - - 2p
= Bk [u (|§ = 7+ | (AN =y ) X))

(2.32)
T P T 2p
+(J o g|2(s7XS7YS,N§)ds) +(j |l§—b|+U~f—f|(s,®s,N_’;,)ds> )]
0 0

where (X,, Y, H;, Z,) (resp (X;,Ys,Hy,Zy)) is the solution of (Eo’é) [resp (E%%)]
associated to (b,f, G, h) [resp (b,f, o, h)] and with initial values (0, £ [resp (0,&,i].

Proof Let us recall that we assume 7 =< 1. Using the same technique developed in Ref. [2],
we suppose in a first step that the processes (@E"‘f”)ogsgr and (O ’l)ogng satisfy
p-integrability conditions defined below

P

T T p
(L,) E sup X241 4 E sup |[YO4|* + E J > (HYE ) ds +E<J |z§?-§v’|2ds> <00
0=s=T O=s=T 0 €L 0

14

;. ;. T - T p
(L,) E sup |X*¥|7 +E sup [?*¥|7 +E J S 1) ds —i—E(J |Z?‘f”|2ds> < oo
0=s=T 0=s=T 07€L 0



Downloaded by [Aix-Marseille Université] at 01:54 10 April 2013

QUASILINEAR PARABOLIC PDEs 447

Let us prove the existence of a constant C(p, K, A) such that for every T = C(p, K, \)
inequality Eq. (2.32) holds. For convenience in the proof, we omit the superscript
0,&i and 0,&,i

Let A € Go. Thanks to Itd’s formula with the function ¢,(x) = x¥, p=1, we have
Vi € [0,7],

0=s=T ==T\Jo

t
E<1A sup |X, — Xs|2"> = E(I41E- &%)+ 2pE sup <J 141X, — X177 (s, Oy, NY)

==T

t
- b(S, ®37N§))ds> + ZPE Sup (J lAIXS - X.lep_l(&(svj(sv ?ﬁN;)
0 0

T
— o(s, Xy, Ys,Nf;))st) +p(2p — 1>EJ 141X, — X772
0

x| d(s, X, ¥,, N') — o(s, X, Yy, ND|Pds

Using Burkholder—Davis—Gundy inequalities and assumption (H1.1)—(H1.2), we obtain
(with y > 0)

E<1A sup |X, — Xx|2p> = E(I4€- d7)

0=s=T
T ~ ~ .
+ 2pKE U L& = X* 7B = b) (5,05, N |ds
0
T ~ ~ ~
+ J LalX, = X% = X+ ¥ — v
0
+ II:IY - H?l + |ZY - Zvl)ds
T ~ ~ ~ .
+2pyE (J LalX, = X, 7216(s, X, ¥, NY)
0

1
—o(s, X;, YS,NA’;)Ist)2

T
+pp ~ DE| 1%~ X7 10 (5. X, o))
0

—o(s, Xy, Ys7Ni)|2ds
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Hence there exists a constant ¢, x, depending on p and K such that

E<1A sup |X, —Xs|2"> = e [B(LAIE— &)

0=s=T

T
+ EJ 141X, = X177 '(B — b)(s, O, N') Ids
0

T
+ EJ lAlf(s - Xs|2p71(|5(S - Xsl
0

+ |Y3 - Ysl + |f{a - Hal + |Zs - Zsl)ds

[SIES

T
+ E<J LalXs = X7 7216 = o) (5, X, Y‘wN;)lzds>
0
T ~ .
+E(J 14X, = X772 = o) (s, X, Y, NY) mﬂ
0

which implies using Young inequalities and modifying c(, «,

T
E <1A0supTlffs - X,/ = o) {E(lAlé— a7+ EJ La(1%, — X7 + 17, — Y, 7)ds
=5= 0

P

T P T
+T”E<J lAIZS—Zslzds> +T7E ZJ 14(H(1) — Hy(D)*ds
0 IELJO

T . 2p T ' p
+E<J 1A|(13—b)(s,®x,N;)|ds) +E<J 1A|(&—(r)(s,Xs,Ys,N’s)Izds) } (2.33)
0

0

Furthermore using the same function, from It6’s formula for discontinuous processes
we have

T
|V, = Y| =¥ — Yo7 +2pJ (¥ = Y, )P 7 (fis, O5,N)) = f(5,0,,N%))ds

1

T
_P(zp_ I)J (ys’ - Y57)2p72|2s _Zslzds
t

T
- 2pJ (?x’ - Y‘v’)zpil(zs - Zv)dBr

1

T
- 2pJ > (e = Y- H (D) — Hy(1)dM (1)
t]eL

DR AR LA R L P A S L O A B RCET)

1<s=T
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Putting VS = |)~/s - Ys|2 - |Ys’ - Ys’lz = (Z(Ys’ - Ys’) + ([:Is - Hs))(gs - Hs)» we
deduce

Iys - Yslzp - |Ys’ - Ys’lzp - 217(?5* - Ys’)zp_lA(Ys - Ys)

= (1% = P+vy) = (1% =¥, P) =2p0 = ¥ 7,0 — H)

- p - P - p—1
= (le’ - s’|2+ V;) _<|Ys’ - s’|2) _P(|Ys* - Yx’lz) Vs
+p(fls’ - Ys’)z(p_l)(j:]s - Hs)2

Hence substituting the last sum in Eq. (2.34) by the quantity

> [(IK —v, P+v) = (10 = v ) (17 - ys|2)”“vs]

t<s=T

T
+pz(?s* - Yx*)z(pil)(A(ys - Y‘v))z + )\PJ (Yc* - Ys*)z(pil)lfis - Hs|2d5

1<s=T t

we obtain V¢ € [0,T] and A € G,

T
1Y, — Y + p2p — I)J Wa(¥,- — Y ) P27, — Z,7ds

t

T
+pY a(Fe- = Y- PP VAT, — v + ApJ (¥, — ¥, 0 VI, — HyPds

1<s=T t

T
= |¥r — Y| +sz La(Ys- = Y )P (F(s, O, N) = f(5,04,N'))ds

t

T
- ZPJ lA(Ys’ - YS’)ZP_I(ZX - Zs)st

1

T
- 2pJ > e = Yo7 H(D) = HyD)dM (D)

tleL

~ P - P ~ p71
PR {(m ~v Pav) =% =y P) =p(1% - v 1) vs]

1<s=T

Using the convexity property of ¢,, we prove that the last sum of the right hand side is
positive. Therefore, there exists ¢, > 0 such that Vr € [0, T],

T
E(14l7, — Y,I7) + EJ 1Y, — Y 2?7027, — Z,)* + MA, — H|*)ds

t

T
=c, [EJ La(¥, = YO 1 (7(s, Oy, NY) — f(5,04,N)ds + Ela|¥r — Y77 | (2.35)
t

Moreover since go; > 0 by the same argument, the last sum in Eq. (2.34) is positive.
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Using the Burkholder—Davis—Gundy inequalities, we find a constant ¢, only depending
on p which can change line to line such that

T
E sup J Z (Yo = Y )~ (H(D) — Hy(1)dM (1)
0=t=T

tleL
1 - T - -
=_E( 1, sup |7, — V" | + AEPEJ D 1a(Fe = Y- PPV () — Hy(D)ds
4 0=s=T  5=T
’ Y, 2p—1 /7 1 ~ 2p
E sup 1a(Yy- =Y )P N (Zy—Z)dBs| ==E| 14 sup |¥,— Yl
0=1=T|); 4 0=s=<T

T
+E,,EJ (¥, — Y, )20 D|Z, — Z,|*ds
t

Hence using these two inequalities and modifying &, if necessary we deduce from Eq. (2.34)

0=s=T

E<1A sup |¥, — Yﬁ) =2 [E(lAl?T — Y7l
T ~ ~ ~
+ EJ LY, = Y PP 02, — Z,)> + MA, — H,*)ds
0

T
+J 1l¥, = Y P (F(s, O, ND) — f(5,05,N))ds]  (2.36)
0

Combining Eqgs. (2.35), (2.36) and using assumptions (H1.1)—(H1.2), we find a constant
¢(p.x) depending on p and K satisfying

T
E<1A sup |7, — Yﬁ’) + EJ Lal¥y = YP070 (12, = 2 + Aty — HyPas
0=s=T 0
~ 2 T ~ ~
= Cp.k) [E(lAIYT - Y7+ EJ 140X, — X, + 17, — v,|?)ds
0
T el yim ~ T ~ , P
+Ej LT = ¥ (12— 2 + |, — Hl)ds + E(J 1A|<f—f><s,®s,zv;>|ds> )
0 0

S0, using standard estimates, we find ¢, k) depending on p, A and K such that

. 1.(" . N -
E<1A sup |7, — YSIZ"> +§EJ Lal¥ = Y070 (12, = 2 + NIt — HyPds
0

0=s=T

T
= Cpkn {E(lAI?T — vl + EJ La (1% = X" +1¥, — Ys|2p>ds}
0

T ' 2p
+ E<J Lalf — £, @S,N;)ds> ) (2.37)
0
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Furthermore, Vs € [0, T1,

T T
|'@ - zas,+ [ S o - waama
s s leL
~ ~ T ~ ~ . .
=Ur—Yr)— X, — Y?)""J (f(ra @r,Ni«) —f(r’”N;))dr

s

The Burkholder—Davis—Gundy inequality gives us a constant a,, , depending on p and A
such that

T P
E<J (lZ; - Zslz + |F1s - Hslz)dr) = Ap.x lZEosupTlis - Ys|2p
0 =5=

‘E (Jrlf(r, 6,.N) — £(r @,,N¢)|dr> zp]

0

Thanks to assumptions (H1.1)—(H1.2), there exists a constant «y, k ») depending on p, A
and K such that

T p T
E<1AJ (lZs—Zs|2+|HS_HS|2)dr) Sa(p’K_’)\) |:EJ 1A(|XS_XS|2‘D+|YS_Yxlzp)ds
0 0
T . ) 2p
+E(J 1A|(f—f)(s,®5,N§)|ds)
0
T 5 B P
+T”E(J 1A(|zs—zs|2+|Hs—Hs|2)dr> ] (2.38)
0

Hence using Eqs. (2.33), (2.37) and (2.38), we prove the existence of two constants C'(,,’Kv »
and 387,(7 A depending on p, K and A such that for 7 = C.k .0, We have

E<1A sup |X, —Xslz”> + E<1A sup |¥, — Y.Y|2”>
0=s=T 0=s=T

p

T T p
+E J > La(H (D) — H(D)*ds —|—E<J 1A|ZY—ZS|2dS>

07EeL 0

T p
= Bipx nE [IA <I§— &7 + |y, = by )X + (Jo(lﬁ— ol’(s, X, YX,N.’g)ds)

T 2p
+ (J (15 = bl + |[f = f1)(s, X, YX,HS,ZS,Nf;)ds> )] (2.39)
0
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For every process (0)y<,~7 and (@s)OSsST satisfying (L,) and (Zp), thanks to theorem 2.3,
the iterated scheme

Xt = g4 [(b(r, X0 YT HY, Z0 NDYdr + [yo(r, X0, Y", NT)dB,
Y = e (X5 + [1f (r, O NDdr — [[Z041dB, — [[Y HIF (1AM, (D)
IEL

satisfies [|®) — O,|[z — 0 as n — oo.

Hence choosing a quartet (X?, Y?,H?, Z?) satisfying (L,,) conditions and using Pardoux—
Buckdahn [8] we prove that the process (07)y=,=r verifies (L,).

Let us prove the existence of a constant y,, ) such that for T =< v, ¢ ) the sequence
(O7)ser0,mneN satisfies

10" — O@"||.» — 0 wheneverm,n— o
r 7 BIO.T]

We assume 7 = C(p,K,)\) and let n € N be fixed. Applying Eq. (2.39) to the previous
iterated scheme, we obtain

E( sup IX;'+2 — X’S"leﬂ) + E( sup IY’;“ — Y?+1|2p>
0=s=T 0=s=T
p

T T r
+E J S HP ) - B () ds +E(J |zi2 -z |2ds)
0

0/eL
. T . . p
= BxnE KLla(&Xf;“, YIHUND) = o(s, X0 Yf;,N;)Fds) }

T
+ (JO (Ibs, X2t yrtt Ot 20t NG — b(s, X2 Y Hg,zg,N§)|ds)2p>

and with Schwarz’ inequality, we deduce

E( sup ‘X;”Lz —X;‘+1’2p> + E( sup ’Y;”Lz - Y’;pr)
0 0

=s=T =s=T

P
T - )
cB( [ X o - moo)es | (] 2 -z )
0

07eL

T P
< K+ TR | s 110 = ([ (2 - 22

0

p

T
+ J S (HFO) - HID) ds

07eL
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Therefore with a backward induction, there exists a constant <,k such that the
following series

1 1
2 2p 2\ 7
P P
E sup ‘X”H X?| E sup |Ythl Y’:’
O=s=T 0=s=T :
P

T 5 14 % T 5
+ (E(J izt =7y ds) ) +|E J > (HIN) — HI(D) ds
0

07eL

converges if T = vy, k), which is enough to conclude.
Hence applying Eq. (2.32) to the quartet (X,, Y H,, Z;) and (0, 0, 0, 0), we obtain

p
r T p
E sup [X)4/["+E sup [V)4|T+E J > (HE D) ds +E(J |Z?«f<f"|2dS>
0

0=s=T 07eL

T 4
= BipxaE [I.;’Iz” + O + (L |o(5,0,0,N,) Izds)
T . . 2]7
+ (J |b(s,o,o,0,o,N;)|+|f(s,o,o,o,o,N;)|ds) ]
0

and with the help of assumption (H1.3), we find a constant 'B&),K, AA) such that for every
T = Ypxwn,
p

T p
B sup P06 E s [V ( Y (60) s | (] 20 as)
0

O=s=T =3

i 2
= By xanEd +187)
Using the same method as in Ref. [2] theorem 4.5, we extend this result to 7" = Cgl,?))\) 0
Taking a deterministic initial value, we get the following

COROLLARY 2.4 Vi€ IC p = 1, there exists a constant & A dependlng on K, A, A, and p
such that for every T = C( X )\), we have

(i) For every (t,x) € [0,T] X R?

P
T T P

B sup [X[7 B sup [V E( | S (@) 0 +E(J |Z§’X’i’2dS>
0 0

0=s=T 0=s=T =3

= BEQ,K,)‘,A) I+ |x|2p)
(2.40)
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(ii) For every ((z,x), (Y, x)) € ([0, T] x RY)?

.|12p
E sup Xi,’)” X“‘J’ +E sup fo’—Yg’xl”
0=s=T 0=s=T
T 4 L 2 : T 4 12 \?*
+E J 3 ((H§=X=l — H ”)(l)) ds +E<J Ziwi — 0 ds>
07eL 0
= Bl g plx = X1 M — 11 (2.41)

O
In the sequel to this section, for all i € IC, we consider the following system for the use of
Malliavin Calculus.

Vs € [0,T]

X, =&+ [b(r,00%" NI)dr + [yo(r,X,,Y,,Ni) dB,

EN v, = Iy (XF) + [1f (r, O054 NI dr = [1Z,dB, = [>" H,(1)dM, ()
IEL

E[o (X1 + 1Y, +H ] + 1z dr < oo

where (&)y<,<7 1S continuous and Q?—adapted process.

Then we have the following

THEOREM 2.6 Assume that (HI) holds. Then Vi € K, there exists a constant C(K »

depending on K and A such that VT = C(K A and for every QO -adapted process (&)o=s=1

such that E sup |§S| < oo, (E*) admits a unique solution (O)g<,<r = Xy, Y, Hy, Zs)o=s=1
0=s=T

in B satisfying

(1) (Xy)g=s=7 is continuous and (Yy)y=,=r has a cadlag version.
(i) B sup |X|* + sup |¥,[*) < co.
0=s=T 0=s=T

Moreover for every p =1 there exists two constants C(p Ky = C(K » and B(p KN
depending on p, A and K such that for every T = C(p k. and for every QO adapted process

(&)o=s=7 such that E sup |&] ¥ < o0 the unique solution of (E*) satisfies
0=s=T

T P
E sup |X, [ + E sup Y | + E J Z (Hy(D)* ds ~|—E<J |ZS|2ds>
0

0=s=T 07€L

=B [ 14 E sup |7 (2.42)
= Bikn 1+ B s 16 -
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(ii) For every quartet (b, f, &, h) satisfying (H1) with the same constants K, A and for every
G adapted process (£,)g==7 such that E sup |&]% < oo we have

0=s=T
E sup |X, — X,|” + E sup |V, — ¥,|¥

0=s=T 0=s=T

P

T T p
+E J > (A, — Hy)(1)* ds +E(J 1z, — lezds>
0

07eL

% - ~
= B(I;:K,)\)E Oilslngfs - §S|2p + |(hN/T - thT)(XT)lzp

T p T 2p
+ (J |6 — ol (s, X, Yy, NY) ds> +(J b — bl + |f = f1(s,O;,N%) ds> ] (2.43)
0 0

where (X, Y,, H,,Z,) is the solution of (E*) associated to (E,f, g, h) with initial values

(Oaéﬁi)'

Proof The proof is the same as in theorem 2.5 with some alterations to the forward
equation.
We suppose that the processes (0;) and (@S) are solutions of (E*) and satisfy the (L?)
conditions.
The process defined by Vs € [0,T], X : = X, — & solves the SDE
S

S
X" = J b (r,xf , Y,,H,,Z,,Ni) dr+J o(r,X,,Y,,N') dB,
0 0

where the function b* defined by

Y(t,x,y,u,z) € [0,T] X R X RXx RF" I x R,

Vi € Kb, (t,x,y,u,2) = bi(t, x + &, y, 1,2)

satisfies assumption (H1). Then using the same technique as in the proof of Eq. (2.33), we
find a constant «, ) depending on p and K such that

E ( sup
0=s=T

~ K *
X —-X

s

2p r % .
) = apin ] 1 (1K P17 v as
0

P

T P T
+TPE (J 1412, — Zslzds) +TPE Z J 1a(A,(D) — Hy(D)* ds
0 IeL JO

T 2p T p
+E<J 1A’(B—b*)(s,xf?YﬁHs,zS,N;) ds) +E<J 1A|(0“—a)(s,XS,YS,Ni)‘st)
0 0
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Using standard computations and modifying «, k), we deduce

< 2p
E sup [X; — X|” = apk
O=s=T

E sup |§Y - §Y|2p + TE <Sup |Xc - Xslzp + sup |?v - Ys|2p>]
O=s=T =s=T

0=s=T

p

T T P
+TPE J Z ((H, — H,)())*ds —i—T"E(J |Z, — zs|2ds>

07eL 0

T ' 2p T ' P
+ E(j |B—b|<s,®s,1v;>ds> +E(J |<cf—a><s,®_v,zv;>|2ds>]
0 0

Simiﬂ!aﬂy to the proof of theorem 2.5, we find for any i € K a constant C ;’K » such that for
T = C,,k »» inequality Eq. (2.43) holds.

Therefore for an i € K fixed, applying this inequality with p = 1 to the following iterated
procedure

Vs € 0,71,
Xt =&+ [ob(r, XM Y HE Z0 ND dr + [o(r, X2H Y NT) dB,

r

Y =y (X5 + [T, @0 N dr — [[Z071 B, — [T HIF (1) dM()
leL

we prove existence and uniqueness of solution to (E*) in a small time duration. Similarly to
theorem 2.5, we show the two last inequalities.

The Case of Smooth Coefficients

In what follows we reinforce our assumptions on the deterministic coefficients of the problem
(E °*) in order to establish some differentiability properties of the map 6 defined in corollary 2.2.

Regularity of ©

We introduce D : L*(Q) — L*(Q X [0, T],R?) the Malliavin derivative operator with respect
to the Brownian motion and the following space

T
D'? = {fe LX) /E(4%) + EJ D, &* dr < oo}
0

For a differentiable function in R€ g, g\ stand for its partial derivative with respect to x.
We say that the coefficients b, f, o and h satisfy assumption (H2) if

(H2.1) (H1.3) holds.
(H2.2) All the functions are twice continuously differentiable with respect to x,y,u and z.

(H2.2) All the functions and their derivatives up to order two are K Lipschitz with respect
to x,y,u and z.
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We claim the following

THEOREM 2.7 Asiurne that (H2) holds. Then for all i € I there exists a constant C;(‘f)‘)
such that VT = C',), V(t,x) €[0,T] X R? the process (©""),_ ., solution of (E'¥)
satisfies

() Vse [, T], X e®d?), y~eb? Hxed ! zxed?)y

(i) Vr € [0,TI\(t,s], D,X'"™ = D,Y"™ =D H'" = D, 7" = ()

(111) V] € {17 ct d}’ the process (D];‘»®§v.’x‘l rss<=T é (DI;AX?X‘iv D{»Y?x’ia D{»H§7X7i; D{»Z‘tq’xj)rSsST

is the unique solution of the problem
DX, = oV(r,X,, Y, Ny + [\B" (u, D]X,,, DLY ,, DiH,., Di.Z,,, N'}') du
+['3" (u, DX, DLY,,N") dB,
DY, = H"(DiX7,N}) = [TF*(u, DX, D}Y,, DiH,, D\ Z,,N%') du
~["Diz,dB, — [T DIH, (1) dM (1)
lEL

E[7 (|0 +[D}Y. [+ Dl +DiZ,|") du < oo

where the functions B, 3™ F~i and H"* are defined by
Y(r,%,v,w,q) €[0,T]X R X Rx R* ! x RY
B (r7 %, 0,w,q, N’;i) =b. (r7 @’;X"", N’,’i)fc + b" (r7 @’r’x’i, N’,’i)v + 10, (r, @;’x’i, iji)w
+ b, (r, ®’r’x’i, N’r’i)q
F™ (r,%,0,w,q,Ni) = fi(r, O N x + £ (r, O N0 4 £, (r, O N w
+1L(r, 0, Ny )g
El’x’i(r,fc, v, sz,i) — (){C(},7er,)(,l'7 Y:ﬁx"i, Ntr’i))? + O{V<r, er,x.i7 Yi"x"i,Ntr‘i)v
Hz,x,i (%7Nrfi) — h/ (XtT’x’i,NtT’i))?
and o is the j-th column of the matrix o.

(iv) Vj=1,...,d, the process {DIY"™ s € [t,T]} is a version of {(Z*Y, t =5 =T}.

Proof Leti &€ K be fixed. Thanks to Theorem 2.5, there exists a constant C‘l,: ) such that for
T = C‘IKB , the sequence (we omit the superscript “f, x, i”” for a sake of simplicity) defined by
Vs € [t,T]
X =x+ [(b(r, X0 Y0 HY Z2 NS dr + [Jo(r, X Y NS dB,
Y = hye (X5 + [ (r, O NS dr — [T 20 dB, — LTIEZL HI' M (D)
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satisfies
2
4 4 T\ ! 2
sup |E sup [X!|"+E sup |X| —l—E(J |z1| ds) +E J Z (H (D) ds < o0
neEN t=s<T t=s=T t t IEL
and
r 2
E sup [x" — X'|"+E sup [y" — Y';|4+E<J |z — z*;;zds)
t=s=T t=s=T ¢
r ’ (2.44)
+E J ST (HM) - HI0)ds | — 0 '
t 7€t

whenever n, m — 0.

For n € N, we consider the following property (P,)

Vs € [t, T, X" € D"H)7, y" € D2 H" € L*([+,T], (D)),
z' € L*([1,T],(D"*)%)
There exists a version of (D,G):") = (D.X%,D,Y},D.H},D,Z})o<,=<1,1=s=7 Such that

(P :

sup
0=r=T

E sup (|p.x:[+[p.v7[)

t=s=T

2
+E (I ) !DVH§<1)|2ds> +E( f,T|Der|2ds)2] < oo

Using Pardoux—Pradeilles—Rao [9], Proposition 3.1, we prove (P,) = (P,+1).
Therefore choosing a quartet (X°,Y? H Z°) satistying (Py) then Vn € N, (P,) holds.
Moreover,

Vr € [0,T](t,s], D,X" = 0, D,Y" = 0; D,H" = 0; D,Z" = 0.

and Vr € [1,T], (D,@?x’"H),SsST is solution of the system, Vj=1,...,d

DX = V) (r, X" YT NY) + [TBY (u, DIX2H DIY", DIH"  DIZ! N"')du
+ [0S (u, DX DIy, N)dB,
Dyl =M (DIXE NG = [T F (u, DO NG du
— "Dz, — [T DIH (1AM, ()
’ “IEL
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where for n € N, B, F™, 3" and H"" are defined by V(r,%, v, w,q) € [0,T] X R¢, X R X
Rk—l X Rd

B (r,%,v,w,q,N\') = b, (r, X;*" Y} H}, Z) Ny )% 4 B, (r,x0 Y0 HY L Z) N ) o
B (XY HLZE N Y X Y HL 2N ) g
F"'i(r,fc, v, W, q, Ntr’i) = (r, @':H ,N;’i)fc —i—f;,(r7 @;’H , N’r’i)'v +f, (r, @f“ 7Ntr"")w
A0 N
S (r %, 0,N) = ol (r, X0 Y2 NS R+ o (r, X0 Y2 N )0
H™ (%,NY) = W (X5 Ny )%
Noting that the functions B“, F™, 3™ and H" are K-Lipschitz with respect to

(r,X,v,w,q), thanks to Theorem 2.6, there exists two constants which we note again C(K N
and B(K » such that for 7' = C(K v Vr €1 T],

2
T

E sup DX '+ E sup Dy '+ E J S (DiHT 1) ds

r=s=T rieL

2

T .
+ B([ |z Pas) = B B s o0 (i v )|
’ r=s=T

r u’

T 2
(J |2 (u,0,DLY",N") — 2"-"(u,o,o,N;i)|2du)
T 4
(J |B"(u,0,D]Y", D.H!, D\Z!! N'') — B"="(u,o,o,o,o,N;")|du) 1

Using the Lipschitz property of the coefficients and (H1.3), we deduce Vr € [z, T]

2

T
E sup |DiX"['+E sup |D] Y E J S (DH () ds

r=s=T rIEL

A*+ K*T?E sup |D’ Y"|

r=s=T

T 2
+ E<J \U;z;’“fds) Bk

2

T T 2
+K*T? [ E sup [DIY"|'+E J S (DiHNW) ds +E<J |U}Z?|2dS>

r=s=T rIeL
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Hence applying an induction and modifying Ci};)\) we show that for 7 = Ci‘;_’,\), the
following series

sup E sup ’D’X”| —|— sup E sup ’D’ Y”‘ + sup E Z (MHS(I))zds

T
O0=r=T r=s=T =r=T r=s=T O=r=T Jr €L

oo 2
+ sup E(J ]D’rZ’Z‘ ds>
0=r=T r

converges. Which implies for 7' = C’:,i Y
sup | sup E sup |D’X ‘ + sup E sup |D’Y"’

nenN [0<r<T r=s=T =r=T r=s=T

2

T T 2
E DH'())’ E J Dz )
+ sup JZ (DLH"(1))"ds + sup <r| iZ"ds ) | < oo

0=r=T rilerL

Similarly since the derivatives of functions are K-Lipschitz and Eq. (2.44) holds, we
deduce using again theorem 2.6, for all T = C;K A (modifying C(K A if necessary)

sup E sup ‘D’X" D’Xm‘ + sup E sup ’D’Y —D’Y’"’

0=r=T r=s=T 0=r=T r=s=T

2
T T 2
+ sup E J Z (DLH"(1) — H'"(l)) s| + sup E<J \Diz! —U;z;"fds> -0

0=r=T rIeL 0=r=T

whenever m,n— o
Hence we deduce (i), (ii) and (iii).
Furthermore (iv) is proved using Proposition 3.1 of Pardoux—Pradeilles—Rao [9]. ]

Elsewhere since the functions B, F* 3 and H'*! are K-Lipschitz with respect to
X,v,w, q, the following result can be proved analogously to Theorem 2.3.

THEOREM 2.8 Assume that (H2) holds and let i € K. Then VT = CEZI?)/\), V(t,x) €
[0,T] X R4, Vj € {1,...,d}, the system

Vs e [t,T]

VX = e+ [( B (u, /X, Yy, ¥ H,, 0 Z, N ) du+ [13 (u,/X,,,8Y,,,N'')dB,,
VY =HS (X, NG ) = [T (0,9, Y o, Ho, 8 Z,, NG ) du — [19/Z,dB,,

— ﬁzezL & H, (1)dM,(])

Ef] (10X, + 1Y, + 0 HP +10/7, ) du < oo
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admits a unique solution (a@i’x’i),gng L (9XE gy QH 9Z), ——1 where ¢; is the j th

vector of the canonical basis of R?.
From uniqueness of solutions of this system we deduce the following

COROLLARY 2.5 Assume that (H2) holds. Let i € K and T < C‘E?}\).. Then Y(,x) €
[0,TIXRY Vi =r=s=T, we have
DX = (axy™) (0X) o (r, X, YN
DrY;.x,i _ (a Y?x,i) (a er,x,i)*l 0_(,,7 X;,x,i7 Y;.x.i, Nzr,i)
D,H = (9HY) (0X5) ™ o, X5, YIH N
D,z = (02:) (0X:) o X LN,
If 1 is a function of x € R?, for p € R — {0}, let

. 1 - ~
Ajph(x) =—(hx+pe) —h(x)), l=j=d
p
PrOPOSITION 2.1 Assume (H2) holds and i € K be fixed. For T = Clgy),(t,x) €
[0, T] X R¢ we consider the processes (07" =y=7) and (0O""),= <1, extended on [0,T] as
in corollary 2.3.
Then Vp = 1,Vj=1,...,d,

(1) There exists a constant y&lk » depending on p, K and A such that Y(t,x) € [0,T] X R?

E sup (‘A’;)Xg’x’i

2p ; . S
+|8-’X§’x"l]2p> + EOSYJBT(‘NPY?M

2”+)afy;w|2”>

0=s=T
p
T A 2,
+E[) J (A;H?x” +[o/H"| )(l)ds
leL Jo
! i | j7txi|? : (i1)
+ E(JO (‘AJPZS*“ +|o/z| )ds) SRV (2.45)

(i1) There exists a constant /\&2}(7/\) depending on p, K and A such that V(z,x,p) €

[0, 7] X R? X R*

2p . . . 12p
+E sup [N Y — iyt

0=s=T

E sup | X5 — ox
0=s=T '

p
T

T
+E ; JO ((Np H - 8/H§_,xf)(l)) ds +E<L ‘ N 7 — izt

2 \”
ds)
(i2)

2,
= Ypxnlol” (2.46)
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(iii) There exists two constants 78)3}( A depending on p, K, A and yg;( ) depending on p, K,
A and A such that Y((¢,x), (¢, x)) € ([0, T] X R%)?

2p . . . ,x,42p
+E sup [¢/YIH —o/Y!!

E sup an?x"i — anil’)‘J’i
0=s=T

0=s=T

p
T

wE ZJ ((ajHi’x’i—ajH?**”")a))zds
e Jo

oo e\ . .
+ E(J ‘afzgv"-' — oz ( ds) = Yol =X AN = (247
0

Proof:Leti € Kand T = C‘E?A).

We consider the following functions defined for all (r,%,v,w,q) € [0,T] X R X R X
R¥ ! x R by

Bz,x‘p (r’jc,‘z},w,q,Nl;i) = (
Ftop (r’j'c,v,WﬂaNtr«i) - (

1
Zl’x’p (ric,v?N’;i) =

1
HP (3 NG ) = (h’ (X’T +apl X5 ,N;’)x) da
0

where 7P = (r,X rHapAl X LY+ apAL Y H,+ apA’;,H 2 7+ apALZ’r’x’i N f’)

Zr’x’p— (r,X, + apA’éXi’x’i, Y, + apA{o Y’r’x’i ,Ntr"i)

a

Note that for all (¢, x, p, i) € [0, T] X RY X R x I, ¥j=1,...,d, the quartet of processes

J @~ A Jowtx,i AJ yvtxi AJ pptxi AJ 7t : .
(Ap®, P (Ast aAst ,APHS ,APZS — is solution of the system

X = ¢ [ 1r(0B 0 (1, AL X, ALY, N HL, A Z, N ) dr
ol (r, MX,, ALY, N7 dB,
N yesi = 5 (M X NG )+ [0 OF 2 (7, 8 X, LY, L H A7, N ) dr
~[INZ,dB, — J‘fé A H,(DAM,(])

2 2
)dr<oo

. 2 . 2 .
Eﬁ(‘Apr, +ay| |+

J
NZ,
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and the two quartets of functions (1;7)(r)B"™", 1, 71(PNF", 11,7 (r)> " H'™P) and
(B, Fr Z”X"i, H') satisfy assumption (H2), then applying Eq. (2.31) to the associated
solutions, we easily deduce Eq. (2.45).

Furthermore, using once again theorem 2.5, we obtain Vp = 1,

) |12p
+E sup A’ Y”” Yy

E sup A’X”” an?“
0=s=T

O=s=T

p
T

e Z J <(A£H?” N ajH?x"'i) (l)) 2ds +E (JT‘N[‘)Z?” — izl
ier Jo .

2 \P
ds)

p
(5,0/X,,0/Y,,NY)d )

SBEQ,K,)\)|:E| ’HtXp 'foz)(aJXT, ” 2p+E(J ’Z’XP Zf)fl

T 2p
+E (J (|B7F = B |+ |[F™P — ™)) (5,0/ X, 8/ Y,/ Hy, afZS,Ni’i)ds) ]
t

Since Vi € K, I'(-,i) is K-Lipschitz, there exists a constant c, depending on p such that

1 2p

| (H50 — ) (X7, N3 ) |7 = ‘afx (J (h (Xr—i—apA/XT, ”) — i (Xr, “))da)

0

. . 2p
= ¢, K 1pl” (| X7 |97

Using the same argument in the two last integrals, we prove the existence of a constant
781( A depending on p, A and K satisfying

i . 12p
E sup |A/ X5 — 6JX§,’“ "IE sup |ALYEH =y
0=s=T 0=s=T
»
N i njpgto o2\
+E ZJ (& = o/ ) (02 +E(J [z izt ds>
et Jo

(i) 2 j j » ! 2 iv 12 (A |2 ”

=Y lel E(‘Ajpr“aJXTD +E(J0< Y, )(l&’Xsl +|&/Y )ds>

([

Whence thanks to standard estimates and inequality Eq. (2.31), we deduce Eq. (2.46).

Jj
n ’Apzs

2p
)><(IanSI+Ia"Ys|+|ajHSI+|ajZ$|)ds> ]
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Using once again theorem 2.5, we have V((z,x), (¢, x)) € ([0, TI X R)?Vj=1,....d

2 L , ,

’ "IE sup ‘a’Yﬁ,’X*’ — Y
0=s=T

2
E sup /X" — a/x! '
0=s=T

p
T . . . . 2 T ) A A 2 »
+ E E J <<&’H§7x.,z — &’H?;x’ﬂ)(l)) ds —{—E(J BJZ;‘X” _ E)JZg"X]” ds)
IEL JO o

. : 2p
< B0 x {h — P+ B([xF - x|l )

([

T
+E(J S R R e R R e R v )

l/

2
tx _ oyt X
X - X ’

+

Y?x _ Y;’:XJ’Z) (’a"Xi"x|2+}yY?x|2)ds>p

(| | o+ 2™

Thanks to standard estimates and corollary 2.3, we find two constants yé’;}( » and 7((;42 AA)
satisfying Eq. (2.47). O

COROLLARY 2.6  Assume that (H2) holds and let i € /C be fixed. Then for every T’ = C‘E?A),
the map 0 is twice differentiable with respect to x and for j = 1,...,d, the functions 0,
(06/0x;); and (9 6/0x,,0x;),,; are continuous on [0, T] X RY.

Proof :Lleti € K, T = Cy, and (t,x) € [0,T] X R’. Inequality Eq. (2.25) implies 6 is

Lipschitz continuous with respect to x and we easily deduce from Eq. (2.46)

V.] = 17 LRR3) d7 1171_1”% A{;)Y;’x’i = an;’X"i

hence 6 (¢,-,i) is differentiable with respect to x and its partial derivatives are defined by

90 . . .
f(t,x, )= HJY?X”

Vi=1,....d
J ’ [ Rad] axj

Moreover, using Eq. (2.47), we deduce 96/dx;(t,-,i) = #Y;" is continuous and 'y;'g,g)‘
Lipschitz.

With assumptions (H2), applying the same method as Ref. [3], corollary 5.4 to the
derivatives of the functions, we can prove that for 7 = Czl,?) pandVji=1,...d, 06(t,-,1) /dx;

is continuously differentiable with respect to x. |

COROLLARY 2.7 Leti € K and T = Cixy,. Then ¥(,x) € [0, TIXRY, Vi = s = T,
Z5 = Vi (5, X0 G (5, X0

with G (s, X050) = O (s,XfY’x‘i s Oy (s,XfY’X‘i)).

Proof: It is an obvious consequence of corollary 2.5 and theorem 2.7. 0
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We are now in position to prove our main result.

Solution of a Parabolic System of PDEs

In this section, we are interested in the system of PDEs (£) and we need to specify the
Lipschitz constant of o and A.

We say that the coefficients b, o, f and h satisfy assumption (H3) if (H2) holds with & as
Lipschitz constant of o-and & and moreover, the following non-degeneracy condition is satisfied

(H3.1) 38>0 such that Vie K, Vo€ER? V(,xy) €[0,TIXRIXR, <
v, a;(t, x,y)v >= 8o

Let us recall that

0(t,x) = (0(t,x, 1), 0(t,x,2), ..., 0(t,x, k), (t,x) € [0,T] X R? (2.48)
We claim the following

PROPOSITION 2.2 Assume (H3) is in force. Then there exists a constant C( KA such that for
all T < C(K »- the map 6 € ([0, T] x RY, R¥) and is solution to (&).

Moreover, there exists some constants C (depending on A and 7) and I' (depending on A,
k, 8, d and T) such that

sup |0, x)| =C (2.49)
(t,x)E[0,TIXRY
sup |V, 6(,x)| =T. (2.50)
(1.X)E[0,T]XRY

Proof Let us define CE?M = min;ex C‘E?A) and we assume that T =< C‘&)’A). For some
t€ [0, Tl we have Vs € [t,T] and i € K,

Os,x, i) — O(t,x,i) = (s, x,i) — 0(s, X", N&') + 6(s, X', NU) — 6(t, x, i)

Applying 1t6’s formula to the function 6(s, -, -), and putting 6(s,x, i) = 6;(s, x) we obtain
Vs € [1,T],

Oy (S,X?x’i) = 6;(s,x) + JAYVxeNi-"(S,X,)b(r, @;,x,i7N?i) dr
‘
+ JSVxHN;-f(s,Xr)cr(r,Xr, Y,,N%) dB,
:
+ %ﬁTr@ix@N;f(S,Xr))(crcr*)(r,X,, Y, N%)dr
- JZ [(GNC"— + GN:L) (S,Xi’x’[)} dN (D)

tleL

Furthermore, we have Vs € [, T],

O (5, X557) = 0,2, %) = Y7 — ¥+

= _J f(r,® NYYdr+ J 7™ dB, + J Z H'™ (1) dM ()
t

t tier
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Hence we deduce Vs € [1,T]

6i(s,x) — 6i(1,x) = —J B Tr (82,6405, X)) (00 ) (1, Xr, Y, NE)

t

+ Vb (s, X )b (r, O NY) + f (r, O, Ny

+’\Z (( N N” )(vatr’x’i)) dr

lEL

X
+ J (er,x,i — Vxe ’;i(S7XV)0-<r’ Xr7 Y”N;’i)) dBV
t

[ b (oo Yo

tieL

So, considering a subdivision t =1y < t; < ... <t, =T of [t,T], we deduce

n—1
0T, %) = 0:(t,x) = > O(tj41,%) — 6:(1;,%)
j=0

n—1 rtiy ' | | |
ZJ { Tr(a” Oy (tf“vX’f"’”))(“U*)(r,x’/’”,Yif”‘”,Ni"”)
J=

VO (51, X3 b (r, O, NI

+f(r, O N 2D (9 yig ON?.,-)(th,X’;*"*")} dr

IEL

n=1 ety . . .
+ J (VXON?J(I’, X,) — VxeNr_/-.i(l‘jJrl ,Xr)) 0'(r7Xtr/=X-,l’ th,',x,l,N;i’,) dB,
= : b

n—

tiv1 .
+ J ZK(),H 0 ) (. X0)

=0 Jy IEr

(9, y HN;fi)(tj+1,X’rf’x7i)} aM (D)

Since for i € K, (X" =1 0=s=7rcre is continuous and (Y")o=,=7 =<1 cre 1 @
cadlag process, hence choosing a subdivision {f,f},...,f2},en of [t,T] such that

lim,, 0 SUPo<j<;—1 (t] L t]’?) = 0, we obtain from corollary 2.2 and corollary 2.7

T
0([7)67 l) = hi(x) + J (Liei(rax) —I—f,-(r,x7 0(7‘7)6), Vxei(r7x)o-i(r7xa Oi(rvx))) dr
t
This is enough to conclude that 6 is solution of (£). Consequently, considering each line of
the system of PDEs (£) we note that Vi € K, 6(-,-,i) solves the parabolic quasilinear
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equations
Y(t,x) € [0,T] X R,
@) (1,2 + L, x) + 1, x, 61, x), Vit )01, x, (1, x)) = 0
(T, x) = hi(x)

where 135” andj_‘fl) are defined by V(z,x,y,z) € [0,T] X R X R X R?

ﬁ])(tvxm)}?Z) :ﬁ(trxa Hl(t;x)v 02(t7x)7 ey eifl(tax)vyv 0i+l(t7x)a sy Gk(t7x)7 Z)
BV, x,y,2) = bi(t, x, 01(1, %), 62(t, ), ..., 61 (1, %), , O 1 (2, ), . .., O4(t, %), 2)

and LV is defined from L’ by substituting b; by b\ . Using theorem 7.1, chapter VII of
Ladyzenskaja ef al. [4] théoréme 7.1, under assumptions (H3) the quasilinear parabolic PDEs
(€) have a unique bounded solution & € C'2([0, T1 X R4, R) with bounded derivatives.
Therefore Vi € I,

96; 926
— nd

Vi,m € {1,...,d}?, are bounded on RY.

X; 0X; 0X;
Let us prove Egs. (2.49) and (2.50). For i € K, we define for (¢,x) € [0, T] X R¢
Bi(t;x) = B(vaa l) = Bi(taxv 0([,)6'), oni(t;-x)o-i(taxa Hi(t7x)))
2i(l‘rx’.) = 207 X, l) = O-i(t>x7 Oi(t7x))

Let i € K and & be a G, measurable random vector with finite second moment. We
consider X%% the diffusion process defined by Vs € [t, T],

Xt6 = ¢+ J B(r,X,,N}') dr + J (X, N)') dB,

t t

and the following processes Vs € [z, T],
YOS = G0 (s, XE5);s Z05T = V. 0y (5, X505 ) oy (15, XL YT

VIEL, HH(0)= (ON’-L T HN:L> (s, X0%)

Since 6 i € C'"2([0, T X R4, R), 1td’s formula yields for all s € [1, T],

. T ) T ~ )
By (5.X2) =0y (T.X7) - J %eNi_,i (r. X5 dr — J VO (r X )B(r X, NI ) dr
s

N

T T
_J VXON;.f(r,X,)E(r,X,7N;*i)dB,—%J Tr(G)ZCXONi.,-(r,X,)> (22*)(r,x,,1v;,i)dr
s s

_JTZ [(9N1=L+1_9Nﬁ‘[—) (rvXtr’g’i)}dN,(l)

S IEL
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which implies Vs€[z,T]

. T . 1.0 .
Oy (5. X5 =6y (T.XG) - J [%QN;J (r, X5 4L Gy (nXi’f")] dr
N

_ JTz;,stB, - JTZ (B 4= Oy ) (rX25) [ a0

s lEL

Hence using () we deduce,Vs € [t, T]

T
Yib = By (X’T"f”) +J Fus(r, X0, 00, X,), Z,) + A HAE (D) | dr
T r

s IEL

T T
_ J 71 4B, _J S HE (1) dM, (1)

s leL

Therefore,  the Gs-progressively  measurable  quartet of  processes
(XLE yted S 7080 ) with values in RY X R X R¥™! X R? solves the FBSDE with
transmutation associated to f, b, o, h.

For some @ € R, applying It6’s formula for discontinuous processes to the semimartingale
(e‘”IYSIZ),SssT, we obtain Vs € [¢t, T

T T
WL+ [ ez P ar A s P are Y en @y = ey
s s s<r=T

T T
— aJ e Y, > dr + 2J e""Y,f(r7 @,,N’,’i) dr

N s

T T
— 2J e”Y,Z,dB, — 2J Z e Y, H,(I)dM,(])
s s leL

Using assumption (H1.3), we deduce Vs € [z, T]

T T T
eS|YL2 + J |z, dr + /\J | H P dr = e TIY P+ J e [A+ A= aly, ] ar
T T
— 2J e”Y,Z,dB, — 2J > e Y, H, (1) dM (D)
K s |eL

Choosing a = A and taking the conditional expectation given G,, for such i € K we find a
constant C;, only depending on A and 7, such that

Y(t,x) € [0, TI X R?|0(t,0)| = C;

Using the same argument as in Delarue [3], lemma 2.1, we prove the existence of a
constant I'; depending only on C;,k, 8, A and d such that

Y(t,x) € [0, TI X R? |V, 0,(t,x)| = T

..........
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In the following, we build a regular solution of the system of PDEs (£) whatever the time
duration 7 may be.
Let y= C’E? Ay M= E(T/vy) + 1 and the partition (t)o=j=m of [0, T] defined by
[():0, V]El, tj=T—(m—j)'y
COROLLARY 2.8 Assume that (H3) holds. Then VT > 0 the system of PDEs (£) admits a

unique solution @ and there exists two constants C (depending on A and T) and I” (depending
on A, k, 8,d and T) such that

sup  la(t,x)| =C (2.51)
(t,x)€[0,TIXRY

sup |Vt x)| = T (2.52)
(t,x)E€[0,T1XR?

Proof Using proposition 2.2, we build % : [T — v, T] X R? — R¥ solution of the system
Y(t,x) €T — v, TIXRY, VieK
& %(l,x) + Liui(t, x) + fi(t, x, u(t, x), Vaui(t, x) o:(t, x, ui(t, x))) = 0
ui(T, x) = hi(x)

and there exists two constants C (depending on A and 7) and I"(depending on A, &, 8,d and T)
such that
sup la(t,x)| = C and sup |V, x)| =T
(t)E[0,TIXR? (1,00, TIXR?
Moreover, the first and second derivatives of &i with respect to x are Lipschitz and the
function @(T — vy,-) is r Lipschitz.
Considering the system

Y(t,x) € [T —2y,T — y]XR? VieEK
(5) %(trx) + Liui(ta-x) +fi(ta-x7 M(t7x)7 Vx”i(t7x)a-i(t>x7 ui(l7-x))) = 0
ui(T,x) = (T — v, x)

we can build another solution satisfying the same properties as # with two constants which
we note again C and I

Therefore, we can extend # on [T — 2vy,T], so by induction we construct a bounded
solution of (£) whose gradient is uniformly bounded on [0, 7] X R<.

For the proof of uniqueness we consider v another solution of () satisfying Eqgs. (2.51) and
(2.52).

We associate to v a family of solutions (Xf'rt*x”')(,ﬁx)e[ovT]de of the SDE

&)
X = x4 J b(r, X, v(r,X,),(Vsvo)(r,X,,Y,,Ni'),Ni')dr

t

S
+ [ o(r,X,,v(r,X,,N?'),N"")dB,

t
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Considering the processes

VseElt,T], Yf”'x"i = Dy (A?,Xf’t’x’i); Zf”’x’i = vaNg,i (s,Xf”’x’i)O'Ni,i (s,Xf’t’x’"7 Yf”"x’i)
., — ] _ ) X0
VieL H()= (va;L+l vNi.L)(s,Xf !

we deduce thanks to Itd’s formula,

Vs €E|[t1,T],

T T
Y;),t.x.i — ]’lNr.i (X;):t,x,i) + J f(i", Xi).t,)c,i7 Y;z'),t.x,i’ Hf’t'x'i, Zf't’x’i7N§,’i)d}" _ J Zf"t"x’i dB,

s s

T .
- [ a0

s lEL

Therefore, the quartet (X2, Y2 Joixi 7otx) golves the FBSDE with transmutation
process (E "y with initial values #,x,i. Hence thanks to Theorem 2.1 we have

V(t,x) €T — v, Tliut,x) = v(t,x)

Then using again an induction we prove it = vsur [0, T] X R, g

Comment: The previous corollary gives us a regular solution of our non-degenerate system
of quasilinear parabolic PDEs whose gradient is uniformly bounded by a quantity which is
independent of the Lipschitz constant of the drifts of the FBSDE (E *¢).

Thanks to this result, we have a control on the Lipschitz constant of 6, i € K. Indeed 6,
plays the role of 4; in the latter application of Theorem 2.1 on a appropriate subdivision of
[0,7] in order to extended the solution in small time duration to a global one. This is what we
do in the next section.

GLOBAL SOLUTION OF THE SYSTEM OF FBSDE

In order to extend the local solution of the FBSDE, we remove regularity required in the
previous section and assume that the coefficients satisfy the following assumptions (H4):

(H4.1) b and f satisfy (H1).

(H4.2) o and h satisfy (H1.3) and there exists a constant k > 0 such that

VieK, Vi€[0,T], Y(xy),,y)E R!XRY
loi(t, x,y) = o, 2 V)P = K2(lx = 2P + Iy = y'P)
|hi(x) — hi(xX)] = klx — |
(H4.3) The function o satisfies (H3.1).
We have the following

ProOPOSITION 3.1  Assume that (H4) hold and T = C’gg - Then there exists a sequence of
bounded C* functions (5™, f™ g™ h™), y with bounded derivatives of every order such
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that
Y (t,x,u,z) € [0,T] X R X RE x R,
G F" ™ hDY e, x,u,7) S (B, f 0, )t x,u,2)

Moreover, if (X%"5 | ytnsi pnxi ztaxiy, - stands for the solution of (E 0¥y associated
to (b, f™ g™ h™) the map 6, defined by

0,:[0,TIXR‘XK — R

(t,%,1) — ¥

also define a function 6, : [0, T] X RY — R : solution of the system of PDEs

Y(t,x) E[0,TIXR?, ViEK

ou; i n) n —

W (,2) + Lyt ) + 17, %, u(,2), Vit 000 (3, ui,0) =0 3.1y
(T, %) = " (x)

satisfying Vn € N,

sup  16,(1,0] = C 3.1
(t0)E[0,TIXRY

sup Vb, (0l =T (3.3)
(1.x)E[0,T]XR?

Moreover,
6,— 0 as n— 4o (3.4)

where 6 is the map defined in Corollary 2.2.

Proof There exists a regularization sequence of bounded C* functions
BW fm g™ h™) o\ with bounded derivatives such that for every n € N, the quartet
B, fFM g™ h™) satisfies (H4) with the constants K + 4A, k, 2A and (8/2) (we refer to
Ref. [3], proposition 2.2).

Moreover, since (b™, ™, o™, h™) satisfy also (H3), by virtue of Proposition 2.2, there
exist two constants still noted C and I" and not depending on n such that for all n € N, the
map 0, is a solution of Eq. (3.1) which satisfies Eqs. (3.2) and (3.3).

Furthermore applying Theorem 2.2 to the two quartets of functions (b™, f® o™ k) and
(b,f,0,h), we deduce from the Lebesgue dominated convergence theorem 6, — 6 as n — +00.[]

Let K = max(k,A, 1), y= C’g%\). For any arbitrary 7 > 0, let m = E(T/y)+ 1 and
consider the subdivision (¢;)=;=,, of [0, T'] defined by

10=0, Vj=1, =T—(m— )y
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PropoSITION 3.2  Assume that (H4) holds. Then V T > 0, there exists a map 0:
[0, 7] X RY X I — R satisfying

i) V(t,x,) €0, TIXRIXK, |6¢t,x,d =C
() V(i) €0, TIXK, VY(xx)€E R, |6t x,i)— 60¢x, ) = MNx— x|
(iii) Vx ERY, ViEK, OT,x,i)= hix)
(iv) VjeO0,...m—1,Vt € [t,t], Vi € K, for every G,-measurable random vector &
with finite second moment, the problem

Vse [z, thrl]v

X, =&+ [(b(r,0V,N) dr + [}o(r,X,,Y,,N'') dB,

Y, = B(th,X,HI,N’“" ) + [P (r, 00 NEYdr — ['Z,dB, — [7S"H (1) dM (1)
IEL

Lj+1

has a unique solution ®Y = XV, P HY, 7)., in B}, | such that Vs €

[7, 2411,
Y9 = 0(s, X¥, NY') (3.5
VieL HP()=0(sX? N +1) — 0(s, X N (3.6)
Z9 =V,0(s, XV N ) o (s, X9, YV, N'F) 3.7

Proof We build 6 by a backward induction.
YVt € [t,—1,T], thanks to Theorem 2.1, Vi € K, the problem

Vs € [1,T],
X, =&+ [ib(r,0" "V Nt dr + [lo(r, X, Y,,N")dB,

(3.8)
Yy = hy(Xp) + [1f (r, 0V NtYdr = [[Z,dB, — | fleZLH,(l) dM (1)

has a unique solution (®@""™?), _ _, & (X0~ yon=D gon=b zm=1y _ . in Bﬁmﬂﬂ
and applying Corollary 2.2, the map 6 defined by

0: [tme1, TIXRIXK—R
CEDED

satisfies the following equalities for all r € [z,,—1, T],

O(T, x, 1) = hi(x) (3.9)
Vse[t,T], Y" D =06(s, X"V N (3.10)
vieL H"Y0)=0(sX" VN +1) - 0(s, X"V NI (3.11)
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Furthermore using the previous Proposition, the map
O [tm-1, TIXRIXK—R
(t,x,i) — Yo

defines a function 6, € C"'z([tm_l ,T]1xR? R¥), a solution of Eq. (3.1) and which satisfies

sup |6,(1,0] =C (3.12)

(tX)E[tm—1,TIXRY

sup Vb, (1,0 = T (3.13)

(tX)E[tyy-1, TIXR?

Let n — +o00, we deduce easily (i) and (ii). Therefore the proposition holds on [#,,—,T].
Vit € [ty-2,tm—1],Vi € K, using once again Theorem 2.1, for every G,—measurable
random vector & with finite second moment, the problem

Vse [tv tm71]7

X, =&+ [1b(r,0" "2 N dr + [}o(r,X,,Y,,N")dB,

Yy = 0(two1, X" 2 NG ) A+ [ f (r, O 72 NS dr — [ Z,dB, — [ S°H (D) dM,(])
lEL

tn—1 Ln—1

admits a unique solution (@) £ (x(n=2) yn=2) [m=2) 7m=2) in B

tn2 =S=fp—1 [tm—2,tm=11"
Hence using the same method, there exists a map which we note again 6

0: [ty—2,tm—1] XRIXK—R
(t,x,i)— Y}

satisfying for all 1 € [t,,,—2,tn—11,

l6t, x,i) — 6(t, X, )| = I[Nx — ¥ (3.14)

lo(t,x,i)| = C (3.15)

Vset,Tl, Y D =0(s,x""" N (3.16)

vieL, H"Y)=0(sx""" N +1)—0(s, X"V NY) (3.17)

So, we can define 6 on [t,,_», T] X R X L — R.
Therefore using an induction we build 6 : [0, T X RIX K. O

COROLLARY 3.1 Under the assumptions (H4) and the statements of proposition 3.2, for
every (t,i) € [0,T] X K and £a G—measurable random vector with finite second moment,
every solution (®§,§,1)( of the problem (E"¢) satisfies

t=s=<T)
Vn=j=m-—1,

2

=E sup

==l

2

1,0

= i
lj,X'.,N.'

Tyl afhi
Xy N; yréi — y i
K} s

t,&i j t,&i XNy
E sup |X* —X; ! VASA ‘1 ds

=$=lj1|

;/‘F]
ij
2

11 ) 7.X;, N2
=EJ~/ Z(H?f”(b —H; /(1)) ds=0

i IEL
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where 7 is the unique integer such that ¢ € [t,,t,,1.1] and ())<=, is the sequence defined by
L=t si j=n; L=t si j>n

Proof 1If n=m — 1, using proposition 3.2 the result is an easy consequence of the
uniqueness of solution on [z,,—, T].

If n=m-—2, and (X;,Y,,H,,Z;),<=7 1s the unique solution of the problem, then
(X5, Y5, Hy, Zy),, <o is solution of the system

Vs € [tmflvT]
X?f,i =X, , + J“;"Hb(r7 @tr,éi,NtrWl.il)dr + J“‘;H O'(r,X,, Y}_’Ntrmfleil)dBr

VP = By )+ [f (O8N )dr = [[Z081dB, =[] SSHTE)AM ()
€L

Im—1

Ef" (yxf;fv"\%r]Y;:f:"\2+|H¢fs"|2+]zgf~fyz)dr < +oo

. 1
where i; = N;' .

From uniqueness of solution and Proposition 3.2, we deduce

) -2
i tn—1,X1,, 5l tm—1,X1,_ | 5i
E sup ‘X"Y?g"l—Xs it =R sup |V — YT
tn—1=s<T ty—1=s=<T
g b1 X 2
m—15 ERRU
=E) :J (Hs(l) — e (z)) ds
€L Jty—1

_ EJT z, -z ¥t s = 0
and Vs € [t,,—-1,T], Ys = ONi,,,,,.i, (s, Xy), in parttingllllar
Y, = 6i(tn-1,X,, )= HNi’,L,l(t’"’l’X’m*I)
hence the process (Xy, Y, Hy, Z;),=4=,, , solves the system
Vs € [t,t,-1]
X0 =&+ ['b(r, 025 NY)dr + [(o(r, X,, Y., N")dB,
Yo = Oy (tw1, X, )+ [0 F (r, O05 NE)dr — [ Z044dB,

m—1

- jf;"*‘léH;afsi(Z)dM,(l)

B (|4 P2 <

analogously, we prove
tm-2:Xi1,, 502 2

2
=E sup Y, — Y

-2 =85=tp-1

E sup X;’g’i . Xim—zyxr,,,,z 2

tn—2=8=1p—1

Tn—1 . 2
- EZJ H,(l) — HQ"’Z"X’M’”(Z)) ds
IEL

Ln—2
Jl‘ml
tn—2

tm—2,X1,

2
Zs — Zg ds=0

m—212
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and in particular
Y, , = 0,(tn—2,X,, ,) = BN;.itz(tm_z,X,,,,,z) where i, = N;"! .
Applying an induction we get the desired result. (]

THEOREM 3.1 (GLOBAL SOLUTION) Under the assumptions (H4), VT > 0, Vi € K, for
every Go-measurable random vector ¢ with finite second moment the system (E¢) has a
unique solution.

Proof Assume that (H4) holds and 7 > 0. Let i € K be fixed and & a Gp-measurable
random vector with finite second moment.
With the previous subdivision of [0, T], we define jor all j € {0,...,m — 1},
no=1i; and Vl=j=m, n=N """
Thanks to proposition 3.2, the system
Vs € [07 tl]a
X, = &+ [yb(r, 0V, N*)dr + [yo(r,X,,Y,,N*')dB,

Y, = o(zl,xﬁ?kzv?;") + [ (r, 09 N dr — [V'Z,dB, — [ S"H,(I) dM,(])
IEL

admits a unique solution (O = (X, YO H©® z0),_ _, in B, , satisfying
0 0 N0
Y =00, XNy

1
vie L, HOW = 6(n, X0 N0 +1) = 0, X0, N0

Using the same result on [7y, #,], we know that the system
Vs € [t1,12],
X, =X\ + [, b(r, 0 No") dr + [} o(r, X,, Y, NU™) dB,
Yy = 0(t2, X, N + [2£(r, 0, N1 ) dr — [2Z,dB, — J"?I;LH,(Z) dM,. (D)

. . . Xy . .
admits a unique solution (@, " ") £ (X1 Yy, H®,z\V), _ _ inBj . andapplying the
previous result, we have Vs € [t1,1,],

Y = o(s, XV, N,

vieL, HPW)=6(s X" N +1) = 0(s, XD, N,

Hence we can deduce
X0 = x©
v = 0(117X§,1),711) = 0(f1,X§?),”1) =y
VieL, HP0)=0t,X)n+1)—0(t,Xn) =HD )
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So, applying again this argument on [¢,, 3], the system
Vs € [, 13],
X, =X + [, b(r, 0P N2") dr + [} o(r,X,, Y., N2"™) dB,
Y, = 0(t5, X2 N2"™) + [P (r, 0P, N2m) dr — [¥Z,dB, — f?%%H,(l) M., (1)

X0, .
admits a unique solution (@, ") = (XP,v® HP,Z?), _ _, dans B}, ., and applying
again the previous result we get Vs € [12, 3], 0(s X(z) N ”2) = Y(z) and we deduce

X? = x
2
(2) = 0(t27 r2 ,I’lz) = 0([2,X§2),I’l2) = Ygzl)

VIEL, Hif)(l) = 012, X2 1y + 1) — 002, X)), o) = H{Y (D)

Using an induction we are able to build a quartet (@gj))z
(XOYPHD.ZP) o i ey, SOltion in B of the system
Vs €[4, ti1],
B XJV 4+ [0 b(r, 09, N7 dr + [} o(r, X, Y, NY") dB,

G192

Yy = 0101, X0, NEY )+ [0 (r, 00 N dr = [97Z,dB, = [ SSH, (1) dM ()
lEL

which satisfies
XP=x7" )= 0(; xyY, ) =y/; HY=H!D
U] 5o ’ U] /A

Therefore, the quartet of G,-measurable process (O,)g=,=7 2 (X, Yy, Hy, Z;)g=,=<7 defined
by putting
Vi€ (0,...m—1}, Vs€lttl, X, =XV v, =YV H=HY 7 =27V

is solution of (E%$).
For the proof of uniqueness, let us consider the process (6;)o=,=7 as another solution of
(E%%). Using Corollary 3.1, we have

1
E sup X, — X, =E sup |V, — J > (H(D) — Hy())* ds = J |Z, — Z,/*ds =0
0

0=s=n 0=s=n 0 7€eL

Hence we deduce
X, =X,.
Using a backward induction similarly to the construction of the solution (O;)g<,<7, We
prove that

Vi € [0,T], Xz X3 Yt Y HI:HI; Zt:Zt
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COROLLARY 3.2 Assume that (H3) holds and for 1 =i =<k, let (Y/™ 1 =s=T) be the
unique solution of (E"*) given by Theorem 3.1. Then the map 6 defined by

ot,x) = (Yroh, Y2 oL Yeh), (h,x) € [0, TIXRY (3.18)
coincides with the unique solution of the system of PDEs (£) given by Corollary 2.8.

Proof Let us consider the previous subdivision of [0, 7] and 0 defined by Eq. (3.18). Let n
be the unique integer such that ¢ € [#,,,4]. Thanks to the assumptions (H3) and Proposition
2.2, the function 6 is a solution of (£) on [t,,t,]. Then using Corollary 2.8, we deduce
Vit € [ty, tir1], O(t,x) = u(t, x).

Using an induction, we complete the proof. ([

Moreover, we have the following result whose proof is an adaptation of the ones given in
Refs. [9,10]. However, for the notion of viscosity solution to make sense we need to assume
that b does not depend on z.

COROLLARY 3.3  Under the assumptions (H4) if moreover b does not depend on z, the map
0 defined in the previous corollary provides a viscosity solution of the system of quasilinear
PDEs (€).
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