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The Moran model

A population consists of N individuals
Each pair of individuals resamples at rate 1
Resampling means: one individual dies, the other reproduces
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Ancestral lineages coalesce
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A population consists of N individuals
Each pair of individuals resamples at rate 1

Resampling means: one individual dies, the other reproduces
Ancestral lineages coalesce
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Kingman's coalescent
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» Genealogies are given by Kingman’s N-coalescent
» Coalescence rate is (5)
» What are properties of the tree length?
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Kingman's coalescent

» 2N tree length of N-coalescent at time t

N N 1 N—oo
E[ZN =Y "k

~ 2log(N
2y~ ey

k=2 (2)
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Kingman's coalescent

2N tree length of N-coalescent at time t
» £(-): independent exponential distributions

1N d
2t_
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max
1<k<N-1
P[5(£Y — 2log(N)) < t] = (1 — e~ 61N~
(ZN — 2log(N)) 2== Gumbel
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» Are there stronger versions of tree length convergence on a
coalescent?

» Consider subtrees with N leaves of a full Kingman coalescent
d afiV. . s
» X; = E(5): time full coalescent stays with i lines

N
LII\I = Z iX; Temporal coupling
i=2

» KN: # lines in N-tree while full tree has i lines
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number of ancestral lines
» The full Kingman coalescent
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number of ancestral lines
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N,1 N .
> N =N X

» X;: time full coalescent stays with i lines
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» %: Gumbel distributed

> %(ZN’I — 2log N) 222, & almost surely and in L2
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number of ancestral lines
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> K,-N: # lines in N-tree while full tree has i lines
N,2
> L7 =370 KiX

The evolution of genealogies




Intro Tree evolution Tightness Summary and Outlook
00000000000 e 000000000

0000000 [e]e]

The Gumbel variable in the coalescent

ANy
RRRD 77T FZT

XKy

RS

CRHARHKHAIKR
%%%% %%

CRRRRKKL

XS
Yo% %

QJRZX,
X X X
6% %%
%6%e%!
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» Genealogies evolve together with the population
» Show movie

» Rest of the talk:

What does the evolution of tree lengths .ZN look like?
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» Genealogies evolve as time proceeds

» Tree growth at speed Ndt between resampling events
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» Genealogies evolve as time proceeds

» Tree growth at speed Ndt between resampling events
» At resampling times the tree length changes

External branches break off
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» Genealogies evolve as time proceeds

» Tree growth at speed Ndt between resampling events
» At resampling times the tree length changes

External branches break off
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» F: jump time of N-coalescent

» JN: length of a random external branch

N _ N &N
» Fu, Li; Durrett; Caliebe, Neiniger, Krawczak, Rosler

NN Eex

E[J] =2, V[J]=oo
> = () jumps of size 2/N per time unit.
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» There is a process .Z = (%;)ter with cadlag paths such that

N —2log(N) = £ as N — oo.

1

The process .Z has infinite quadratic variation; in particular,
t| log t|

E[(Z — %)% =P 2.
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Sample path
When MRCA jumps, tree lengths jump as well
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|deas for tightness

o time 0
1 number of ancestral lines N
> SSN .= # ancestors at time —s
N _ [ ¢N

> L =y SNds

(:=0 before MRCA)
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|deas for tightness

. timet
AR time O
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1 number of ancestral lines N

» Trees at times 0, t overlap
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R timet
R time 0

number of ancestral lines

N
d
» LN - LN = A, - By,
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» Gain in tree length: AOt —/ SNds

» Coalescent comes down from oo = SN 2@ S
» Aldous (1999):
2/5 s—>0 N(O 1)
w/2/(3s)
» Extension: r <s = COV[S,, Si] ~

2r
352

I|m \% A _2/ / (C@V[S,,Ss]drds
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» Loss in tree length

N
N
B(IJ\,It < Z(i — K

i
> (- ke((3))
=2
> KI.N’K := # lines in K-tree while the N-tree has i lines
» SN2/t
some calculations

(KIN’K),-ZN,N_L“_ is Markov Chain

—0
lim V[BY,] '~ 2t| log t|
N—oo ’
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» Collecting terms

Jim BN - )

Jim VA, — By,

t—0
~ lim V[BY
Nl—r>noo [ O,t]
—0
= 2t| log(t)|
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Outlook

» General theory shows: .ZN Moo, @
in probability on the Lookdown probability space
Does almost sure convergence hold as well?

» What is the joint evolution of (D¢, L) of the tree?
(Dt = depth of the tree at time t)

» Take a Cannings model with finite offspring variance. Does

gCannings,N N—o 7

» What are other limits of .Z@™ires:N for Cannings models
with infinite offspring variance?
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» Tree lengths in Kingman's coalescent are Gumbel distributed
» Evolution of tree lengths gives a cadlag process .¥

» _Z has infinite quadratic variation
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