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Abstract

We consider the accumulation of deleterious mutations in an asexual population, a phenomenon known
as Muller’s ratchet, using the continuous time model proposed by Alison et al. (2009) [4]. We show that
for any parameter A > 0 (the rate at which mutations occur), for any o > 0 (the toxicity of the mutations)
and for any size N > 0 of the population, the ratchet clicks a.s. in finite time. That is to say the minimum
number of deleterious mutations in the population goes to infinity a.s.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

In natural evolution, deleterious mutations occur much more frequently than beneficial ones.
Since the last category is always favored by selection, one may wonder about the advantage of
sexual reproduction over the asexual type. The answer has been proposed: in an asexually repro-
ducing population, each individual always inherits all the deleterious mutations of his ancestor
(except if another mutation occurs at the same locus on the genome; but this event is rare and
we will not consider it), whereas in sexual reproduction, recombinations occur, which allow an
individual to take part of a chromosome from each of his parents, therefore giving him a chance
to get rid of deleterious mutations. Muller’s ratchet can be used as an attempt to translate this
phenomenon in a mathematical model, thus explaining the advantage of sexual reproduction [7].
If one considers the best class (the group of fittest individuals) in a given asexual population,
Muller’s ratchet is said to click when the best class becomes empty. Since beneficial mutations
do not occur in this model, it means that all the individuals of the best class have mutated.
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The first model for Muller’s ratchet due to Haigh [5] can be described as follows. Consider an
asexual population of fixed sized N which evolves in discrete time, with a multiplicative selection
model. Only deleterious mutations occur. Denoting by 0 < o < 1 the deleterious strength of the
mutations, and by A > 0 the rate at which they occur, every generation is constituted as follows:
each individual chooses a parent from the previous generation, in such a way that the probability
of choosing a specific father with k deleterious mutations is (we denote by Ny the number of
such individuals in the previous generation):

(1 —a)*
f Ni(1 — )k

k=0

Next each newborn gains £ deleterious mutations, where £ is a Poisson random variable with
parameter A. It is immediate to see that this model clicks a.s. in finite time. Indeed at each
generation, with probability (1 — exp(—2))" all the individuals mutate, which induces the click.

There are three parameters in our model:

N is the size of the population,

A is the mutation rate,

« is the fitness decrease due to each mutation.

The Fleming—Viot model for Muller’s ratchet proposed by A. Etheridge, P. Pfaffelhuber and
A. Wakolbinger in [4] consists of the following infinite set of SDEs for the X (¢)’s, k > 0, where
X (t) denotes the proportion of individuals in the population who carry exactly k deleterious
mutations at time ¢ (with X_; = 0):

dXi(t) = [a(Mi(t) — D)Xk (t) + MXi—1 (1) — Xk (1)) ] dt

i Z /Xk(t)XK(t)dB Z(t) (1.1)

00,04k
Xk (0) =xk, k=>0;

where {Bkvg, k>1t€> O} are independent Brownian motions, By ¢y = —By; and M (1) =
> k>0 kXi(1).

The first term in the drift models the selective effect of the deleterious mutations. Those
individuals who carry less (resp. more) mutations than the average number of mutations in the
population have a selective advantage (resp. disadvantage). The second term in the drift reflects
the effect of the accumulation of mutations: at rate A, individuals carrying k — 1 mutations gain
a k-th mutation, they jump into the k-class, and at the same rate individuals carrying k mutation
gain a k + 1-th mutation, they jump out of the k-class. The diffusion term reflects the resampling
effect of the birth events, where the factor N ~!/? can be understood as being equivalent to the
rescaling of time t — /N, if N is the “effective population size”, which is natural in Kingman’s
coalescent [6]. For the equivalence between the present model and a more intuitive look-down
model a la Donnelly—Kurtz, we refer the reader to [1].

We will show in Section 2 that the infinite dimensional system of SDEs (1.1) is well posed
provided we choose the initial condition x = (xx, k > 0) € X5 for some § > 0, where

o0 [0
k=0

k=0
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We define Ty = inf{r > 0, Xo(¢) = 0}. The purpose of the present work is to show that this
model of Muller’s ratchet is bound to click in finite time, that is to say 7y < oo a.s. We are going
to prove the following theorem:

Theorem 1. For any § > 0, for any choice of initial condition in X, let (Xy(t))kez, be the
solution of (1.1). Then P(Ty < oo) = 1.

We will in fact prove a stronger result, namely

Theorem 2. For any § > 0, for any choice of initial condition in X, let (Xy(t))kez, be the
solution of (1.1). Then there exists p > 0, which depends upon the parameters N, o« and X\, such
that |E [exp(pTo)] < oo, forall0 < p < p.

Clearly, a model for Muller’s ratchet must have the property that the ratchet clicks in
finite time. In a sense our result says that the Etheridge—Pfaffelhuber—Wakolbinger model for
Muller’s ratchet is a reasonable model, in the sense that it exhibits a.s. clicking, as the computer
simulations had already shown, see [4]. Note that once the zero class is empty, the 1-class takes
its place, and some time later a second click happens, at which time both the zero class and the
1-class become empty, and so on. Of course, we would like to know more about the time it takes
for the ratchet to click. Here we show that it has an exponential moment of some order. We hope
to get more precise information in some future work.

There are several difficulties in this model. First, it is an infinite system of SDEs which
cannot be reduced to a finite dimensional system. Only Xy and M; enter the coefficients
of the equation for X, but the equation for M;(¢) brings in the second centered moment
M (t) = thio (k — Mi(1))*Xi(t). The system of SDEs for the centered moments of all orders
is infinite as well, the moments of order up to £ = 2k enter the coefficients of the equation for
the k-th centered moment, and there is no known solution to it (except in the deterministic case
N = 400, which is solved in [4]). In addition, one has d (Xo, M1), = —Wu’t. There is
no simple relation between Xy and M, except that Xo + M; > 1, and (X9 = 1) = (M| = 0).
But we could have Xo — 0 and M| — oo. Last but not least, the diffusion coefficient in d X}, is
not a Lipschitz function of X at 0 and 1, and it vanishes at those two points.

In order to prove the theorem, we will use a three-step proof. First, in Section 3 we will show
that M cannot grow too fast with a good probability, and we will deduce that for a specific set
of initial conditions, the ratchet does click with a strictly positive probability p r;,, in a given
interval of time.

Next, we show in Section 4 that the product XoM 12 is bound to come back under after
any time, and we use all the previous results to deduce that M; is also bound to return under
B = % after any time, as long as the ratchet does not click.

Finally in Section 5 we prove that each time M gets below S, the ratchet clicks with a positive
probability in a prescribed interval of time. We then conclude with the help of the strong Markov
property.

In Section 6 we show how the proof of Theorem 1 can be modified into a proof of Theorem 2.
The reader may wonder why we do not prove Theorem 2 from the very beginning, and first prove
a weaker result. The reason is that the difference between the two proofs is essentially that while
proving Theorem 1, we prove that as long as the ratchet has not clicked, M is bound to return
below the value g, i.e. the drift of X is bound to become non-positive, which is an interesting
result in itself, while the proof of Theorem 2 is based on the same strategy, but with 8 replaced
by a much less explicit quantity.

2(A+1)
o
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We shall essentially work with the two dimensional process {Xo(?), M1(¢)}, and we shall use
the equation for X only in one place, namely in Lemma 5.1 in order to show that X does not get
stuck near the value 1. This means that we shall make use only of the three following equations.

dXo(t) = (@M (1) — 1) Xo(t)dt + \/ XO(”“}\; XO(I))dBo(t),
dX1(t) = (a(M(t) = DX1(t) + A(Xo(2) — X1(2))) dt
_ 1.3
< +\/X1<r>(1 Xl(r»dBl(t)’ (1.3)
N
M () — Mo (1)
1(1) = (A — aMa(2))dt + dB(t).

N

The three Brownian motions By, By and B are standard Brownian motions. They are not
independent, and the three dimensional process (By(t), Bi(t), B(t)) is not a Gaussian process.
But this will play no role in our analysis. This system is not closed, since M, enters the
coefficients of the last equation. However, the crucial remark is that it will not be necessary to
estimate M», in order to estimate M. This is due to the fact that the M1-equation takes the form
dMi(t) = Adt+dZ;, where Z, = W(A;)—aNA,,if A; .= N~! fé M;(s)ds and {W(¢), t > 0}
is a standard Brownian motion. The larger M> is, the more likely Z; is negative, which produces
a smaller M. This means that we should be able to estimate M, without having to estimate M5,
which is done below in Lemmas 3.2 and 4.3. In particular, we show in Lemma 4.4 below that, as
long as the ratchet has not clicked, M is bound to return below the level f = A/« after any time.
We believe that this is an interesting qualitative property of the model. Note that Theorem 2
is proved by essentially the same argument as Theorem 1, but with that level g replaced by
2B Vv (¢/68), where the constants € and §, which are defined in the proof of Theorem 1, have no
explicit relation to the constants of the model.

2. Preliminary results

The aim of this section is to establish a weak existence and uniqueness result for the infinite
system of SDEs (1.1), under the condition that the initial condition {X(0), £k > 0} belongs to
the set X5 for some § > 0 (see (1.2) for the definition of this set).

We equip this set with the topology under which a probability x" = (x;/, k > 0) on Z,
converges to x = (xx, k > 0) if both it converges weakly, and sup, D ;- kZJF‘Sx,’(1 < 00. More
precisely, we will prove in this section

Theorem 3. If the initial condition x belongs to Xjs, for some § > 0, then (1.1) has a unique
weak solution X (t) = {X(t), k > 0} which is a. s. continuous with values in Xj.

Remark 2.1. Previous results on this system of SDEs assume that the probability x on Z
possesses exponential moments of arbitrary order, see [3], or of some order, see [8]. This
assumption is naturally requested if one wants to be able to write equations for arbitrary moments
of the random measure X (¢) on Z,. However, we will need only to make sure that M (¢) and
M5 (t) have finite expectation, and for that purpose our weaker condition will be sufficient.

We start with the case o« = 0.
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2.1. The case x =0

Proposition 2.2. Suppose that « = 0. Then, for any initial condition x € X, (1.1) has a unique
weak solution X (t) = {Xr(t), kK > 0} which is a. s. continuous with values in Xs, and is such
that for each A, 8 > O, there exists a locally bounded function C, s(t) such that

EY KX (1) < Crs(o). (2.1)
k=0

Proof. Let us rewrite our system of SDEs in the particular case « = 0 (again it is written with
the convention that X_(¢) = 0) in the form

dXi(t) = M Xk—1(t) — X ())dt + dMy(t), k> 0;
(M, Me)y = N~ f Xi(5) e — Xe(s))ds, k. €= 0; 22)
X (0) =xx, k>0;

where the My (¢)’s are continuous martingales, and (Mj, M) stands for the joint quadratic
variation of the two martingales Mj and M,. We can apply the result of Theorem 2.1 in [10],
which ensures that (2.2) has a unique weak solution. The facts that X;(¢) > 0, forall k > 0, ¢t >
0,a.s.and ) ;. Xx(¢) = 1forall # > 0 a.s. follow from the results in [10].

We now have

t K
(Zka(t)) kak+kE / Z(ka_l(s)—ka(s))ds,
k=0

=0

E (Z ka(t)) < kak + Af,
k=0 k=0

since Z;{:_ol X j(s) < 1. Furthermore, using this last inequality in the last step below,

K K ¢ K
E (Z ksz(t)) = > Kx+E f > (ksz_l(s) — ksz(s)> ds
k=0 k=0 0 x=0
t K—1

K
< ZkzkamE/ > @)+ DXj(s)ds,
k=0 0 j=0

o0 o0 o0
E (Z kZXk(t)) < Z k2xi + At + 2212 + 2t Z kxy.

k=0 k=0 k=0

Let us now suppose that 0 < § < 1, and we exploit the fact that 2 + 8k!*% < 3k2. We then
deduce that

K K t K
E (Z k2+5Xk(t)) = Y K+ AE / M (k2+5xk_1(s) _ k2+5Xk(s)) ds
k=0 0 k=1

k=0
K t k+1

< Zk2+5xk+3mf > PP Xi(s)ds,
0 k=1

k=0

E (ZkHSXk(I)) < Ca(r, 1),

k=0
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from the last estimate. If § > 1, we need to estimate the third moment in terms of the second,
then the fourth in terms of the third, ..., and finally the 2 + é-th in terms of the 2 + |4 ]-th.

So far we have proved that X (¢) € Aj a. s. for all ¥ > 0. We now prove that in fact a. s.,
X(t) € Xs for all t > 0. Our next argument will be very similar to an argument in [8]. For any
m>1,t>0,let

o0
Nms(t) =Y _inf(k, m)** X, ().
k=0
It is easy to check that {N,, s(t), t+ > 0} is a positive submartingale, to which we can apply
Doob’s inequality, which, together with the monotone convergence theorem, yields that for any
K, T >0,

o0
P sup Zk2+5Xk(t) >K | = lim P| sup Nps()>K
0<t<T }—0 M=o \0<t<T

< lim K 'E[Nys(T)]

T m—>o0

k=0
< K71C5(D),

= K_IIE|: k2+5Xk(T)i|

where we have used (2.1) for the last inequality. It now follows that for all T > 0,
(0.¢)
P| sup Zk2+8Xk(t) <oo| =1.
0<t<T k=0
The a. s. continuity with values in X is now easy to check. [J

We next want to establish the equation for the first moment M (t) = Zkz 1 kX (t). This

equation will involve the process M»(t) = Zki | kK2X (1) — [M1()]*>. We know by now that
those quantities are well defined and finite.

Proposition 2.3. The first moment solves the SDE
dM(t) = Adt + dM(t),
where {M(t), t > 0} is a continuous martingale satisfying

t
<M,M>I=N—1f M (s)ds,
0

and for any k > 0,
t
(M, My), = N1 fo (k — My (s)) Xy (s)ds. (2.3)

Proof. For any K > 1, let M| x(t) == Z,le k X (t). We have readily

t K—1 t
MLK(Z‘)IMLK(O)—I—)L/ ZXj(S)dS—)»/ KXK(S)dS—f—MLK(Z),
0 = 0



2376 J. Audiffren, E. Pardoux / Stochastic Processes and their Applications 123 (2013) 2370-2397

where M g (¢) is a continuous martingale, with

K

d(My k) =N" ( KXk (1) — [Ml,K(r)]z) dt.

k=1
It follows from (2.1) that

t
E/ KXkg(s)ds — 0
0

as K — oo. Consequently, all terms in the above equation converge as K — 0o, yielding that
Mi(t) = M{(0) + At + M(2),

where M (¢) is a continuous martingale as follows from the next lemma, which is such that
d(M, M), = N"'My(t)dt.

Moreover, if 1 <k < K,

d(Mik. M) = N7! [kxk(r)(l—xk(m— 3 ﬁxk(nxe(r)}dt
£k (<K

= N 'X:(0) [k — Z EX((I):| dt.

L<K

The second part of the result follows, by letting K — oco. [

To complete this last proof, we need to establish

Lemma 2.4. The collection of processes {M g (t), t > O}x>1 is tight in C ([0, +00)).

Proof. From the Corollary of Theorem 7.4 p. 83 in [2], Chebychef’s and Doob’s inequalities,
it suffices to prove that for each 7 > 0 there exists a constant C(§, T) such that for all
O0<s<t<T,

E[IM1x(0) = M1k )] = €6, Tl =5/ (24)

From the well-known Davis—Burkholder—Gundy inequality (see e.g. p. 160 in [9]), there exists a
constant c¢(§) such that

145/2
E[ 1M1k (1) = Mi k0P| < c®E [ (M) = (M k),) T2
We have, using Jensen’s inequality in two distinct instances,

. 14+8/2 ; 1+4/2
E ( / Zksz(r)dr> < (t—9"E / (Zkzka) dr

k>0 k>0
t
< (t—s)E / > KXy (r)ar.
5 k=0

(2.4) follows by combining the two last estimates with (2.1). [
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2.2. The general case

We can now prove Theorem 3. We first proceed with the

Proof of existence We now introduce a Girsanov transformation. It follows from Proposition 2.3
that there exists a Brownian motion {B(¢), ¢ > 0} such that

| Mo (t
dM,(t) = Adt + ;\;)dB,.

For any o > 0, let

t 2 t
Zo (1) = exp (—adﬁ/ V' M>(s)dBy — %/ Mz(s)ds).
0 0

It is easily seen that

1
Zo (1) = exp (Noz [Ml (0) + At — My (1) — %f Mz(s)ds])
0
< exp (N [M(0) + Af]) .

It is now clear that {Z,(t), ¢t > 0} is a martingale, and consequently there exists a unique
probability measure P* on ({2, F), such that for all # > 0,
dP”
dP

It now follows from Girsanov’s theorem that there exist a P¥-standard Brownian motion
{B*(t), t > 0} such that

t M t t M
/0 \/ ]zés)dB(s):—afo Mﬂs)ds+f0 ,/%dB“(s).

Moreover, we deduce from (2.3) and again Girsanov’s theorem (see the statement of
Theorem VIIL.1.4 p. 327 in [9]) that for each k > O there exists a Brownian motion { B} (¢), t >
0} with

/’ \/Xk(s)(l - Xk(s))dBk(s) = /ta(Ml(s) — k)X (s)ds
0 N 0

t _
+/\/Xk<s)<1 Xk<s>>ng(S)'
0 N

Consequently under P%, we have proved weak existence to our infinite dimensional system (1.1).
We can now turn to the

e = Zy(1).

Proof of uniqueness We exploit again Girsanov’s theorem to prove weak uniqueness. Consider
for some «, § > 0 any Xj-valued solution of our SDE, which we rewrite as

t
Xi(1) = x +/o [ (M1 (s) — k) Xy (s) + M(X—1(s) — Xp(s)) ] ds + My (t), k= 0;

t
M) = ki + [ 1= aba(o))ds + M),
k>0
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where for k, £ > 0,
t
(M, M)y =N~ /O Xi(5)(Sk.e — Xe(s))ds,
t
My, My, = N~ /0 Xe () (k — My (s))ds,

t
(M,M)t:N_I/ My (s)ds.
0

Let Q% denote the probability law of our solution on the space C ([0, +00); Xjs), and define, for
t >0,

2 t
Y, () = exp (aﬁM, - %/ Mz(s)ds> .
0

Foreachn > 1, let

t
T, = inf{t > 0, / M>(s)ds > n}
0

It is not hard to show that for each n > 1, the probability measure QQ defined on C ([0, +00); Xs)
equipped with its Borel o -field, by

dQ
dQ~
coincides with the law of the unique weak solution of (2.2) up to time 7,,. Hence the restriction

of QY = (Yu(t,)) "' - Q to the o-algebra F;, coincides with the law of the solution which we
have constructed above. Since 1, — o0 a.s., weak uniqueness is proved.

=Y, (T
'S a(Th)

2.3. A comparison theorem for one-dimensional SDEs

We state a result, which will be useful later in this paper. Our processes are defined on a
probability space ({2, F, P), equipped with a filtration (F;, ¢t > 0), assumed to satisfy the “usual
hypotheses”, which is such that for each k, £ > 0 {Bk, (1), t > O} is a F;-Brownian motion. We
denote by P the corresponding o -algebra of predictable subsets of R x (2.

From the weak existence and uniqueness, we deduce that our system has the strong Markov
property, using a very similar proof as in Theorem 6.2.2 from [11]. Indeed, the proof of that
results exploits weak uniqueness of the martingale problem, together with the measurability of
the law of the solution, with respect to the starting point. In our case that mapping is easily shown
to be continuous.

In the next sections, we will use the following comparison theorem several times. This Lemma
can be proved exactly as the comparison Theorem 3.7 from chapter IX of [9].

Lemma 2.5. Let B(t) be a standard JF;-Brownian motion, T a stopping time, o be a 1/2 Holder
function, by : R — R a Lipschitz function and by : 2 xR xR — R be a P ® B(R) measurable
function. Consider the two SDEs

{dY1 (t) = by (Y1(8))dt + o (Y1(2))dB(2), 25)

Y1(0) = y1;
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{de(t) = by(t, Yo(2))dt + o (Y2())d B(t), 2.6)

Y2(0) = y».

Let Y1 (resp Y2) be a solution of (2.5) (resp (2.6)). If y1 < y» (resp y» < y1) and outside
a measurable subset of ) of probability zero, Vt € [0,T],Vx € R,bi(x) < by(t,x) (resp
bi(x) = by(t, x)), then a.s. ¥Vt € [0, T], Y1 (1) < Y2(t) (resp Y1(2) = Y2(2)).

3. The result for a specific set of initial conditions

From
P(EyY+P(F)—P(ENF)=P(EUF) <1,

we deduce the following trivial lemma which will be used several times below:

Lemma3.1. Let E,F € F. Then P(ENF) > P(E) +P(F) — 1.

Now first we show that M cannot grow too fast:

Lemma 3.2. Forallc > 0,t > 0,t > 0,

IP( sup Mi(t +r)— Mi(t) < rt’ —|—c> > 1 —exp(—2aNc).

o<r<t’

Proof. Define th—l—s = [IT \/ %d& _a [T M;(r)dr. We note that, for any ¢t > 0, {exp

t
(2aNZ;,,), u > 0} is both a local martingale and a super-martingale. We also have

sup Mi(t+s)—M(t) < sup Z  + At

O<s<t’ O<s<t’

But for all ¢ > 0,

O<u<t' O<u<t’

IP( sup Zj., > c) < IED( sup exp (2aNZ[,,) > exp (2aNc)>
< exp(—2aNc),

where we have taken advantage of the fact that exp (2aN A +u) is a local martingale and of
Doob’s inequality. Then

IP’( sup Mi(t +r)— M(t) SM/+C) >1—exp(—2aNc). U

O<r=<t’

Note that we have in fact P (supuzo Zi,, >c) <exp(—2aNoc).
We choose an arbitrary value m > 0 for M1(0), which will remain the same throughout this
document (for example one could choose m = 1), and we define

1 t/_EN_ 1
10N’ 27 31~ 30ra’

£ = 3.1

&
Mmax = M + )\A(Ié) + 6’
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where A(t) = 7% [y (1 — Xo(s))ds,

3 1
P2 = exp (—aN%) = exp (—@) , (3.2)
__° A ¢ A ! 3.3)
K Sma 4 10° '

and let § be a real number, which will be specified below, such that § < % A %

Now let Y be the solution of the following SDE:

{dYO(t) =dt + 2/ Yo(t)dW (1) (3.4)
Yo(0) =6 .

with W a standard Brownian motion.
We will show that starting with Xo(0) = xo < 6, M1(0) = m; < m, and as long as
XoM; < 2¢ and X remains small enough, we can compare X (¢) with the solution of (3.4).

Lemma 3.3. Forany § > 0, € given as in (3.1), i as in (3.3), let
Tmin = inf{r > 0, Xo(t)M(t) > 2¢ or Xo(t) > 8 + u}.

Then provided that X¢(0) = xo < 6, if A(t) == %1 fot %ds, there exists a standard Brownian
motion W such that the corresponding solution Y of (3.4) satisfies

Xo(t) = Yo(A(t)), Vt €0, Tminl.

Proof. We first note that for O < ¢t < Tiin, # < A(@) < ﬁ because% <1-Xo@) <1 (thanks

> ‘3‘).
Define o (1) = inf{u > 0, A(u) > t} and Xo(t) = Xo(o () (resp M1(t) = M;(o(¢))). Then
there exists a standard Brownian motion W; such that

tothechoicesofuand&,andl—Xo(t)z1—8—/121—%—11—0

dXo@) = (@M (1) — x)io(t)4—]Ydr + 24/ Xo()dW,.
1 — Xo(2)

But whenever t < A(Tin),
AN - 4aN My (1) Xo(t)

1—Xo(t) —  1—Xo@)
<1,

(@M (t) — ) Xo(t)

because the numerator on the right is less than or equal to 4/5, while the denominator is bigger
than or equal to the same figure.
The result then follows from Lemma 2.5. [

Next we will prove that Y reaches zero with positive probability on a fixed time interval. For
any o € R, we define

T, =inf{t > 0, Yo(t) = a}.
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Lemma 3.4. Let {Yy(), t > 0} be the solution of (3.4). Forall p < 1, it > 0, there exists 6 > 0
such that with t} defined as in (3.1),

P(Ty <5 A T(S/Jrﬁ) > p.

Proof. Let
Y (1) =8exp (—t +2W (1)),
i = | F(s)ds,
p(t) = ing{s >0, D(s) > t}.

It is not too hard to show that there exists a Brownian motion W such that

Y(p(1)) = Sexp _/ ds H/ dW (s)
0 0

Y(p(s)) [¥(o(s)) '

It now follows from Ito’s formula that the process {Y () = Y (p(t)), t = 0} is the unique
strong solution of Eq. (3.4) driven by W, hence Yo(t) = Y(p(¢)), t > 0. We deduce that
T; = D(o0) < 00, and

P(Ty <5 ATy, )
o0 t/ 8 ~
=P ({/ exp(—t +2W(t))dt < 53} N {sup exp(—t +2W(()) < % })
0 t>0
— 1,

as § — 0, since sup,>oexp(—t +2W (1)) <ocoas. [

Now we can choose the value of § which we will be using from now on. Let §’ be the largest
value of § such that Lemma 3.4 holds, with p = p; defined in (3.2) and &# = wu (which is a
function of mp,x) as defined by (3.3). We choose (recall that the value of € has been defined in

(3.1))

(3.5)
Thanks to Lemma 3.4, when starting at time O from &, Yy reaches 0 with probability p>

before time 3 A Ty, .- Then X¢ will do the same before time A(ty) N ATy, ,.)» provided that

Xo(t)Mi(t) < 28,Y0 <t < A(#) A A(TS/JFM). Hence the fact that Ty < A(#}) with positive

probability, provided xo < 6 and M1(0) < m will follow from the above results and

Lemma 3.5. If X¢(0) < § and M1(0) < m, then we have (again with € and té given by (3.1))

P sup Xo(OM(t) <28 | = p3 > 1— ps.

OSISA(Ié/\Tg_HL)
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Proof. We use Lemma 3.2. Consider the event

3
Eniz= sup Mi() = m +2A(13) + ¢

OszsA(té)/\A(Tgﬂ)
We have

g
P(E, sz =P| sup Mi(t) <m +rA®{) + —
Y 0<t<A(1y) 6
=r=a43

g 1
> 11— —aN=)=1- ——.
e (D) 1)

Since Xo(t) <8+ pfort < A(TS/JFM), on the event E,,, ;/ z,

sup Xo®)Mi(t) < (8 + ) (m + LA(13) + g)

0§I§A(té)/\A(T5’+M)

55m+um+m(r§)+g
<s+i+ 4

8 — —_—
=TT 12
< 2g,

AN M|

where we have used the fact that § + u < 1 for the second inequality. [J

Combining Lemmas 3.1, 3.3, 3.5 and 3.4, denoting 13 = A(#;), we deduce the

Corollary 3.6. There exists ps, > p3 + p2 — 1 > 0 such that
P(Ty < 131X0(0) <6, M(0) <m) > pgin > 0.

While this corollary is rather intuitive, we shall need the slightly more general following
result, i.e. with a larger set of initial conditions. Given m as above, and § as in (3.5), let

Z = {(xp,m1) € [0,1] x Ry, x9 <6, xom; < ém}.

We now prove the (pgy is as defined in Corollary 3.6)

Proposition 3.7. For any (xo, m) € Z,

P(To = 131X0(0) = x0, M1(0) = m1) = pfin.

Proof. Thanks to the previous corollary, we only need to consider the case m > m. Let (xo, m1)
be a point in the set Z. First, let us consider the point (§, m). From the previous section, starting
from (8, m), the process (Xo, M1) has a strictly positive probability to reach O before time
13 = A(té). We will show that the process starting from (xg, m1) has a larger probability to
reach O before time 73, which will prove the proposition.

Let C = =1 > 1. Then we have xo < %

Now we will use the same reasoning as in Lemma 3.4 with a few modifications. Indeed, since
the probability that Y () reaches O before a prescribed time is decreasing in §, we increase this

probability by starting from Yp(0) = xo = §' < %, since C > 1. We will use this new value.
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Moreover, the starting point satisfies xom; < €. The only thing which is worse than with the
starting point (8, m) is the fact that m is greater than m, hence a greater mpy,x. But this only
appears in one place: in the definition of .

Note that if we define m| ,, = m + At3 + %, we deduce from Lemma 3.2

IP’( sup M(t) < m;nax> >1—exp <—aN§) :

O<r=<t3

/

max» hence since m), <

max
/ /

. . t Ct t)
Cmimax, &' > % But if we look at the proof of Lemma 3.4, we have, since 5—3/ > 53 > 33 and

We define p/ similarly as w in (3.3), but with mp,x replaced by m

/ / /
LR =S R

P(To <13) >P(Ty <5 A Tg,w,)

P ({ / " exp(—t + 2W(1))dt < t—3} N {supexp(—t Faw) < ;M })
0

v

& >0
>P ({/OO exp(—t +2W(t))dt < %3} N {supexp(—t +2W(t)) < ) —g ad }) )
0 >0

Hence we have a larger probability to reach zero starting from (xq, m1) rather than from
(8, m), which concludes the proof. [

We sum up in the following proposition the results obtained in this section, with ¢ = ém
(recall that m has been chosen arbitrarily, § is prescribed by (3.5), and note that ¢ < ¥).

Proposition 3.8. Let X (t) = (X (2))kez, be the solution of (1.1), and My(t) = Zkzl kX (1).
Then there exist p fin > 0 and t3 such that for any t > 0,

P(To <t +131X0(t) <8, Xo(®)M1(t) <€) > pfin > 0.

4. A recurrence property of M;

With the help of the results proved in the previous section, we will now prove some results on
M. We will show that as long that as the ratchet has not clicked, M7 is bound to return under
some specified value. This particular point will be important in the sequel.

We begin with the following lemma, which is true for any probability on Z_ . It will be crucial
for establishing one of our first estimates.

Lemma 4.1. Let p be a probability on Z, and let x; = p(k),m; = Zkzo kxy and my, =
> =0k — m1)%xy. Then
my > (1 — xo)my > xom3.

Proof. If xo = 1, m; = my = 0 and the result is true. So it suffices to study the case xo < 1. By
Jensen’s inequality we have

2
Xk Xk 2
(Zl—XQk) SX:I—X()k

k>1 k>1
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with equality if and only if there exists only one k > 1 such that x;z > 0. Then:

2
(Z xkk> < (1 —x0) ) uk’,

k>1 k>1

that is

mi < (1—x0) ) xk’,

k>1

hence

xom% < (1 — xp) Zkzxk — (1 - xo)m%

k>1
= (1 —xg)my. O

We now introduce for each ¢ > 0 the stopping time

A+ 1
H! = inf{s > 1, Xo(s)My(s)* < 2L} ,
o

and we define H; = H)f).
Our next claim is

Proposition 4.2. For any stopping time T, we have H)LT < 400 a.s.

The proposition follows from the strong Markov property and

Lemma 4.3. Suppose that X¢(0)M;(0)> > 2)‘0%1. Then H) < o0 a.s.

Proof. On the interval [0, H, ],we have from Lemma 4.1
o

2
hence from the third line of (1.3),

t t
My (t) < M1(0)—t—g/ Mz(s)ds—|—/ ,/MZ(S)st. .1
2 Jo Y

We will show next that

7, = [,/MZ(r)dB i RV
t-—/o N r—E/O 2(r)dr

is bounded from above a.s. This will imply the result, since on the event { H; = 400}, (4.1) holds
for all # > 0, which would imply that M eventually becomes negative, and this is absurd.

If we define C(¢) = % fot M>(s)ds, wehave Z;, = W(C(t)) — %C(t) where W is a standard
Brownian motion.

Now, if C(0c0) = oo then lim; .o Z; = —00, hence Z; is bounded from above. Or else
C(00) < 00, and we have sup;. ¢ | Z;| = Supy_;c(c0) |W(s) — %sl <ooas. [

M < —%XOM% < -G+ 1),

Now we will finally be able to prove that M always returns below 8 := A/«, as long as the
ratchet does not click. Let for each r > 0

Slg =inf{s > ¢, Mi(s) < B}.
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We have the following lemma:

Lemma 4.4. For any stopping time T, P(To A SﬂT <o0) =1

Proof. From the strong Markov property of the solution of (1.1), we may assume that 7 = 0.
First, we let §ipf = 8 A 4()\2“) (recall that e = ém).

Now we introduce the process Y/, defined for all s > 0,7 > s, which is the solution of the
following SDE:

s vra-r
le —dB (t), t=>s, (4.2)

N
Y? = Sint.
We define forany 0 < u <1
R) =inf{t > s,Y’ = u}.
We have

{R(S)/\Ri < 400 as., 43)

P(R] < Rp) > 0.

Indeed, for all a € (0, §inr), by the non-degeneracy of the diffusion coefficient, Y, gets out of
[a, 1 — a] in finite time. Then if we choose a small enough (using the same reasoning as in
Lemma 3.4), we have a chance p/fl. ,, toreach 0 before a time V' > 0 as soon as we start below a
(the same with 1 and starting above > 1 — a by symmetry).

Define recursively the stopping times

& =inf{t >5; Y & (a,1 —a)},
and fork > 1, & =inf{t > &+ V; Y’ & (a, 1 — a)}.

A standard application of the strong Markov property of Y}’ yields that

P(Y:,, €10,1) < (1 —pl,)",

hence the first line of (4.3). The second line is essentially obvious. Note that using an argument
based upon Green’s functions, one can in fact prove that E(Rj A R}) < +00.
From this we deduce that there exist K > 0, p > 0 such that IP’(R‘{ < KA R(S)) >p>0.In

particular P(R] < K) > p > 0.
We define L = K V t3, where t3 is as in Proposition 3.8, and the following collection of
stopping times:
A+
Uo =inf{s > 1, XO(S)M1 () <2— ¢,
o
and forall n > 1,

1
U 1nf{s>U’ |+ L, Xo(s)Ml(s)<2L}.

Foralln > 0, Ufl is a.s. finite, thanks to Proposition 4.2.
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Now, at time U(t): either we are on the event Ag = {Xo(U{)) < Sinf} (Ginf < §), in which case

Xo(UDMi(U}) = | Xo(UMEUY) x Xo(U)

Ar+1 2a
< .2
- a 4+1)

< &,

and we deduce from Proposition 3.8 that
P(Ty < U} + L|Ao) = pfin > 0.
The other possibility is that we are on the event

Ay = ByUCy, where

By = {Xo(Up) > 8int} N { inf ~ Mi(s) = ﬂ} :
Uj<s<U}+L

Co = {Xo(Uf) > 8int} N { inf  M(s) < 5} .
Uj<s<U}\+L

On the event Cp, Sg < U(’) + L. On the event By, infU(t)EstéJrL (aMi(s)—A)Xo(s) > 0, and then
we deduce from Lemma 2.5 that Xo(s) > Y. SUO. Consequently, if 77 = inf {r > 0, Xo(¢) = 1},
P(Ty < U+ L|By) = p > 0.
But if Xo(s) = 1, then M;(s) = 0. Hence
P(Sg < Uj+ L|By) > p > 0.
Finally
P(To A S < Ug+ L) = P(To A Sp < U + L|Ao)P(Ap)
+P(To A Si < Uy + L|Bo)P(Bo)
+P(To A Si < Uy + L|Co)P(Co)
> prin’(Ao) + pP(Bo) + P(Co)
P(To A Sp =—+00) <P(To ASp > Uy+ L) <1 —gq.

It follows from the strong Markov property of the process X = (Xx, k > 0), repeating this
argument with U} replaced by U] that

P(To A Sy = +00) <P(To A Sy > Ul + L) < (1 —¢g)°.
Iterating the above argument, we have for all £ > 0,
P(Ton Sy >Uf+L) < (1—q)".
We have proved that

P(Th A S = +00) =0. O
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5. Reaching the special set from any initial condition

Now we will show that starting from an initial condition ((x¢)iez, ,m1) with m; < B the
process has a probability bounded below by p ¢;, to click before a given time. Since the process
is Markovian and this situation repeats itself as long as the ratchet has not clicked, we will
conclude that P(Ty < +00) = 1.

In this section we denote by (xx)x>0 the initial condition of our system, and we suppose that
m; = Zkzokxk <B.

One of the difficulties we have to face is that the quadratic variation of Xy is M, which
is not bounded away from 0, near 1 and 0. We need to study three separate cases.

The first case will be described in terms of the constant

9 3i+ 3« 2}

Xmax max { P -

1050 + )’ A ©-1)

5.1. x0 € (¥max; 1]
The following lemma will show that if X starts close to 1, it will quickly go under xpax:

Lemma 5.1. Let 1] = % If Xo0(0) > Xmax, then

P (inf Xo(s) < xmax) > 1 —exp(—N).

s<ty

Proof. Let T,

Xmax

= inf{s > 0, Xo(s) < xXmax}. On the time interval [0, T

Xo(s) 31 + Sa
S) > _—
0 xmax_s()\‘_'_a)

), we have

max

Since X| < 1 — Xy, on the same interval we have X{(s) < while Xq(s) > %, hence

2
50+a)
aMi(s)X1(s) + AXo(s) — (A +a)X1(s) > AXp(s) — (& +04)—5(k Ya)
A

> —.

2

Then X (s) > Yi(s) for s € [0, Ty, |, where Y is the solution of the SDE

Xmax

A Yi(l—Y
dY(s) = Eds + udBl(S), (5.2)

N
Y1(0) =0,

where we stop Y7 as soon as it reaches 1.
We have

P( f" /Md31<_c)zp(_ /“ /Md31>c)
0 N 0 N
( ( / /Y1<1—Y1) BRAORESAO )
2N
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y2
> eXp (')/C — th)

yz
< exp (—)/C + ﬁtl) ,

where the first inequality follows from Yi(s)(1 — Yi(s)) < 1/4, and the second one is
Chebychev’s inequality. Choosing y = 4CN/t; and C = 2/A, we deduce that

n [y (1= 1) 2
P L " UAB > -2 ) >1—exp(—=N) > 0.
0 N Y

Now, since
DN 4
/ —ds = —,
0o 2 A
and on [0, Ty, ), Xo(s) > 1 —2/A, hence X;(s) < 2/A, we have the inclusion

/n/nu—n%w >/f (T )
_— — L — ( < s
0 N b= A max !

which implies that

P (T.

Xmax

<1)>1—exp(—N),
hence the conclusion. [

We need to control M; on the same time interval of length #;. Using Lemma 3.2 we will
deduce the following proposition:

Proposition 5.2. Let again xmax be given by (5.1), t1 = f—z g = 20}N In (1_ exg(_ N)> and
B = B+ Aty + 0. If X0(0) > xmax and M1(0) < B, then

P ({ Ty < 11} N A{M1(Tpp) < B'Y) = Pinir > 0.

Proof. It follows from Lemmas 5.1 and 3.2

P(Typ =11) = 1 —exp(=N),

P(M(Ty,,,) < B) > 1—exp(—2aNg).
Those two inequalities together with Lemma 3.1 imply

P ({Tipe < 11} N M1 (Tp) < B'}) = 1 —exp(—N) — exp(—2aNeg)
I —exp(—N)

= ———— = pur. O

So even if we started with (X¢(0), M1(0)) such that X¢(0) > xnax and M(0) < B, we obtain
before time #; with probability at least p;,;; > 0 a new initial condition X < xmax and M| < g,
so we can resume with the next case.
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5.2. Xo < Xmax but either Xo > 6 or XoM1 > ¢

The idea of this subsection is to show that with a strictly positive probability p;,qns, both Xg
goes from xpyax to a 8 < § in finite time, and during the same time interval, M| stays small
enough so that at the end XoM; < ¢.

We start by showing some inequalities.

Lemma 5.?1. Let {V;, t > 0} be a standard Brownian motion, and ¢ > 0 a constant. Then for
anyt > 0,8 >0, > 0,

IP( inf {cs + Vi} < =34, sup {cs + V} < ;1)

O=s=t O<s<t

>1—4 2 5 + et 2 ! ( & t)z
-/ —|—=+c —2exp|—=|—=-—-c¢ .

- T \/; p 2 \/E

Proof. Using Lemma 3.1, the result follows from the two following computations. We have, with
Z denoting a N (0, 1) random variable,

IP( inf {cs—I—VS}S—S) z]P’( inf ng—S—cz>
0<s<t 0<s<t

=P sup Vszg-l—ct
0<s<t

= 2P(V, > § + ct)

:1—IP’<|Z| §%+c\/f>

1— %(%—l—cﬁ)

v

On the other hand,

IP’(sup (cs—i—Vs)f[L) zP(sup ng,&—ct)

O<s<t

and

P (z > % _ cﬁ) _ (exp(yz y2/2) = exp (y [% - cﬁ} - V;))
o5 5)
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Choosing y = ji/+/t — c4/t, we conclude from the above computations that

1 ~ 2
P sup (cs+ V) <fi)>=1-2exp ——(i—c\/?> . O
0<s<t 2\t

‘We will choose from now on

log(4 = 1

= 08 o thate2VeF — 1 (5.3)
200N 4

We start from (Xo, M;) = (x,B’), where 0 < x < xmax < 1 (recall the defini-

tion (5.1) of xmax) and B < B. Let 0 < 1 = l_x% We are going to prove that, with
positive probability, Xo goes down to 8’ in a finite number of steps, while staying below
X+ (so that 1 — Xo(¢) > a := H%), and while M remains under control.

Considering the SDE

dXo(t) = (aM;(t) — L) Xo(t)dt + \/XO(t)U]; XO(r)]dBO,
let
t _
Ar) = / Xo(s)[1 XO(S)]dS, and
0 N
o(t) .= inf{s > 0, A(s) > t}.
Since
/"“) Xo(s)(1 — Xo(s))
ds =t,
0 N

we deduce that
do(t) N
dt - Xo()(1 — Xo(t))’
Xo(t) = Xo(o (1))

Finally

! N
U(t) = / =~ ~ ds’
0 Xo(s)(1 — Xo(s))

and if we let

provided we let

M, (t) := My (o (1),
we deduce from the above SDE for the process X that

Xo(t)—x—i-Nf %d s + B(1),

where B(¢) is a new standard Brownian motion (we use the same notation as above, which is a
slight abuse). 3
At the k-th step of our iterative procedure, k > 1, we let X start from x — Z]]:i dj, and we

stop the process Xy at the first time that it reaches the level x — 21;:1 d;. We will choose not
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only the sequence &, but also the sequence s in such a way that we can deduce from Lemma 5.3
(see (5.11) and (5.12) below) that for each 1 < k < K (K to be defined below),

1
P| inf {Ors + By} < =8k, sup {Gks + Bs} < 1 . 5.4)
0<s<sy 0<s<sg 3
‘We shall make sure that
Oy=p, and Oy — 61 >+ )»S;C, (5.5

with s; = o (s) and & defined by (5.3), so that we deduce from Lemma 3.2 and our choice of &
that

P( sup Mi(s) < Ox|M(0) < @k—1> > 3/4. (5.6)

/
0<s<s;

The fact that with positive probability X goes down to §’, while staying below x + fi and M
remaining under control, will follow from a combination of (5.4) and (5.6), provided we show
that we can choose the two sequences J; and s; for £ > 1 in such a way that not only (5.4) holds,
but also that there exists K < oo such that

K
x—) & <4
k=1
Since during the k-th step we are considering the event that Xo(¢) < x4+t i.e. 1 — Xo(t) > a,
and also Xo(¢) > x — ZI;-:] 8, we have that

, N

S = Sk
k k
alx— ) 4
j=1

so that we may, in accordance with (5.5), make the following choice of @) in terms of
{8j,5j, 1 =j <k}

Or =p +ki+N= Z—
J x—Z(S

We first want to ensure that (the reason for 0.4 will be made clear below)

Ok
L 4 G5k <04,
Sk

which we achieve by requesting both that

8k = 0.2/5% (5.7)

and

0.2\2
Ok/5k < 0.2 & 5 < o ) (5.8)

k
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On the other hand, we shall also request that for each j > 1,

5 1 =
—j§1<:>8j§§ X—Z;&‘ )
X—Zéi =

1

This combined with (5.7) implies that

s—fj < 256;.
x =Y 6
i=1
Consequently

A
B <6y <p +kit+25N= ( sup 8j>k.

a \1<j<k
Moreover, a combination of (5.7) and (5.8) yields

0.2)2
5]':0.2,/ij ©-2)
0;

< 258)7",

and from the above inequality follows

6 < B + Dyk, (5.9

. . NA
with DN =&+ a_ﬂ/

Finally this leads us to choose

' P 1 k—1

sk = 2567

It still remains to choose «, which will be done below. Note that (5.7) + (5.8) request us to make

|
sure that k < 35 -

‘We now have

Lemma 54. 3K > 0,Vk > K,
5k:§<x—25j).
j=1
Proof. We first show that for k > 2,

1 = K 1 k K
2 (X‘Z:‘Sf) =@+ Dy 2 (x_Z(S’) S B A Dyt 1)
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Indeed, if the above left inequality holds, then

Y S Kk
(FHDyGAD)  _ FHDyGFD) 1
k—1 - 2’
! (x S 5,-) (B"+Dnk)
j=1
where the last inequality follows easily from k > 2. Consequently

d >
(B'+ Dy (k+1)

Finally there exists K’ > 1 such that

B Z (B + Dm)

Therefore for some k < K’,
1 k
LN Y Y
(B'+ Dnyk) 2 =

This means that at each k > K, Xg progresses by a step equal to half the remaining distance
to zero. Consequently 3¢ > 0 such that x; = x — )_ j=16j = c27%. We are looking for the

smallest integer k such that 2k < &', 8’ to be specified below, which implies that
_ /
oy Jos©) —lox®) _ o
log(2)
Consequently, since we may as well assume that §' < 1/2,

log(c)  log(1/8")
log®  log(2)

L 1
< [log@)] ™" (2 + lzig) log (5) .

Combining this estimate with (5.9), we deduce that there exists a constant D}\, such that

k<1+

1
9E§,3/+D§v10g<5)-

Hence there exists a 8’ < § A 1/2 such that 8’ &; < e. If we now check that the probability of the
previous path is bounded below by a positive constant, we will have that with a positive constant,
at the end of the k-th step, both Xg < &8 < §,and M} < @,; hence XoM; < e, which puts us in
a position to apply Proposition 3.8.
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Given the choice that we have made for &, see (5.3), it suffices to make sure that

% (% + @ﬁ) <1/3, Vk=>1, (5.11)
as well as
1/ it 2
2exp [_5 (ﬁ - @k@) } 13 Yk (5.12)

Since 37'/7/2 > 0.4, (5.7) + (5.8) implies (5.11).
On the other hand, (5.12) is equivalent to

~ 2
v
—_— — @k./sk> > 2log6. (5.13)
(«/Sk ©
But we have

Lemma 5.5. A sufficient condition for (5.13) is that

B'iu

K<IAN——F7——. (5.14)
25+ 101log6

Proof. It follows from (5.14)
(B + Dyk) > (254 10log6)x

256
> (—" + 1010g6) K

> K 2 10(log 6
= 51 Dak” + 10(log 6)«,
n Sk
6,— 4+ 2loghb.
5c/(B + Dvk) KB T Dyk T8

Finally (5.13) follows from the last inequality, (5.10) and (5.7). [

We therefore choose
1 P
© 257 25+ 10log6’

‘We can now conclude that

K

Proposition 5.6. Suppose that Xo(0) < xmax and M1(0) < B'. Let
Ty = inf{s > 0, Xo(s) < 8'}.
Then

kmax
P(Ty <t, Xo(Ty) x Mi(Ty) <€) > (E) ‘= Dtrans;

with ty = 25kmax, and kmax is the number of steps needed to reach 8’ in the above procedure,
while starting from Xmax.
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Proof. It follows from (5.6), (5.11), (5.12), Lemma 5.3 and again Lemma 3.1 that the k-th step
in the above procedure happens with probability at least 1/12. It remains to exploit the Markov
property, like at the end of the proof of Lemma 4.4. [

5.3. Conclusion

Proposition 5.2 shows that, if we start with M| < B, with probability p;,i;; we need to wait at
most a length of time #; for the pair (X, M) to reach the set [0, xmax] x [0, 8']. Proposition 5.6
shows that starting from that set, with probability p;.,s we need to wait at most a length of time
tp for (Xo, XoM) to reach the set [0, §'] x [0, €], with 8" < §. But from Proposition 3.8, starting
from this last set, we have a probability p 7;, to reach 0 during an interval of time of length 73.

So to sum up, using again the strong Markov property of the system, we have

Proposition 5.7. For any finite stopping time T, if M1(T) < B, then
P(To < T +t1 + 12 +13) > PfinPtrans Pinit > 0.
Moreover Lemma 4.4 implies that this situation will happen infinitely many times as long as

the ratchet does not click, which implies Theorem 1, exploiting again the strong Markov property
of the solution of (1.1).

6. Proof of Theorem 2

This final section is devoted to the proof of Theorem 2.
We first note that the reasoning of Section 5 can be done with any initial value p for M,
instead of g. That is to say, with S; =inf{s >, M1(s) < p}(and S, = Sg),

Lemma 6.1. Eltf, tf, téo < 00, and pfm.t, pﬁans, pjppm > 0 such that
P(To < S; + tf + té) + téo) = pfnitpﬁanspf‘in'

21

Choosing p = % v =, we have:

Lemma 6.2. There exist K, p > 0, such that for any initial condition in the set X,
P(To ASp, < K) > p.

Proof. We are going to argue like in the proof of Lemma 4.4. We introduce the process
{Ys, s > 0}, which is the solution of the following system:

J7. — aed Ys(1 — YS)dB
s = 5ds +4 N 0(s), 6.1)

Yo =0.
Forany 0 <u <1, let
R, =inf{s > 0, Yy = u}.

Since % > (0 we deduce that there exist L > 0, p > O such that P(R; < L) > p > 0. We
choose K = L + 13, where t3 has been defined in Proposition 3.8.
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Now there are several possibilities:

Casel. info<s<z Mi(s) < p,then S, < L < K.
Case2a. info<s<1 M1(s) > p and info<s<7 Xo(s)M1(s) < e. Then there exists t < L such

that Xo()M, () < ¢ (which implies Xo(1) < 8, because M;() > p > g). In that
case we can use Proposition 3.8, and we have P(Ty < K) > py;, > 0, which implies

P(To A Sy < K) = pin > 0.

Case2b. info<s<; M1(s) > p and info<s<; Xo(s)M;(s) > €. In that last case we have (using

first X¢o > Mil combined with aM; — A > A > 0, and next —ﬁ > —%)

A
inf (aM(s) — 1) Xo(s) > inf -
Ofl?fL(a 1(s) = 2) o(s)_ofuslfLS(a Ml(s))

ae

> A

-2

and consequently we can use the comparison theorem (Lemma 2.5), which implies that
Vs € [0, L], Xo(s) > Y5. Then P(T7 < L) > p > 0. But when Xy hits 1, M hits 0.
Hence P(S, <L) > p > 0.

We may now conclude that there exists p > 0 such that

P(TonS, <K)>p. O

‘We deduce from the two above lemmas:

Corollary 6.3. There exists K < oo, and p > 0 such that, for any initial condition in X for
some § > 0,

P(To < K) > P.

We can now proceed with the
Proof of Theorem 2. We deduce from Corollary 6.3 and the strong Markov property that for all
n>0,P(Ty > nK) < (1 —p)". Consequently

0 —
E[e’™] < 3 eV KPGE < Ty < (n 4+ DE)
n=0

00 _
Z e(}’H-l),OK(l _ ﬁ)n

<
n=0
_ _ n
=K (K- )
n=0
< 00,

provided log(1 — p) + pK < 0, 1in other words p < p == — log(1 — /K. O
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