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Chapter 1

Introduction and Motivation

1.1 Introduction

We shall study in these lectures parabolic PDEs, which will be mostly non
linear. The general type of equations we have in mind is of the form

%(t,:p) = F(t,z,u(t,z), Du(t,z), D*u(t,2))+G(t, z,u(t, ), Du(t, r)) W (t,z),

or in the semsi linear case

%(t, z) = Au+ f(t,z,ult,z) + g(t, z,ult, ) W (t,z).

We shall make precise what we mean by W (t,x). We shall distinguish two
cases

1. W is white noise in time and colored noise in space.
2. W is white both in time and in space.

In both cases, we can define W in the distributional sense, as a centered
Gaussian process, indexed by test functions h : Ry x R - R :

W= {W (h); heC®(R, x R},

whose covariance is given by

E (W (h) W (k)) - /OOO dt/Rd dx/Rd dy h(t, 2)k(t,y)e(z —y) in case 1
- /OOO dt/Rd dx h(t,2)k(t,z) in case 2.
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Here ¢ is a “reasonable” kernel, which might blow up to infinity at 0. Note
that the first formula converges to the second one, if we let ¢ converge to the
Dirac mass at 0. On the other hand, the solution of a PDE of the form

ou

a(t,x) = Au(t,z) + f(t,z,u(t, z))

can be considered

1. either as a real valued function of (¢, x);

2. or else as a function of ¢ with values in an infinite dimensional space of
functions of = (typically a Sobolev space).

Likewise, in the case of an SPDE of one of the above types, we can consider
the solution

1. either as a one dimensional random field, solution of a multiparameter
SDE;

2. or else as a stochastic process indexed by ¢, and taking values in an
infinite dimensional function space, solution of an infinite dimensional

SDE.

There are several serious difficulties in the study of SPDEs, which are due to
the lack of regularity with respect to the time variable, and the interaction
between the regularity in time and the regularity in space. As a result,
as we will see, the theory of nonlinear SPDEs driven by space-time white
noise, and with second order PDE operators, is limited to the case of a
one dimensional space variable. Also, there is no really satisfactory theory of
strongly nonlinear SPDEs. See the work of Lions and Souganidis on viscosity
solutions of SPDEs, so far essentially unpublished.

1.2 Motivation

We now introduce several models from various fields, which are expressed as
SPDEs.
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1.2.1 Turbulence

Several mathematicians and physicists have advocated that the Navier—
Stokes equation with additive white noise forcing is a relevant model for
turbulence. This equation in dimension d = 2 or 3 reads

ou ou ow

o7 (tw) = vAu(t,z) + ;ui(t,x)a—mi(t,x) + = (t2)

u(0,x) = up(x),

where u(t,z) = (ui(t,x),...,uq(t,x)) is the velocity of the fluid at time ¢
and point x. The noise term is often choosen of the form

~

W(t,z)=> WHtex(x),

k=1

where {W(t),...,W¥(t), t > 0} are mutually independent standard Brow-
nian motions.

1.2.2 Population dynamics, population genetics

The following model has been proposed by D. Dawson in 1972, for the evo-
lution of the density of a population

du 0*u :
E(t,x} = V@(t,l’) + av/u(t,z) W (t,x),

where I/ is a space-time white noise. In this case, one can derive closed
equations for the first two moments

m(t,z) = Elu(t,z)], V(t,z,y) = Eu(t,x)u(t,y)].

One can approach this SPDE by a model in discrete space as follows. u(t, 1),
1 € Z denotes the number of individuals in the colony ¢ at time ¢. Then

o %u(t, i) is both the birth and the death rate;

e vu(t,i) is the emigration rate, both from i to ¢ — 1 and to i + 1.

W. Fleming has proposed an analogous model in population genetics, where

the term an/u is replaced by ay/u(l — w).
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1.2.3 Neurophysiology

The following model has been proposed by J. Walsh [27], in order to describe
the propagation of an electric potential in a neuron (which is identified with
the interval [0, L]).

%(t, ) = %(t,x) —V(t,2)+g(V(t,z) W (L, ).

Here again W (t,z) denotes a space—time white noise.

1.2.4 Evolution of the curve of interest rate

This model has been studied by R. Cont in 1998. Let {u(t,z), 0 < x <
L,t > 0} the interest rate for a loan at time ¢, and duration z. We let

u(t,z) =r(t) +st)(Y(x) + X(¢,2)),

where Y(0) =0, Y(L) = 1; X(¢,0) = 0, X(¢,L) = 1; {(r(¢),s(t)), t > 0}
is a two dimensional diffusion process, and X solves the following parabolic
SPDE

0X kEo*X 0X :

Several authors have proposed a first order parabolic SPDE (i. e. the above
equation for X with k£ = 0), with a finite dimensional noise.

1.2.5 Non Linear Filtering

Consider the R valued process {(X;,Y;)t > 0}, solution of the system of
SDEs

t t t
X=Xt [ b X Yyis+ [ g X V)vr [ g X vaw,
0 0 0
t
Y}:/ h(s, X, Y)ds + W,
0

where the coefficients b, f,g and h may depend at each time s upon the
whole past of Y before time s. We are interested in the evolution in t of the
conditionnal law of X, given FY = o{Y,, 0 < s < t}. It is known that if
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we denote by {0y, t > 0} the measure—valued process solution of the Zakai
equation

t k t
o1(i0) = 0le0) + / ou(Lvp)ds + 3 / ou(Llye)dY?, t > 0, € C3o(IRY)
0 =1 0

where o( denotes the law of Xy, and, if a = ff* + gg*,

-
&,
Il
-

then

E((X)17) = 243,

i. e. 0y, is equal, up to a normalization factor, to the conditionnal law of X,
given Fy, see e. g. [22]. Note that whenever the random measure o; posseses
a density p(t, x), the latter satisfies the following SPDE

asz . a(bzp)
( 8:162893] Y)dt —) o (t,z,Y) | dt

%

+3° (hgp(t, YY) =Y ‘9(69;4?) (t, z, Y)) dvy.
- A

K3
K3

1.2.6 Movement by mean curvature in random envi-
ronment

Suppose that each point of a hypersurface in IR? moves in the direction
normal to the hypersurface, with a speed gien by

dV (z) = vi(Du(x), u(x))dt + ve(u(z)) o dWy,

where {W;, t > 0} is a one-dimensional standard Brownian motion, and
the notation o means that the stochastic integral is understood in the
Stratonovich sense.
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The hypersurface at time ¢ is a level set of the function {u(t,z), = € R%},
where u solves a nonlinear SPDE of the form

du(t,z) = F(D*u, Du)(t,z)dt + H(Du)(t,z) o dW,,

where

) = |(1-250) x| ) =l

This is our unique example of a strongly nonlinear SPDE, which cannot be
studied with the methods presented in these notes. It is one of the motivating

examples for the study of viscosity solutions of SPDEs, see Lions, Souganidis
[12].

1.2.7 Hydrodynamic limit of particle systems

The following model has been proposed by L. Bertini and G. Giacomin [2].
The idea is to describe the movement of a curve in IR? which is the interface
between e. g. water and ice. The true model should be in IR*, but this is an
interesting simplified model.

Consider first a discrete model, where the set of interfaces is the set

AN={¢e€Z? [z +1)—&(2)| =1, Vo € Z}.

We describe the infinitesimal generator of the process of interest as follows.
For any ¢ > 0, we define the infinitesimal generator

Lo(§) =) [eF(z, Off(€+20.) — F(©)}

T€Z

e (2, ){f(€ = 20.) — f()}],
where
)0, ify#u
%(y) = {1, if y = a;
1 if _ E—D)+€(z+1) 4.
c:(%f) = {8 " \/g’ ;f ig) ? :

{%7 if £(z) = 5(27—1)'55(904'1) + 1
0,

e ()

if not.
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Define {&;, t > 0} as the jump Markov process with generator L, and

1 1
ue(t, x) = \/E (gt/EQ <§> - (283/2 - 2451/2> t) )

then we have the following result

Theorem 1.2.1. If &£ (£) = uo(z), and some technical conditions are
met, then u.(t,z) = u(t,z), where u solves (at least formally) the following
SPDE

2

+ W (t,2),

u(0,x) = ug(x),

—(t,:L‘)

ou 10%u 1|0u
ox

where W denotes the space—time white noise.

The last SPDE is named the KPZ equation, after Kardar, Parisi, Zhang.
Note that if we define v(t, z) = exp[—u(t, z)], we have the following equation
for v

v 1 0% :

If we regularize W in space, then we construct corresponding sequences v,
and u,, which satisfy

ov,, 10%v,
ot ( 7:5) 5 o2 (t,l’) _Un(tax) Wn (t,ZE),
and
TIPS S LAY N TEYP) R BT AR
ot T o B T o 0 T o n b T

where ¢, — 0, as n — o0.

1.2.8 Fluctuations of an interface on a wall

Funaki and Olla [8] have proposed the following model in discrete space
for the fluctuations of the microscopic height of an interface on a wall (the
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interface is forced to stay above the wall)

((don(t,z) = — [V'(on(t,z) — un(t,z — 1)) + V' (un(t, 2) — on(t,z + 1)] dt
+dW(t,z) +dL(t,z), t>0,zel ={1,2,...,N —1},
uny(t,z) >0, L(t,x) is nondecreasing in ¢, for all x € T’

/ un(t,z)dL(t,z) =0, forallz € T
0

UN(t,O) = UN(t, N) = O, t> O,

where V' € C?(IR), is symetric and V" is positive, bounded and bounded away
from zero, and {W(¢t,1),...,W(t, N — 1), t > 0} are mutually independent
standard Brownian motions. The above is a coupled system of reflected
SDEs. Assuming that vy(0,-) is a randomvector whose law is the invariant
distribution of the solution of that system of reflected SDEs, one considers
the rescaled macroscopic height

1
on(t,r) = N ZUN(N275, Y) 1y n-1/2ny/N+128) (), 0< a2 <1,
yel’
which here converges to 0, as N — oo. Now the fluctuations, defined by
1
un(t,z) = VN ZUN(NQtuy)]-[y/N—l/QN,y/N+1/2N](x>a 0<z<1,
yel

converge, as N — 0o, towards the solution of the reflected stochastic heat
equation

( Ou 0?

/L[/ .
E(t,x) = V@(t,:z;)—k W (t,z) +£(t, x)
u(t,x) > 0, & is a random measure ,/ u(t, z)é(dt,dx) =0
]R+><[0,1}
u(t,0) = u(t,1) =0,

where W/ (t,x) stands for the “space-time” white noise, and v is a constant
which is in particular a function of V. Note that this reflected stochastic
heat equation has been studied in Nualart, P. [20].



Chapter 2

SPDEs as infinite dimensional
SDEs

2.1 It6 calculus in Hilbert space

Let (Q,F,(F;),IP) be a probability space equipped with a filtration (F;)
which is supposed to be right continuous and such that Fy contains all the
IP-null sets of F.

Martingales Let H be a Hilbert space, and {M;, 0 <t < T} be a contin-
uous H-valued martingale, which is such that supy<,<p (|| M,[|*) < oo.

Then {||M]|?, 0 <t < T} is a continuous real-valued submartingale, and
there exists a unique continuous increasing F;—adapted process {(M);, 0 <
t < T} such that {||M]|> — (M);, 0 <t < T} is a martingale.

We denote by {M; ® M,;, 0 <t < T} the £} (H)-valued process defined
by

(M @ My)h, k) = (My, h) x (My, k),

h,k € H. We have used the notation £ (H) to denote the set of self-adjoint
semi—definite linear positive trace—class operators from H into itself. We have
the following Theorem, whose last assertion is due to Métivier and Pistone

Theorem 2.1.1. To any continuous square integrable H—valued martingale
{M;, 0 <t < T}, we can associate a unique continuous adapted increasing
L (H)-valued process {((M)), 0 <t < T} such that {M;@M,—({(M));, 0 <

13
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t < T} is a martingale. Moreover, there exists a unique predictable L (H)—
valued process {Qy, 0 <t < T} such that

<<M>>t—/0thd<M>s, 0<t<T.

Note that since Tr is a linear operator,
Te(M; ® My — ((M)):) = || Me]|* — Tr((M)),

is a real valued martingale, hence Tr((M)), = (M),. Consequenty, we have
that (M), = f(f TrQsd(M)s, and

TrQ, =1, ta.e., a.s. (2.1)

Example 2.1.2. H—valued Wiener process Let {BF, t >0, k € IN} be
a collection of mutually independent standard scalar Brownian motions, and
Q € LL(H). If {ey, k € IN} is an orthonormal basis of H. Then the process

W, =) BfQ"%e;, t=>0

kelN

is an H-valued square integrable martingale, with (W), = TrQ) x t, and
Qr = Q/TrQ. It is called an H-valued Wiener process, or Brownian motion.
Conversely, if {M;, 0 <t < T} is a continuous H-valued martingale,
such that (M), = ¢ xt and Q; = Q, where ¢ € Ry and Q € L (H) are
deterministic, then {My;, 0 <t < T} is an H-valued Wiener process (this is
an infinite dimensional version of a well-known theorem due to P. Lévy).

Example 2.1.3. Cylindrical Brownian motion This should be called a
“counter—example”, rather than an evample. Let again {BF, t >0, k € IN}
be a collection of mutually independent standard scalar Brownian motions,
and {er, k € IN} an orthonormal basis of H. Then the series

W, =) Bfe

kelN

does not converge in H. In fact it converges in any larger space K such that
the injection from H into K is Hilbert—Schmidt. We shall call such a process
a cylindrical Wiener process on H (which does not take its values in H !).
Formally, ((W)); = tI, which is not trace class !
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Stochastic integral with respect to an H—valued martingale Let
{¢t, 0 <t < T} be a predictable H—valued process such that

T
/ (Qipe, pr)gd(M); < 00 a. s.
0

Then we can define the stochastic integral

t
/(sos,dMs)H, 0<t<T.
0

More precisely, we have that
t n-l 1 2
/o (¢s, dM) g = 7}52@2 (W /t" 1 psds, Mt?+1/\t - Mt;Wxt) )
1= i— H

with for example ¢! = ¢T'/n. The above limit holds in probability.
The process {fg(gps, dMs)g, 0 <t < T} is a continuous IR-valued local
martingale, with

([ otdtmn = [ (@pupudian).

and if moreover .
IE/ (Qepr, ) md (M) < 00,
0

then the above stochastic integral is a square integrable martingale.

Stochastic integral with respect to a cylindrical Brownian motion
Let again {¢;, 0 < ¢t < T} be a predictable H—valued process, and we
suppose now that

T
/ lorZdt < 00 a. s.
0

It is then not very difficult to show that

¢ noopt
/ (s, dWs) = lim Z/ (@5, er,)dBE
0 n—00 —Jo

exists as a limit in probability.
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It6 formula Let {X;}, {V;} and {M,} be H-valued processes, where
o Xy =Xo+Vi+ M, t=0,
e {V;} is a bounded variation process with Vj = 0,

e {M,} is a local martingale with My = 0.

Let moreover ® : H — IR be such that ® € C'(H;IR), and for any h € H,
®”(h) exists in the Gateau sense, and moreover V@) € L'(H), the mapping
h — Tr(®”(h)Q) is continuous. Then we have

000 = 0050 + @00+ [(@ )

1 [ "

Example 2.1.4. The case where ®(h) = ||h||% will be important in what
follows. In that case, we have

t t
1X2 = 1 X0 + 2 / (X, dV,) +2 / (X, dM.) + (M),

since here ®" /2 =1, and TrQs =1, see (2.1).

2.2 SPDE with additive noise

This is the simplest case, where the existence—uniqueness theory needs almost
no more than the theory of deterministic PDEs. We are motivated by the
two following examples :

1. The heat equation with additive noise. Let us consider our last example
from section 1.2.8, but whithout the reflection, i. e. the SPDE (here
in arbitrary dimension, z € D C IR%)

0 ow

a—l;(t,x) = vAu(t,x) + W(t,x), t>0, xeD

uw(0,z) = up(x), wu(t,z)=0,t>0, ze€dD,

where {W (t,z), t > 0,2 € D} denotes a Wiener process with respect
to the time variable, with arbitrary correlation in the spatial variable
(possibly white in space).
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. The two—dimensional Navier—Stokes equation with additive finite di-

mensional noise. Its vorticity formulation is as follows

Ow ow
E(t@) + B(w,w)(t, ) = vAw(t, x) + W(tﬁ)

w(0,2) = wo(x),

where ©* = (71,79) € T?, the two-dimensional torus [0, 2] x [0, 27],

v > 0 is the viscosity constant, aa—vf is a white—in—time stochastic forcing

of the form

~

W(t,z) => Wi(t)ex(x),

k=1

where {W;(t), ..., W,(t)} are mutually independent standard Brownian
motions and

Bl.d) = 3 (o) 5 ()

=1

where v = K(w). Here K is the Biot-Savart law which in the two-
dimentsional periodic setting can be expressed

K(w) = Z (;C? By, cos(k - z) — oy sin(k - )] (2.2)

keZ2

where k= (—ky, k1) and w(t,x) = 3, o g cos(k - ) + By sin(k - )
with Z2 = {(j1,j2) € Z%: jo > 0, |j| > O}.

Let us start with some results on PDEs, sketching two different approaches.

2.2.1 The semi-group approach to linear parabolic

PDEs
First consider the following abstract linear parabolic equation
ou
—(t) = Au(t), t >0
L) = Au(t), ¢ >

u(0) = ug,
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where A is (possibly unbounded) linear operator in some Hilbert space H,
i. e. A maps its domain D(A) C H into H. Suppose that ug € H, and we
are looking for a solution which should take its values in H. For each t > 0,
the mapping uy — u(t) is a linear mapping P(t) € L(H), and the mappings
{P(t), t > 0} form a semigroup, in the sense that P(t + s) = P(t)P(s).
A is called the infinitesimal generator of this semigroup. Suppose now that
H = L*(D), where D is some domain in IR?. Then the linear operator P(t)
has a kernel p(t,z,y) such that Vh € L*(D),

wwwwz/mmemw.

D

Example 2.2.1. If D =R, and A = 1A, then

1 [z —yI?
p(t,x,y):Wexp v -

Counsider now the PDE

ou
Wt) = Ault) + £, 20
u(0) = uy,

where f(+) is an H—valued function of ¢. The solution of this last equation is
given by the variation of constants formula

u(t) = P(t)ug +/O P(t—s)f(s)ds.

Consider now the parabolic equation with additive white noise, i. e.

s AW
(1) = Au(t) + — (1), 1 20 (2.3)
u(0) = uo,

where {W(t), t > 0} is an H-valued Wiener process. Then the variation of
constants formula, generalized to this situation, yields the following formula
for u(t) :

u(t) = P(t)ug +/0 P(t — s)dW (s),
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in terms of a Wiener integral. In the case H = L*(D), W(t) = W(t,z)
and this formula can be rewritten in terms of the kernel of the semigroup as
follows

u(t,x):/ p(t, z,y)uo(y dy+// —s,x,y)W(ds,y)dy.

In the case of the cylindrical Wiener process, i. e. if the equation is driven
by space—time white noise, then the above formula takes the form

u(t,x):/ p(t, 2 oy dy+// s,z y) W (ds, dy),

where {W(t,x), t > 0,2 € D} denotes the so—called Brownian sheet, and
the above is a two—parameter stochastic integral, which we will discuss in
more detail in chapter 3. We just considered a case where W () does not
take its values in H.

Let us now discuss the opposite case, where W (t) takes its values not
only in H, but in fact in D(A). Then considering again the equation (2.3),
and defining v(t) = u(t) — W (t), we have the following equation for v :

dv
E(t) = Av(t) + AW (t)
v(0) = wo,

which can be solved w by w, whithout any stochastic integration.

2.2.2 The variational approach to linear and nonlinear
parabolic PDEs

We now sketch the variational approach to deterministic PDEs, which was
developped among others by J. L. Lions. We first consider the case of

Linear equations From now on, A will denote an extension of the un-
bounded operator from the previous section. That is, instead of considering

A : D(A) — H,

we shall consider
AV —=V,
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where

DA)cVcCcHCcCV.

More precisely, the framework is as follows.

H is a separable Hilbert space. We shall denote by |- | or simply by | - |
the norm in H and by (-,-)g or simply (-, ) its scalar product. Let V C H
be a reflexive Banach space, which is dense in H, with continuous injection.
We shall denote by || - || the norm in V. We shall identify H with its dual H’,
and consider H' as a subspace of the dual V' of V, again with continuous
injection. We then have the situation

VCcCH~H cV.

More precisely, we assume that the duality pairing (-,-) between V and V'
is such that whenever u € V and v € H C V', (u,v) = (u,v)y. Finally, we
shall denote by || - ||« the norm in V’, defined by

[o]ls = sup  (u,v).
ueV, [lul<1

We can whithout loss of generality assume that whenever u € V', |u] < ||ul|.
It then follows (exercise) that if again u € V, |Jull, < |u| < |Ju]l.

Now suppose an operator A € L(V,V’) is given, which is assumed to
satisfy the following coercivity assumption :

3\, a >0 such that Yu eV,
2(Au, u) + allul* < AJuf?,

Example 2.2.2. Let D be an open domain in R?. We let H = L*(D) and
V = HY(D), where

2Dy, =1, ).

H'(D) = {u € L*(D); 5=

Equipped with the scalar product
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HY(D) is a Hilbert space, as well as H}(D), which is the closure in H'(D)
of the set C (D) of smooth functions with support in a compact subset of D.

We now let
d 52
A = —.
2 52

A € L(HY(D),[H'(D)]), and also A € L(Hy(D),[H(D)])). Note that pro-
vided that the boundary OD of D is a little bit smooth, H}(D) can be identified
with the closed subset of H'(D) consisting of those functions which are zero
on the boundary D (one can indeed make sense of the trace of u € H'(D)
on the boundary 0D. [H}(D)]' = H (D), where any element of H (D)
can be put in the form

where f,qg1,...,9q4 € L*(D).

We consider the linear parabolic equation

du
(0= Au(t) + f(), £ > 0; (2.4)
u(0) = wuo.

We have the

Theorem 2.2.3. If A € L(V,V') is coercive, ug € H and f € L*(0,T;V"),
then the equation (2.4) has a unique solution u € L*(0,T;V), which also
belongs to C([0,T]; H).

We first need to show the following interpolation result

Lemma 2.2.4. If u € L*(0,T;V), t — u(t) is absolutely continuous with
values in V', and % € L*(0,T; V'), then v € C([0,T]; H) and

d s o,du
pm u(t)|* = 2<%(t),u(t)>, ta. e.

PROOF OF THEOREM 2.2.3 Uniqueness Let u, v € L*(0,T;V) two solu-
tions of equation (2.4). Then the difference u — v solves

d(u —v)
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Then from the Lemma,

ut) — o(t)? = 2 / (Au(s) — v(s)), u(s) — v(s))ds < A / Jus) — v(s)|?ds,

and Gronwall’s lemma implies that u(t) — v(t) = 0, V¢ > 0.
Existence We use a Galerkin approximation. Let {ey, &k > 1} denote an
orthonormal basis of H, made of elements of V. For each n > 1, we define

V., = span{ey, ea, ..., e,}.

For all n > 1, there exists a function w, € C([0,T];V,,) such that for all
1<k<n,
d
2 (un(t), e) = (Aun(t), ex) + ([ (1), ex),
(un(0), ex) = (uo, ex)-

u, is the solution of a finite dimensional linear ODE. We now prove the
following uniform estimate

< 00. (2.5)

T
“up [ sup [un(D)? + / an ()|l
0

n L0<t<T

It is easily seen that

n

u, (1)])? = Z(uo, ex) + 2/0 (Aun(s) + f(s), un(s))ds.

k=1

Hence we deduce from the coercivity of A that

it +a [ un(s)]12ds < fuof? + / U 1£(5)2ds + (A + 1) / ()P,

and (2.5) follows from Gronwall’s lemma.

Now there exists a subsequence, which, by an abuse of notation, we still
denote {u,}, which converges in L*(0,7T;V) weakly to some u. Since A is
linear and continuous from V into V', it is also continuous for the weak
topologies, and taking the limit in the approximating equation, we have a
solution of (2.4). d

Let us now indicate how this approach can be extended to
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Nonlinear equations Suppose now that A : V — V' is a nonlinear
operator satisfying again the coercivity assumption. We can repeat the first
part of the above proof. However, taking the limit in the approximating
sequence is now much more involved. The problem is the following. While a
continuous linear operator is continuous for the weak topologies, a nonlinear
operator which is continuous for the strong topologies, typically fails to be
continuous with respect to the weak topologies.

In the framework which has been exposed in this section, there are two
possible solutions, which necessitate two different assumptions.

1. Monotonicity. If we assume that the non linear operator A satisfies
in addition the condition

(A(u) = A(v),u —v) < AJu—vf?,

together with some boundedness condition of the type [|A(u)||« < c(1+
|lu|]), and some continuity condition, then the above difficulty can be
solved. Indeed, following the proof in the linear case, we show both
that {u,} is a bounded sequence in L*(0,T;V) and that {A(u,)} is a
bounded sequence in L%(0,7;V’). Hence there exists a subsequence,
still denoted the same way, along which u,, — u in L*(0,T; V) weakly,
and A(u,) — & weakly in L*(0,T;V’). It remains to show that £ =
A(u). Let us explain the argument, in the case where the monotonicity
assumption is satisfied with A = 0. Then we have that for all v €
L*(0,T; V),

/0 (Al (6)) — A((E)). un(t) — 0(t))dt < 0.

The above expression can be developped into four terms, three of which
converge whithout any difficulty to the wished limit. The only difficulty
is with the term

n

[ (T) > = (w0, ek)2] —/0 (f(1), un(t))dt.

k=1

/0 (Aun (1)), un(t))dt = %

Two of the three terms of the right hand side converge. The first one
DOES NOT. But it is not hard to show that the subsequence can
be choosen in such a way that u,(T') — u(7) in H weakly, and the
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mapping which to a vector in H associates the square of its norm is
convex and strongly continuous, hence it is the upper envelope of linear
continuous (hence also weakly continuous) mappings, hence it is l. s.
c. with respect to the weak topology of H, hence

liminf,, |u, (T)|* > |u(T)|?,
and consequently we have that, again for all v € L*(0,T; V),

T
| €0~ aw®).utt) - v)a <.
0
We now choose v(t) = u(t) — fw(t), with 8 > 0, divide by 6, and let
0 — 0, yielding

T
/<ﬂﬂ—Awumw@mﬁ§0
0
Since w is an arbitrary element of L2(0,T,; V), the left hand side must
vanish, hence £ = A(u).

Example 2.2.5. The simplest example of an operator which is mono-
tone in the above sense is an operator of the form

Au)(z) = Au(z) + f(u(z)),

where f IR — IR is the sum of a Lipschitz and a decreasing function.

. Compactness We now assume that the injection from V into H is

compact (in the example V = H'(D), H = L*(D), this implies that
D be bounded). Note that in the preceding arguments, there was
no serious diffculty in proving that the sequence {”Z‘—t"} is bounded in
L*(0,T;V"). But one can show the following compactness Lemma (see

Lions [11]) :

Lemma 2.2.6. Let the injection from V into H be compact. If a
sequence {u,} is bounded in L*(0,T;V), while the sequence {%2} is
bounded in L*(0,T;V"), then one can extract a subsequence of the se-
quence {u,}, which converges strongly in L*(0,T; H).

Let us explain how this Lemma can be used in the case of the Navier—

Stokes equation. The nonlinear term is the sum of terms of the form
w;(t, x)%, i. e. the product of a term which converges strongly with

a term which converges weakly, i. e. one can take the limit in that
product.
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PDE with additive noise Let us now consider the parabolic PDE

du aw
) = Alult) + £ + S0, 20

If we assume that the trajectories of the Wiener process {W (t)} belong to
L*(0,T;V), then we can define v(t) = u(t) — W(t), and note that v solves
the PDE with random coefficents

(1) = AW(r) + W) + £(1), 12 0
u(0) = up,

which can again be solved w by w, whithout any stochastic integration. How-
ever, we want to treat equations driven by a noise which does not necessarily
takes its values in V', and also may not be additive.

2.3 Variational approach to SPDEs

The framework is the same as in the last subsection.

2.3.1 Monotone — coercive SPDEs

Let A:V — V" and for each k > 1, By : V — H, so that B = (B, k> 1) :
V — H ={*H).

We make the following four basic assumptions :
Coercivity

(H1) da > 0, \,v such that Yu €V,
2(A(u), u) + | B(u)lz + aflul]® < Mul* + v,

Monotonicity

(H2) A > 0 such that Vu,v €V,
2(A(u) — A(v),u —v) + |B(u) — B(v)[3, < Mu —v|*.

Linear growth

(H3) dc>0 such that ||A(u)|s <c(1+||u]), Yu eV,
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Weak continuity

(H1) Yu,v,w €V,
the mapping A — (A(u + Av),w) is continuous from IR into IR.

Note that

Wt =Y [Bew),  [B(u) = B(v)[3; =Y |Bi(u) — Bi(v)[.
k=1 k=1

We want to study the equation
= Uy + / A(u(s))ds +/ B(u(s))dWs
—u0+/ ds+2/ By (u(s))dWF,
0

where ug € H, and {W;, = (W}, k = 1,2,...), t > 0} is a sequence of
mutually independent F;—standard scalar Brownian motions. We shall look
for a solution u whose trajectories should satisfy u € L2(0,T;V), for all
T > 0. Hence A(u(-)) € L*(0,T;V"), for all T > 0. In fact, the above
equation can be considered as an equation in the space V', or equivalently
we can write the equation in the so—called weak form

(2.6)

(u(t),v) = (up,v) —|—/O (A(u(s)),v)ds +/0 (B(u(s)),v)dWs, Yv € Vit >0,

(2.7)
where the stochatic integral term should be interpreted as

/Ot(B( v)dW, = Z/ (Bi(u(s)),v)dWE.

Remark 2.3.1. Since |u| < ||u|, it follows from (H1) + (H3) that for some
constant ¢, |B(u)|y < (1 + ||ul]).

We can w. . o. g. assume that X is the same in (H1) and in (H2). In
fact one can always reduce to the case X = 0, since v = e 2 solves the
same equation, with A replaced

e—At/ZA(e)\t/Q.) . %L
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and B replaced by
ef)\t/QB(e)\t/Z.)’

and in many cases this new pair satisfies (H1) and (H2) with A = 0.

Remark 2.3.2. We can replace in (H1) ||ul]® by ||ul|?, with p > 2, provided
we replace (H3) by

(H3), Jc>0 such that [|A(u)||. < c(1+ [JullP™), YVue V.

This modified set of assumptions is well adapted for treating certain non
linear equations, see the last example in the next subsection. Note that the
operator A can be the sum of several A;’s with different associated p;’s.

We can now state the main result of this section.

Theorem 2.3.3. Under the assumptions (H1
uy € H, there ezists a unique adapted process {u
belong a. s. for any T > 0 to the space L*(0,T;
solution to equation (2.6).

(H2), (H3) and (H4), if
), t > 0} whose trajectories
YNC([0,T]; H), which is a

=

An essential tool for the proof of this Theorem is the following ad hoc Ito
formula:

Lemma 2.3.4. Let ug € H, {u(t), 0 <t < T} and {v(t), 0 <t < T}
be adapted processes with trajectories in L*(0,T;V) and L?(0,T; V") respec-

tiwely, and {M;, 0 <t < T} be a continuous H—valued local martingale, such
that

u(t) = ug + /tv(s)ds + M.
Then
(i) uwe C([0,T]; H) a. s.

(ii) the following formula holds VO <t <T and a. s.

u(t)[? = Juof? +2 / (0(s), u(s)}ds +2 / (u(s), dM,) + (M),
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PRrROOF: Proof of (ii) Since V is dense in H, there exists an orthonormal
basis {ex, k > 1} of H with each e, € V. For the sake of this proof, we shall
assume that V' is a Hilbert space, and that the above basis is also orthogonal
in V. Also these need not be true, it holds in many interesting examples.
The general proof is more involved that the one which follows. We have,
with the notation M} = (M, ey),

[u()? =) (u(t), ex)’

t
0

:g [<u0,ek)2+2 / (0(s), ex) (ex, u(s))ds + 2 /0 (uls), ex)dME + (P,

= |u0|2+2/0 (v(s),u(s)>d3—l—2/0 (u(s),dMy) + (M),.

Proof of (i) It clearly follows from our assumptions that u € C([0,T]; V")
a. s. Moreover, from (ii), ¢ — |u(t)| is a. s. continuous. It suffices to
show that ¢ — w(t) is continuous into H equipped with its weak topology,
since whenever u, — u in H weakly and |u,| — |u|, then u, — u in H
strongly (easy exercise, exploiting the fact that H is a Hilbert space). Now,
clearly u € L*>(0,T;H) a. s., again thanks to (ii). Now let h € H and
a sequence t, — t, as n — oo be arbitrary. All we have to show is that
(u(tn),h) — (u(t),h) a. s. Let {h,,, m > 1} C V be such that h,, — h in
H, as m — oo. Let us choose € > 0 arbitrary, and my large enough, such
that

sup |u(t)| X |h— hn| <e/2, m >my.

0<t<T

It follows that

|(u(t), h) = (u(tn), W) < [(w(t), h = o[ + [(u(t) = wtn), o )| + [(wltn), B = By )|
< Ju(t) = u(tn)ll« X Vol + €,
hence
llmsupn|(u<t)7 h) - (u<t'ﬂ)7 h)| < g,
and the result follows from the fact that ¢ is arbitrary. O

We give a further result, which will be needed below.

Lemma 2.3.5. Under the assumptions of Lemma 2.5.4, and given a function
® from H into IR, which satisfies all the assumptions from the Ito formula
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in section 2.1, plus the fact that ®'(u) € V whenever u € V', and that the
mapping u — P'(u) is continuous from V into V equipped with the weak
topology, and for some ¢, all u € V,

1@ ()] < (1 + [|ull).

Then we have the Ito formula
t t
O(X;) = P(Xp) +/ (vs,@’(Xs»ds—i—/ (®'(X,),dM,)
0 0

I "
s / TH(®"(X,)Qs)d(M),

0

PROOF OF THEOREM 2.3.3 Uniqueness Let w,v € L*0,7;V) N
C([0,T]; H) a. s. be two adapted solutions. For each n > 1, we define
the stopping time

ZMﬁSﬂMMWVhﬁWVANMMVHMQW%Zn}

We note that 7, — o0 a. s., as n — co. Now we apply Lemma 2.3.4 to the
difference u(t) — v(t), which satisfies

ult) — v(t) = / [A(u(s)) — A(o(s))]ds + / (B(u(s)) — B(u(s))]dW..

Clearly M, = fo [B(u(s)) — B(v(s))]dWs is a local martingale, and (M), =
fot |B(u(s)) — B(v(s))|3,ds. Hence we have

ult) = o0 =2 [ (AGuls) = A (5D, u(s) — o5
/ (uls) = v(s), Blu(s)) = Blo(s))av,
+ [ 1Bluts) - Bl s

If we write that identity with ¢ replaced by t A 7, = inf(t, 7,), it follows from
the first part of Remark 2.3.1 that the stochastic integral

/0 " uls) — o(s), B(u(s)) — B(u(s))dW,
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is a martingale with zero mean. Hence taking the expectation and exploiting
the monotonicity assumption (H2) yields

El|lu(t AT,) —v(t ATy = QIE/ Tn A(u(s)) — A(v(s)), u(s) —v(s))ds

-I—IE/ " — B(v(s))[3,ds

t/\Tn
< \E / v(s)|*ds

< )\IE/ lu(s A7) —v(s AT)|*ds,
0

hence from Gronwall’s Lemma, u(tA1,) —v(tAT,) =0a. s, forall0 <¢ <T
and all n > 1. Uniqueness is proved.

Existence We use a Galerkin approximation. Again, {ey, & > 1} denotes
an orthonormal basis of H, made of elements of V. For each n > 1, we define

V., = span{ey, ea, ..., e,}.

The two main steps in the proof of existence is contained in the two following
Lemmas :

Lemma 2.3.6. For all n > 1, there exists an adapted process wu, €
C([0, T];Vy) a. s. such that for all 1 < k <mn,

(un(t), ex) = (uo,ek)—i-/o (A(un(s)),ek)d5+2/0 (Be(un(s)), ex)dWE. (2.8)
Lemma 2.3.7.

T
sup IE { sup |u,(t)[? +/ Hun(t)szt} < 00.
n 0<t<T 0

Let us admit for a moment these two Lemmas, and continue the proof
of the Theorem. Lemma 2.3.7 tells us that the sequence {u,, n > 1} is
bounded in L?(Q;C([0,T]; H) N L*(Q x [0,T];V). Tt then follows from our
assumptions that

1. the sequence {A(u,), n > 1} is bounded in L*(Q2 x [0,T]; V');
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2. the sequence {B(u,), n > 1} is bounded in L*(Q2 x [0, T]; H).

Hence there exists a subsequence of the original sequence (which, by an abuse
of notation, we do not distinguish from the original sequence), such that

u, —u in L*(Q; L*(0,T; V)N L>(0,T; H))
A(u,) — € in L*(Q x (0,7); V")
B(u,) = n in LX(Q x (0,T);H)

weakly (and in fact weakly x in the L™ space). It is now easy to let n — oo
in equation (2.8), and deduce that for all t > 0, k > 1,

(u(t)e8) = (unsea) + [ (e(s)enyds + / (ne(s).e)dW!.  (2.9)

0

It thus remains to prove that
Lemma 2.3.8. We have the identities £ = A(u) and n = B(u).

We now need to prove the three Lemmas.
PrROOF OF LEMMA 2.3.6 If we write the equation for the coefficients of
un,(t) in the basis of V,,, we obtain a usual finite dimensional It6 equation,
to which the classical theory does not quite apply, since the coefficients of
that equation need not be Lipschitz. However, several results allow us to
treat the present situation. We shall not discuss this point further, since
it is technical, and in all the examples we have in mind, the coefficients of
the approximate finite dimensional equation are locally Lipschitz, which the
reader can as well assume for convenience.
PRrOOF OF LEMMA 2.3.7 We first show that

sup [ o Bl 0F) +8 [ Juns)lPas] <00 (210

n 0<t<T

From equation (2.8) and Itd’s formula, we deduce that for all 1 < k < n,
t
(un(t), ex)® = (uo, ex)” + 2/ (un(s), ex){(A(un(s)), ex)ds
0
n t n t
—i—QZ/ (un(s),ek)(Bg(un(s)),ek)de+Z/ (Be(un(s)), ex)*ds
=170 =170



32 CHAPTER 2. SPDES AS INFINITE DIMENSIONAL SDES

Summing from k£ = 1 to k = n, we obtain

n

un(®) = 3 (o e +2 / (At (5)), wn(s))ds

—I—QZ/ (Bi(tn(5)), un(8))dW?E + ZZ/ (Be(un(s)), ex)*ds,
¢=1"70 =1 k=170
(2.11)
from which we deduce that
|un (B < Juol* + 2/ (A(un(s)), un(s))ds
° (2.12)

n t t
237 [ (Bulun (o) un ()W + [ Blun(s) s,
=10 0
Now we take the expectation in the above inequality :

E(jun(t)P) < Juol? + 2 / (A(tn(5)), tn())ds + IE / IB(un(s)) s,

and combine the resulting inequality with the assumption (H1), yielding

t t
E <|un(t)|2+a/ |]un(3)|]2ds) < \u0]2+)\]E/ lun (5)2ds + vt. (2.13)
0 0
Combining with Gronwall’s Lemma, we conclude that

sup sup IE(|u,(t)]*) < oo, (2.14)
n 0<t<T

and combining the last two inequalities, we deduce that
T
supIE/ l|un (t)||Pdt < oo. (2.15)
n 0

The estimate (2.10) follows from (2.14) + (2.15). We now take the sup over
tin (2.12), yielding

sup Jun(t)[* < fuol” + 2/0 [(A(un(s)), un(s))ds

0<t<T

+ 2 sup

0<t<T

+/0 |B(un(s))|${ds.
(2.16)

S [ Buns)) m(s))aw:
¢=1"0
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Now the Davis—Burkholder—-Gundy inequality tells us that

|

n

Z/O (Bi(un(5)), un(s))dW!

(=1

IE [2 sup

0<t<T

< EJ 3 / (Bulun (1)), ua (1))t
¢=1"0

IN

cIE | sup Iun(7f)|\//0 | B (un (1)) [5,d1

0<t<T

< 38 (s () + S [ 1B 03

0<t<T

Combining (2.16) with the assumption (H1) and this last inequality, we
deduce that

T
E < sup |un(t)|2> < 2|upl?® + c’]E/ (1 4 |un(t)|dt.
0

0<t<T

The result follows from this and (2.14).
Proor or LEMMA 2.3.8 We are going to exploit the monotonicity assump-
tion (H2), which for simplicity we assume to hold with A = 0 (this is in fact

not necessary, but is also not a restriction). (H2) with A = 0 implies that
for all v € L?(Q2 x (0,7); V) and all n > 1,

2]E/0 (A(un(t)—A(v(t)),un(t)—v(t)>dt—|—]E/0 |B(un(t))—B(v(t))|3,dt < 0.
(2.17)
Weak convergence implies that

/O (A (), 0(8)) dt — / (E(t), v(t))dt,
/0 (A((t)), un(t))dt — /0 (A(v(t)), u(t))dt, (2.18)
/0 (B(un(t)), B(o(t)))redt — / (1(8), B(u(t)))selt.
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in L?(Q) weakly. Suppose we have in addition the inequality

2]E/ tdt+IE/ In(t)|2,dt

" . (2.19)
< liminf, I {2 /0 (A (8)), 1y (1))t + /0 |B(un(t)|${dt]

It follows from (2.17), (2.18) and (2.19) that for all v € L*(2 x (0,7T);V),

2]E/0 (€() — A(w(t)), u(t) — vt dt+]E/ o() 2t < 0. (2.20)

We first choose v = u in (2.20), and deduce that n = B(u). Moreover (2.20)
implies that

B [0 = Aw(®).u(t) = o) < 0.

Next we choose v(t) = u(t) — Ow(t), with § > 0 and w € L*(Q x (0,7); V).
After division by €, we obtain the inequality

T
]E/ (€(t) — A(u(t) — w(t)),w(t))dt <O0.
0
We now let # — 0, and thanks to the assumption (H4), we deduce that
T
IE/ (€() — A(u(®)), w(t)dt <0, Y € L2(Q x (0,T): V).
0

It clearly follows that £ = A(u).
It remains to establish the inequality (2.19). It follows from (2.11) that

2]E/ (un (1)), tn(t dt+IE/ (OBt > E [Jun(T) — |un(0)?]
and from Lemma 2.3.4 applied to u(t) satisfying (2.9) that
QIE/ ))dt + ]E/ In()[7,dt = IE [[u(T)|* — |uol?] -

Hence (2.19) is a consequence of the inequality

IE [|u(T)]* = |uol*] < liminf,oIE [Jun (T)]* — |un (0)[°] .
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But clearly u,(0) = > "7 _ (uo, ex)ex — up in H. Hence the result will follow
from the convexity of the mapping p — IE(|p|?) from L?(Q, Fr,IP; H) into
IR, provided we show that u,(T) — u(T) in L*(Q?, Fr, 1P, H) weakly. Since
the sequence {u,(T), n > 1} is bounded in L*(Q), Fr,IP, H), we can w. 1. o.
g. assume that the subsequence has been choosen in such a way that u, (7
converges weakly in L*(Q, Fr,IP, H) as n — oco. On the other hand, for any
no and v € V,,,, whenever n > ny,

T n_.T
(un(T),v) = (ug, v) +/ (A(un(t)),v)dt + Z/ (Bo(un (1)), v)dW}.
0 = Jo
The right-hand side converges weakly in L*(Q), Fr, IP; IR) towards

(0,0) + / (Et), ot + Y / (1e(t), 0)AW! = (u(T), ).
The result follows.

2.3.2 Examples

A simple example We start with a simple example, which will illustrate
the coercivity condition. Consider the following parabolic “bilinear” SPDE
with space dimension equal to one, driven by a one dimensional Wiener
process, namely

ou 1 0%u Ju aw
E(t’x) = 5@(21’) + 9%(75755)%

The coercivity condition, when applied to this SPDE, yields the restriction
|0] < 1. Under that assumption, the solution, starting from ug € H, is in V'
fora. e. t > 0, 1. e. we have the regularization effect of a parabolic equation.

When 6 = 1 (resp. # = —1), we deduce from It6’s formula the explicit
solution u(t,z) = ug(x + W(t)) (resp. u(t,x) = uo(x — W (t))). It is easily
seen that in this case the regularity in x of the solution is the same at each
time ¢t > 0 as it is at time 0. This should not be considered as a parabolic
equation, but rather as a first order hyperbolic equation.

What happens if |6 > 1 7 We suspect that solving the SPDE in that
case raises the same type of difficulty as solving a parabolic equation (like
the heat equation) backward in time.

(t); w(0,z) = up(x).
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Note that the above equation is equivalent to the following SPDE in the
Stratonovich sense

9 ey Du AW
St =— 82( z) + 05 (tx) 0 —=(1); u(0,7) = uo(),

which perhaps explains better the above discussion.

Zakai’s equation We look at the equation for the density p in the above
example 1.2.5. We assume that the following are bounded functions defined

on R? : a,b, h, ,‘?;;”, 869“ forall 1 <i4,57 <d,1</{<k. The equation for

p is of the form

dWw,
L)

1 8aij
(255 ) )
J
ou 0gie
. oz, -+ <hz— i a$z) U
We note that

2(Au, u +Z|BZU| —Z/ — )aa%( )g—;(x)dx
+Z / sz Ju(z)da + /R d(z)u’(v)dz.

Whenever ff*(x) > BI > 0 for all 2 € IR, the coercivity assumption is
satisfied with any o < (3, some A\ > 0 and v = 0. Note that it is very
natural that the ellipticity assumption concerns the matrix ff*. Indeed, in
the particular case where h = 0, we observe the Wiener process W, so the
uncertainty in the conditionnal law of X; given FY depends on the diffusion
matrix ff* only. The case whithout the restriction that ff* be elliptic can
be studied, but we need some more regularity of the coefficients.

dp
E( x) = Ap(t, x) —l—;ngtx)

if we let

1 0 ou 0
Au = 5;8_:@ (aija_xj) +Zi: oz,

and
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Nonlinear examples One can always add a term of the form

filt,zu) + fo(t, x,u)

to A(u), provided v — fi(t,z,u) is decreasing for all (¢,z), and fo(t, z,u) is
Lipchitz in w, with a uniform Lipschitz constant independent of (¢, x). Note
that a typical decreasing f; is given by

fi(t,z,u) = —c(t, x)|ul’"u, provided that c(t,z) > 0.

Similarly, one can add to B(u) a term ¢(t,z,u), where g have the same
property as fo.

Another nonlinear example The following operator (with p > 2)

d —2
0 L _
A(u) = E o < ) — |uP~?u
i=1 ’

3:151-
possesses all the required properties, if we let H = L*(IR%),

ou
3:1:i

V = W'(R?) = {u € LP(RY), g“

€ L!(RY,i=1,...,d}

X

and V' = W~14(IR%), where 1/p +1/q = 1.

2.3.3 Coercive SPDEs with compactness

We keep the assumptions (H1) and (H3) from the previous subsection, and
we add the following conditions.
Sublinear growth of B

(H3) de, 6 > 0 such that Yu € V,
|B(u)w < e(1+ [[u] )

Compactness
(H6) The injection from V into H is compact.
Continuity

eak

u — A(u) is continuous from Vi N H into V,
(HT)

u — B(u) is continuous from V. N H into H
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We now want to formulate our SPDE as a martingale problem. We choose
Q = C([Oa T}? Hweak) N L2<07 TJ V) M L2<07 TJ H>7

which we equip with the sup of the topology of uniform convergence with val-
ues in H equipped with its weak topology, the weak topology of L*(0,7T;V),
and the strong topology of L?(0,T; H). Moreover we let F be the associated
Borel o—field. For 0 <t < T, let €); denote the same space as €2, but with T
replaced by ¢, and II; be the projection from € into €2;, which to a function
defined on the interval [0,77] associates its restriction to the interval [0, ¢].
Now F; will denote the smallest sub—o—field of F, which makes the projec-
tion II; measurable, when €); is equipped with its own Borel o—field. From
now on , in this subection, we define u(t,w) = w(t). Let us formulate the

Definition 2.3.9. A probability IP on (2, F) is a solution to the martingale
problem associated with the SPDE (2.6) whenever

(1) P(u(0) = uo) = 1;
(i) the process t
M; = u(t) —u(0) — /o A(u(s))ds

15 a continuous H—valued IP-martingale with associated increasing pro-
cess

(M), = / Blu(s)) B (u(s))ds.

There are several equivalent formulations of (ii). Let us give the for-
mulation which we will actually use below. Let {e;, i = 1,2,...} be an
orthonormal basis of H, with e; € V', Vi > 1.

(i) For all i > 1, p € CZ(R), 0 < s < t, ®, continuous, bounded and
Fs—measurable mapping from €2 into IR,

Ep (M}? — M2)®,) =0, where

My* = pl(ult),e)] = ¢l(uo, €5)] /0 #[(u(s), e)](A(u(s)), e:)ds

DO | —

_|_

/0 o (u(s), e (BB (u(s))es, e:)ds.
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This formulation of a martingale problem for solving stochastic differential
equations was first introduced by Stroock and Varadhan fo solving finite
dimensinal SDEs, and by Viot [26] for solving SPDEs. It is his results which
we present here.

We first note that if we have a solution to the SPDE;, its probability law
on ) solves the martingale problem. Conversely, if we have a solution to
the martingale problem, then we have a probability space (2, F,IP), and
an H-valued process {u(t), 0 < ¢t < T} defined on it, with trajectories in
L?(0,T;V), such that

u(t) = ug + /0 A(u(s))ds + My,

where {M;, 0 <t < T} is a continuous H-valued martingale, and

<<M>>t:/0 B(u(s))B*(u(s))ds.

It follows from a representation theorem similar to a well-known result in
finite dimension that there exists, possibly on a larger probability space, a
Wiener process {W(t), t > 0} such that (2.6) holds. A solution of the
martingale problem is called a weak solution of the SPDE, in the sense that
one can construct a pair {(u(t), W(t)), t > 0} such that the second element
is a Wiener process, and the first solves the SPDE driven by the second,
while until now we have given ourselves {WW(t), t > 0}, and we have found
the corresponding solution {u(t), t > 0}.

We next note that whenever a SPDE is such that it admits at most one
strong solution (i. e., to each given Wiener process W, we can associate at
most one solution u of the SPDE driven by W), then the martingale problem
has also at most one solution.

We now prove the

Theorem 2.3.10. Under the assumptions (H1), (H3), (Hb), (H6) and
(HT), there exists a solution P to the martingale problem, i. e. which satis-

fies (i) and (ii).
PRrROOF: We start with the same Galerkin approximation as we have used
before. Again {ej,...,e,,...} is an orthonormal basis of H, with each e, €
v,

V., = span{ey,...,e,}

7, = the orthogonal projection operator in H upon V,,.
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We first note that for each n > 1, there exists a probability measure IP,, on
(Q, F) such that

(0)n Supp(IP,) C C([0,TT; Vi)
(i) P, (w(0) = muug) = 1
(ii), Vi <mn,p € CF(R),0< s <t <T,
E, (M{? — M?)®,) =0, where

{M}*} and @, are defined exactly as in condition (i) and (ii)’ of Defi-
nition 2.3.9.

Indeed, the existence of each P, is obtained by solving a finite dimensional
martingale problem (or a finite dimensional SDE). This works whithout any
serious difficulty, and we take this result for granted.

Let us accept for a moment the

Lemma 2.3.11. The sequence of probability measures {IP,, n = 1,2,...}
on $) is tight.

We shall admit the fact (which has been proved by M. Viot in his thesis)
that Prohorov’s theorem is valid in the space €). This is not obvious, since
(2 is not a Polish space, but it is true. Hence we can extract from the
sequence {P,, n =1,2,...} a subsequence, which as an abuse of notation we
still denote {P,}, such that IP,, = IP. Now IP satisfies clearly (i), and the
mapping

w = (Mp#(w) = My (w)) @, (w)
is continuous from (2 into IR. Moreover, it follows from the coercivity as-
sumption (H1) that the estimate

T
sup [E, { sup |u(t)[? +/ ||u(t)||2dt} < 0 (2.21)
n <t<T 0

0

from Lemma 2.3.7 is still valid. Now this plus the conditions (H3) and (H5)
implies that there exists some p > 1 (the exact value of p depends upon the
value of ¢ in condition (H5) such that

sup I, [|M)"? — M#P] < oc.
n
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Hence
E, (M* — M*)®,) — IE ((M)* — M>)®,) ,

and condition (ii) is met. It remains to proceed to the
PROOF OF LEMMA 2.3.11 (SKETCH): Let us denote by

e 7, the weak topology on L*(0,T;V),
e 7, the uniform topology on C([0,T|; Hyeax),
e 73 the strong topology on L*(0,T; H).

It suffices to show that the sequence {IP,,, n > 1} is 1,—tight successively for
1 =1,2,3. We choose

K= {u sup |u(t)| < ¢, /OT |u(®)|*dt < k}

0<t<T

From (2.21), IP,,(K°¢) can be made arbitrarily small by choosing ¢ and k large
enough.

1. m—tightness. K is relatively compact for the weak topology 71, since it
is a bounded set of L*(0,7T;V), which is a reflexive Banach space.

2. To-tightness. We need to show that K is relatively compact for the
topology 7. For this, it suffices to show that for all h € H with
|h| = 1, the set of functions

{t = (u(t),h), uwe K}

is a compact subset of C([0,7]). Since u € K implies that
supg<,<r [u(t)| < ¢, it is sufficient to prove that for any r > 0, v € V
with ||v]| = r, the set of functions

{t = (u(t),v), weK}

is a compact subset of C([0,77). Now supy,<r |(u(t),v)| is well con-
trolled. So, using Arzela—Ascoli’s theorem, it suffices to control uni-
formly the modulus of continuity of {¢ — (u(t),v)} uniformly in u € K.
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But
(u(t),v) = (ug,v) —i—/o (A(u(s)),v)ds + M}, and
E, | [ (AGu(r),0)dr| < ||v||x/—t—s\/IEn | nawoppzar

< dvf|vt =,

t
E, (sup | M) — M§|2p) < ¢ |[vPEE, ( / (BB*(u(r))e;, e;)dr

s<r<t

)

< ol = (B [ (14 o))

p(1-4)

for all p > 0, 0 being the constant from the condition (H5).

3. 13-tightness. We just saw in fact that we can control the modulus of
continuity of {t — u(t)} as a V'-valued function under IP,,. Recall the
bound

T
]En/ |u(t)|]?dt < c.
0
It remains to exploit the next Lemma.

Lemma 2.3.12. Given that the injection from V into H is compact, from any
sequence {u,, n > 1} which is both bounded in L*(0,T;V)NL>(0,T; H) and
equicontinuous as V'—valued functions, and such that the sequence {u,(0)}

converges strongly in H, one can extract a subsequence which converges in
L?*(0,T; H) strongly.

We first prove the following

Lemma 2.3.13. To each ¢ > 0, we can associate c(¢) € R such that for all
veV,

ol < ellvll + e(e) o]l

ProoOF: If the result was not true, one could find ¢ > 0 and a sequence
{vn, n > 1} C V such that for all n > 1,

[on] 2 el[on]| + nllvn].

Y
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We define u,, = |v,| 'v,. Then we have that
1= |up| > ellun | + nllun]|.

This last inequality show both that the sequence {u,, n > 1} is bounded in
V', and converges to 0 in V’. Hence, from the compactnes of the injection
from V into H, u, — u in H strongly, and necessarily v = 0. But this
contradicts the fact that |u,| = 1 for all n.

PROOF OF LEMMA 2.3.12: From the equicontinuity in V' and the fact that
un(0) — ug in H, there is a subsequence which converges in C([0,T]; V"),
hence also in L%(0,7;V’), to u, and clearly v € L*(0,7;V). Now from
Lemma 2.3.13, to each € > 0, we can associate ¢/(g) such that

/0 un(t) — u(t)Pdt < ¢ / an(t) — u()|dt + () / lan(8) — u(t) 2t
<eC ) / lan(8) — u(t)] 2t

T
limsupn/ lu, (t) — u(t)|?dt < Ce,
0

and the result follows fom the fact that € can be chosen arbitrarily small.

2.4 Semilinear SPDEs

We want now to concentrate on the following class of SPDEs

(Ou 1 0 ou ou

+ /(w5 u(t, 7))

+Z (ng (t, ) t (t, @) + hy(t, z;ult, @)) dz (t)

\ u(0>$) = Uo(l")

(2.22)
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Under the following standard assumptions

e da >0 such thataza—ng.gk. > al;
k

o 2f(tasr) = [tz )(r—o') + ) Nhnlt,wsr) = it )P < A — o'
k

e 1 — f(t,x;r) is continuous;

o rf(tmr)+ Y |tz < C(L+|r),
k

equation (2.22) has a unique solution with trajectories in C([0, 7]; L*(IR%)) N
L2(0,T; H'(RY)).

Let us now give conditions under which the solution remains non negative.

Theorem 2.4.1. Assume that ug(x) > 0, for a. e. x, and for a. e. t and x,
f(t,z;0) >0, hy(t,2;0) =0, for all k. Then

u(t,r) >0, Vt>0, z€R%

PROOF: Let us consider the new equation

Za <awtaj )tx +th$ t;p)+f(t1}u<t,l‘))
_Z(ngztx (t, ) + hi(t, 230 (t,x))> d?;k(t)

(2.23)
Existence and uniqueness for this new equation follows almost the same ar-
guments as for equation (2.22). We exploit the fact that the mapping r — r*
is Lipschitz. Moreover, we can w. 1. o. g. assume that the db;/0x;’s are
bounded functions, since from the result of the theorem with smooth coeffi-
cients will follow the general result, by taking the limit along a converging
sequence of smooth coefficients. However, it is not hard to show that, with
this additional assumption, the mapping

out

is compatible with the coercivity and monotonicity of the pair of operator
appearing in (2.23). If we can show that the solution of (2.23) is non negative,
then it will be the unique solution of (2.22), which then will be non negative.
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Let ¢ € C*(IR) be convex and such that

;

e p(r)=0, forr>0;
o p(r) >0, forr<o0;
e 0 < (r)<Cr* Vr;
.« —ch| <P <0 W
(e 0<¢'(n)<C V.

Intuitively, ¢ is a regularization of (r~)?. Let now ® : L?(IR) — IR be defined
by

o) = [ outa))de

We have ®'(h) = ¢'(h(-)), which is well defined as an element of L?(IR?),
since |¢'(z)| < c|z|, and ®”(h) = ¢"(h(-)), it belongs to L(L*(IR%)), since
|o"(x)] < C. We let

(u")



46 CHAPTER 2. SPDES AS INFINITE DIMENSIONAL SDES

Now ®(uy) = 0, and
Eb(u(t)) = —%IE /0 ds /R e (¢ (u) @V, V) (5, 2)
+]E/O ds/Rd dxgo'(u)[f(qu)—i-ZbiaaL;](s,x)

¢ 1 ou
E " [ + el
—l—zk: /0 ds/Rd dre" (u)hg(u )[2hk(u )—I—gk]axj](s,x)
<0
where we have used the
Lemma 2.4.2. Whenever u € H'(RY), ut € H'(IR?), and moreover

ou™
8.1'i

(2)1ucoy(z) =0, dz a. e. ,V1 <i < d.

If we admit the Lemma for a moment, we note that we have proved that
for any t > 0, [E®(u(t)) =0, i. e. ®(u(t)) =0 a. s., and in fact u(t,z) > 0,
dx a. e., a. s., Vt. It remains to proceed to the
PROOF OF LEMMA 2.4.2: We define a sequence of approximations of the
function r — r* of class C':

0, if r <0;
on(r) = S nr?/2, if0<r<1/n;
r—1/2n, ifr>1/n.

Clearly, ,(r) — r*, and ¢/, (r) — 1{=0y, as n — co. For u € H(IR?), let
Un () = @p(u(z)). Then u, € H'(IRY), and

Ou, x >8u

It is easily seen that the two following convergences hold in L?(IR%):

This proves the Lemma. U
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With a similar argument, one can also prove a comparison theorem.
Let v be the solution of a slightly different SPDE

( Ov 1 0 ov ov

- 7
%

+ F(t,z;v(t, x))

o5 (St o)
\ U(O,:L'):UO(LC)

Theorem 2.4.3. Assume that ug(z) < vo(z), = a. e., that f(t,x;
F(t,x;r), t, = a. e., and moreover one of the two pairs (f, (hy)) or

or (F
satisfies the above condztzons for existence—uniqueness. Then u(t, x) <
x a e, P a. s., forallt>0.

;) <

(he)
v(t, x)
SKETCH OF THE PROOF OF THEOREM 2.4.3: The proof is similar to that
of the Theorem 2.4.1, so we just sketch it. We first replace v by v V v in the

last equation, in the three palces where we changed u into u™ in the proof of
the previous Theorem. The fact that

u,v € HY(R?) = u Vv e H'(RY)

follows from Lemma 2.4.2 and the simple identity u Vv =u+ (v —u)". If v
denotes the solution of that new equation, we show (with the same functional
® as in the proof of Theorem 2.4.1) that IE®(v(t) — u(t)) < 0, which implies
that u(t,z) < wv(t,z), z a. e, IP a. s., for all t > 0. Consequently v solves
the original equation, and the result is established.
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Chapter 3

SPDEs driven by space—time
white noise

3.1 Restriction to one—-dimensional space
variable

Let us consider the following linear parabolic SPDE

%(t,x) = %Au(t,x) +W(t,z), t >0,z € R?

u(0,2) = up(x), x¢€R™

The driving noise in this equation is the so called “space—time white noise”,

that is T is a generalized centered Gaussian field, with covariance given by
E[W () W (k)] = / h / Wt a)k(t, x)dzdt, Vhk € (R x RY).
o JR
Since the equation is linear, that is the mapping
W— u
is affine, it always has a solution as a distribution, the driving noise being a

random distribution. But we want to know when that solution is a standard
stochastic process {u(t,z), t > 0,z € R%}. Let
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The solution of the above equation is given by

)= [ ptr =ty + [ [ ple—s.a =) Wids.a),

at least if the second integral makes sense. Since it is a Wiener integral, it
is a centered Gaussian random varibale, and we just have to check that its
variance is finite. But that variance equals

! 1 bods |z — y|?
2 — — — - v
| e s = oy <2w>d/o<t—s>d/RdeXp< s )d

1 /t ds -
— 00
2drdf2 | (t — 5)d/2

if and only if d = 1! When d > 2, the solution is a generalized stochastic
process, given by

/Rd /Rd p(t, x — y)uo(y)dudy
/ /R (/R p(t— s,z — )dx) W(ds,dy), t >0, € C2(RY).

Eere the second integral is well defined. Indeed, let us assume that suppy C
B(0,r). Then

/d p()p(t = 5,2 —y)de = Byp(By),
R
where {B,, t > 0} is a standard IR* valued Brownian motion. For |y| > r,

’]EyQD(Bt—SM = |]Ey [¢(Bt—5)1|Btfs|§T:| |
< [lollooPy(Bis| > |yl — 1)
E(|B—s|")
< lelloo——"
(ly[ —r)P

Choosing 2p > d, we conclude that

//Rd (/Rd plt—s,2 - )d$>2dsdy<oo,
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We note that our goal is to solve nonlinear equations of the type

%%u@:%AMt@+fW@xD+dwa@HV@wLtEQxGRd

U(O,ZL’) = ’LL()(IL'), LS IRda

whose solution might not be more regular than that of the linear equation we
considered above. Since we do not want to define the image by a nonlinear
mapping of a distribution (which is essentially impossible, if we want to
have some reasonable continuity properties, which is crucial when studying
SPDEs), we have to restrict ourselves to the case d = 1!

3.2 A general existence—uniqueness result

Let us consider specifically the following SPDE with homogeneous Dirichlet
boundary conditions

du 0*u :
a(t,x) = 8_(t z)+ f(t,z;u(t,x)) + g(t, z;u(t,x) W (t,z), t > 0,0 <z <1
2
u(t,0) = u(t,1) =0, t > 0;

(3.1)
The equation turns out not to have a classical solution. So we first introduce
a weak formulation of (3.1), namely

 f(vaM—/ M+//‘sx 2)dads
//fsa:usa: dxds+// (s, z;u(s, z))p(x)W(ds, dx)

(P a. s, VYpeC?*0,1)NCh([0,1])

(3.2)
where Cy([0, 1]) stands for the set of continuous functions from [0, 1] into IR,
which are 0 at 0 and at 1. We need to define the stochastic integral which
appears in (3.2). From now on, W (ds, dz) will be considered as a random
Gaussian measure on IRy x [0, 1]. More precisely, we define the collection

{W(A) = /AW(ds,dm), A Borel subset of IRy x [0, 1]}
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as a centered Gaussian random field with covariance given by
E[W(A)W(B)] = A(AN B),

where A denotes the Lebesgus measure on IRy x [0, 1].
We define for each t > 0 the o—algebra

F; = o{W(A), A Borel subset of [0,¢] x [0,1]},
and the associated o—algebra of predictable sets defined as
P=c{(s,t]x ACR, xQ: 0<s<tAeF}.

The class of processes which we intend to integrate with respect to the above
measure is the set of functions

YRy x[0,1] x Q — IR,

which are P ® B(]0, 1])-measurable and such that

t el
/ / V2 (s, x)drds < oo TP a. s. Vt > 0.
0o Jo

for such v’s, the stochastic integral

/ot /01¢(S’x)w(d3»dx), t>0

can be constructed as the limit in probability of the sequence of approxima-
tions

—_

n—

Z (¥, Lag ez, < W (A7 N ([0,] % [0,1]))

=1

T
o)

where

- 2] 152

n n n n

That stochastic integral is a local martingale, with associated increasing pro-

cess o
/ / wZ(s,x)dxds, t>0.
o Jo
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t 1
]E/ / V3 (s, v)dwds, Yt >0,
0o Jo

then the stochastic integral process is a square integrable martingale, the
above convergence holds in L?(2), and we have the isometry

E [(/Ot/()lw(s,x)W(ds,d:v))2] :E/{)t/ol V2 (s, x)dxds, Yt > 0.

We introduce another formulation of our white—noise driven SPDE,
namely the integral formulation, which is the following

If moreover

u(t, ) —/ p(t; @, y)uo(y dy+/ / = si2,y) f (s, y;uls, y))dyds

— s x s,y u(s Wids,dy), IPa.s. ,t >00<z<1;
// yY)g(s, y;u(s,y))W(ds, dy), : , ;

(3.3)
where p(t; z, y) is the fundamental solution of the heat equation with Dirichlet
boundary condition

ou 0*u
u(t,0) =u(t,1) =0, t>0;
and uy € Cp([0,1]). We shall admit the following Lemma (see Walsh [27])

Lemma 3.2.1. The above kernel is given explicitly by the formula

o - g o (E55) o (223227)

and for all T > 0, there exists Cp such that

C 2
p(ti2,9)] <z exp (—‘x 4ty‘ ) 0<t<T, 0<ay<l.

We now state two assumptions on the coeffcients

(H1) /tfl(fz(s,a:;O) + ¢*(s,2;0))dsdr < oo, t > 0.
0 Jo
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There exists a locally bounded function ¢ : IR — IR, such that
(HQ) |f(8,$;7")—f(8,l'70)|+|g(87$;7’)—g(8,l‘,0)| < 6(T)7 vt > 07 I<z< 17T € R.
We can now establish the

Proposition 3.2.2. Under the assumptions (H1) and (H2), a continuous
P @ B([0, 1])-measurable function u satisfies (3.2) if and only if it satisfies
(3.3).

PROOF: Let first u be a solution of (3.2), and A\ € C'(IR,). Then by
integration by parts (we use (-,-) to denote the scalar product in L?*(0,1))

A (). 9) = AO(u(0)9) + [ (uls) M) + X))
+/0 A(s)(f(s, ds—i—/ / (s, x;u(s, z))p(x)W(ds, dz).

But any ¢ € C?(IR, x (0,1))NC(IR, x [0, 1]) such that ¢(¢,0) = ¢(¢,1) =0
is a limit of finite sums of the form Y\ | X;(¢)p;(z). Hence we get that for
all ¢ as above and all ¢ > 0,

(). 60.) = (w0900, + [ (). § 506+ 5205, s
+/0(f(s, su(s, ds+/ / (s, 2)g(s,x;u(s, )W (ds,dx).
Now, t being fixed, we choose for 0 < s <t 0<x <1,
¢(s,x) = /O p(t = sy, 2)e(y)dy = p(t — s;9,2),
where ¢ € C§°([0,1]). We deduce that
(u(8): ) = (WOt + [ (1G5, )op = 5:.0,)ds
/ / — s190,9)9(s, y;u(s, y))W(ds, dy).

If we now let ¢ tend to J,, we obtain (3.3).
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Let now u be a solution of (3.3). Then for all ¢ € C*(0,1) N Cy([0,1]),
t > 0, we have, for all 0 < s <'t,

(u(t), ¢) = (U(S),p(t—s,%-)H/ (f(r,5ulr, ), plt —r;p,-))ds
+/ /0 p(t —rio,y)g(r,y;ulr, y)W(dr,dy).

We next define t; = it/n, for 0 <i < n, and At =t/n.

—_

n

(u(t), p) = (uo, ) = ) _l(ultit1),0) = (ults), ¥)]

%

= [(U(tiﬂ) 0) — (u(t;), p(At, ) + (u(t;), p(At, @, ) — (u(t;), )]
{/ z+1/ tiv1 — S Spay>f(8 YU (3 y))dyds

t1+1
+ / / Pties — 5,0, 9)g(s, v uls, )W (dy, ds)
t; 0

tisr pl 8%p
+/ / u(ti, y) 55 (s — ti, 0, y)dyds
t; 0 ay

If we exploit the fact that u is a. s. continuous and adapted, we obtain that
as n — 00, the last expression tends to

/Ot /0190(9) (8,95 u(s,y) dyds—|—/ / (5, y: u(s, )W (dy, ds)

+/O /0 u(s, y)¢" (y)dyds.
O

In order to prove existence and uniquenes of a solution, we need to replace
the assumption (H2) by the stronger assumption

I
o

I
nghy

(H3) |f(t.a,r) = f(t,a,0")] + lg(t,2.r) — glt,2,0)| < klr — ']

We have the
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Theorem 3.2.3. Under the assumptions (H1) and (H3), if up € Cy([0,1]),
there exists a unique continuous P @ B([0, 1])-measurable solution u of equa-
tion (3.3). Moreover supg<,<;. o<i<r E[|u(t, )|P] < 0o, for all p > 1.

ProOOF: UNIQUENESS Let v and v be two solutions. Then the difference
u = u — v satisfies

alt, v) / / — sz, 9)[f (5,5 u(s, ) — f(s,;v(s,))]dsdy
/ / — s,)lg(s, 53 u(s, ) — g(s,y; 0(s, 1)) W (ds, dy).

Using successively the inequality (a + 0)? < 2(a? + b?), Cauchy—Schwarz, the
isometry property of the stochastic integral, and (H3), we obtain

E[u (tx)<2t+lk2// — s;1,y)E[w? (s, y)]dyds

Let H(t) = supg<,<; IE[@?(¢, z)]. We deduce from the last inequality

H(t) <2(t+1) /Ot { sup /Opo(t - s;x,y)dy} H(s)ds.

0<z<1

From the above estimate upon p, we deduce that

1 2 2 !
C |z — y C
2 T
su t—s;x,y)dy < exp| ———— | dy < ,
0<x1<)1/0p( v)dy t—S/R p( 2(t - s) Y t—s

and iterating twice the estimate thus obtained for H, we deduce that

t
H(t) < C’”/ H(s)ds
0

hence H(t) = 0 from Gronwall’s Lemma.
Ex1STENCE We use the well known Picard iteration procedure

u’(t,z) =0
u" T (t, x) :/ p(t; z, y)uo(y dy+/ / —s;2,y) f(s,y;u"(s,y))dyds
0

+/O/Op = s;2,9)9(s, y;u" (s, y)) W (dy, ds).
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Let H,(t) = supgc,<; Bllu"™ (¢, 2) — u"(t,x)[?]. Then, as in the proof of
uniqueness, we have that for 0 <t < T,

t
1< Cy / H,y o(s)ds
0

[terating this inequality £ times, we get

t S1 Sk—1
t) < C’éﬁ/o d51/0 d52---/0 H,, o (sk)dsg

(jktk—l t
S (]{;T— 1)'/0 dSHn,Qk(S).

But

polt) = s |

0<z<1

1
p(t; z, y)uo(y dy+/ / (t —s;2,y) f(s,y;0)dyds

2
)<

thanks to assumption (H1). Hence the sequence {u"} is Cauchy in
L>=((0,T) x (0,1); L3(£2)); its limit w is P x B([0, 1])-measurable and satisfies
(3.3). We could have done all the argument with the exponent 2 replaced by
p, hence the p—th moment estimate. It remains to show that it can be taken
to be continuous, which we will do in the next Theorem.

// — 5;2,9)9(s, y; 0)W (dy, ds)

Theorem 3.2.4. The solution u of equation (3.3) has a modification which
is a. s. Hélder continuous in (t,x), with the exponent 1/4 — e, Ve > 0.

PRroor: It suffices to show that each term in the right hand side of (3.3) has
the required property. We shall only consider the stochastic integral term,
which is the hardest. Consider

v(t,x) / / —875,9)g(s,y;u(s,y))W(ds, dy).

We shall use the following well known Kolmogorov Lemma

Lemma 3.2.5. Is {X,, a € D C R%} is a random field such that for some
k,pand >0, for all a,a/ € D,

E(|X, — Xo|P) < kla — o/|d+’8,

then there exists a modification of the process { X} which is a. s. Holder
continuous with the exponent 3/p — €, for all € > 0.
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PROOF OF THEOREM 3.2.4 Now

E[|(v(t+k,z+h) — v(t,x)]p]l/p < E[[(v(t+k,xz+h)—v(t+ k:,a:)|p]1/p
+ E[|(v(t + k,z) — v(t, x)]p]l/p.

We estimate first the first term (for simplicity of notations, we replace t + k
by t). From Burholder and Hélder,
4p/2)

E[|(v(t,z + h) —v(t x)|?]

< clE (
t ol (r=2)/p
<c¢ (/ / Ip(s;z, z) — p(s;x + h,z|2”/(p2)dzds)
o Jo

But we have (with 5 < 3,i. e. p > 6)

t 1 e’
/ / Ip(s:.2, 2)—p(s; . 2)|Pdeds < |o—y|° / / 1p(n
0 0 0 R

hence

(u; s,9)[p(t — s;2 + h,y) — p(t — s;z,y)]*dyds

z ol Y 3
y,é) p(mx_y,f)l dédn,

E[|(v(t,z + h) — v(t,z)|"] < Cly — |®~9/2,

and x — v(t,z) is Holder with any exponent < 1/2.
Analogously

Ef[(v(t + k, z) (t )]

< clE (
t+k 1 p
+ ¢ (/ / 9 (u;s,y)p*(t + k — sz, y)dyd8>
t 0

t ol
<C { / p(t +k — s;x,y) — p(t — s;2,9) |2/ P Ddyds
o Jo

(p—2)/2}

(p—6)/4 p—6)/2(p—2)
Ut s| + |t — 5| ]

2(u; 8,9)[p(t + k — s;2,y) — p(t — s;2,9)dyds

p/2>

(r—2)/2

/2

PP/ (s: 2, y)dyds

Y

hence t — v(t,x) is a. s. Holder with any exponent < 1/4.
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3.3 More general existence and uniqueness
result

One can generalize the existence—uniqueness result to coefficients satifying
the following assumptions (see Zangeneh [28] and Gyongy, P. [9])

(A1) VT,R, 3K(T,R)suchthat VO <z <1,t<T, |r|,|’'| <R
(T‘ - T/)[f<t,l’;7”) - f(t,{L‘,T/)] + |g(t,$77”) - g(t,:v;r')|2 < K(T7 R)|T - ’I"/|2

(A ){EIC such that Vt > 0,r ¢ R,0 <z < 1,
rf(ta;r) + gtz r))? < C(L+ |r?)
(A3) Vt>0,,0<z<1, r— f(t,z;r) is continuous.
Moreover, whithout the assumption (A2), the solution exists and is unique

up to some (possibly infinite) stopping time.
If one suppresses the above condition (A1), and adds the condition that

Vi>0, 0<x<1, r— gtz r)is continuous,

then one can show the existence of a weak solution (i. e. a solution of the
associated martingale problem).

3.4 Positivity of the solution

Let us state the

Theorem 3.4.1. Let u and v be the two solutions of the two white—noise
driven SPDFEs

( au _ d%u
"~ a2
u( ,0) =wu(t,1) =0, t > 0;
[ u(0,2) =up(x), 0 <z < 1.

Z(t,x) + f(t, mult,z) + g(t, z;ult,z)) W (t,2), t > 0,0 <z < 1;

(3.4)
( %(t,x) g (t ZE)—{—F(t x; U(t LE))—{—g(t,x;U(t’x)) W (t,.T), t>0,0<z<1;
u(t,0) = v(t,1) =0, t > 0;

t
0,2) =wvo(z), 0 <z <1,
(3.5)
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Assume that ug, vo € Cy([0,1]) and one of the two pairs (f,g) or (F,g)
satisfies the conditions for strong existence and uniqueness. Then if ug(x) <
vo(z) Vo and f < F, u(t,z) <v(t,z) V¢ >0,0<z <1, P a s

SKETCH OF THE PROOF: Let {ex, k > 1} be an orthonormal basis of L*(0, 1).

Formally,
k

W(ta) =Y W (Hex(x).

For each N > 1, let
. N .
Wn (o)=Y W (Dex(w),

and uy (resp. vy) be the solution of (3.4) (resp. (3.5)), where I has been

replaced by Wy. Then one can show (see Lemma 2.1 in [5]) that Vp > 1,
T >0,
lim sup  IE[|(u(t,z) —un(t,z)[P] =0,

N—oo g<t<T, 0<2<1
and the same is true for the difference v — vy. It is then easy to deduce the
result from Theorem 2.4.3.

Corollary 3.4.2. Let up(z) > 0, assume (f,g) satisfies the conditions for
strong ezistence—uniqueness of a solution u to equation (3.3). If moreover

flt,2;0) >0, g(t,z;0)=0, VvVt>0,0<x<1,
then u(t,z) >0,vt>0,0<z <1, 1P a. s

PROOF: Let vg = 0 < wo(z), F(t,x;r) = f(t,x;r) — f(t,2;0) < f(t,x;r).
Then v = 0 solves (3.5), and the result follows from the comparison theorem
(reversing the orders).

3.5 Applications of Malliavin calculus to
SPDEs

We consider again equation (3.3). Our assumptions in this section are the
following

(M >{VO <z <1,t>0, r— (f(t,z;7),g(t,z;7)) is of class C"

and the derivatives are locally bounded, uniformly in ¢ and .



3.5. APPLICATIONS OF MALLIAVIN CALCULUS TO SPDES 61

JC such that Vt > 0,7 e R,0 <z < 1,
(M2) , T 2
rf(tzr) + gt )" < C(1 + |r[7)

(M3) (t,x,r) — g(t,z;r) is continuous.
(M4) 3y e (0,1) such that g(0,y;uo(y)) # 0.

The aim of this section is to show the following result from [23]

Theorem 3.5.1. Under conditions (M1), (M2) and (M3), for anyt > 0,
0 < x < 1, the law of the random variable u(t,x) is absolutely continuous
with respect to Lebesque measure on IR.

Let us first state and prove one Corollary to this result

Corollary 3.5.2. Under the conditions of Theorem 3.5.1, if moreover
up(z) >0, ug Z0, f(t,2;0) >0, g(t,z;0) =0, then u(t,x) >0, Vt > 0, z a.
e., IP a. s.

ProOOF: From Corollary 3.4.2, we already know that u(¢,xz) > 0 for all ¢, x,
IP a. s. Moreover IP(u(t,z) = 0) = 0, hence for each fixed (¢,z), u(t,z) > 0
IP a. s. The result follows from the continuity of . O

Let us recall the basic ideas of Malliavin calculus, adapted to our situa-
tion. We consider functionals of the Gaussian random measure W. We first
consider the so—called simple random variables, which are of the following
form :

F = f(W(kl)a ] W(kn))a

where f € C°(R"), ky,...,k, € H= L*(IR, x (0,1)). For any h € H, we
define the Malliavin derivative of F' in the direction A as

D,F = d%f(W(kl) b ky)se e W) + (s ko)) oo

=2 gi (W k), o, W (k) (R ki),

and the first order Malliavin derivative of I as the random element of H
v(t,x) = Dy, F given as

Dy, F = Z gi (W (ky), ..., W (kn))ks(t, ).
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We next define the || - ||;2 norm of a simple random variable as follows
1P, = W(F?) + E(| DE,).

Now the Sobolev space ID'? is defined as the closure of the set of simple ran-
dom variables with respect to the |- ||; 2 norm. Both the directional derivative
D;, and the derivation D are closed operators, which can be extended to ele-
ments of the space ID*?. It can even be extended to elements of ]Dllo’i, which
is defined as follows. X € D> whenever there exists a sequence {X,,, n > 1}
of elements of ID"?, which are such that the sequence Q,, = {X = X,} is
increasing, and IP(Q\ U, Q,) = 0. We note that for X € D2, which is F;
measurable, Dy, X = 0 whenever s > ¢. One should think intuitively of the
operator Dy, as the derivation of a function of W with respect to W (s,y),
the white noise at point (s, y).

We shall also use the space 1D, which is the closure of the set of simple

random variables with respect to the norm whose square is defined as
1X1I = E(F? + Dy FI?).

A simple consequence of a well-known result of Bouleau and Hirsch is
the

Proposition 3.5.3. Let X € D2, If |DX||g > 0 a. s., then the law of
the random wvariable X is absolutely continuous with respect to Lebesque’s

measure.

PROOF (TAKEN FROM NUALART [19]): It suffices to treat the case where
X € D" and |X| < 1 a. s. It now suffices to show that whenever g :
(0,1) — [0,1] is measurable,

1
| stuyay =0 = my(x) =0,
-1
There exists a sequence {g,} C C¢((—1,1);[0,1]) which converges to g a. e.
both with respect to the law of X and with respect to Lebesgue’s measure.
Define N N
@) = [ gy, @ = [ gy

-1 -1
Now 1, (X) € ID"? and D[, (X)] = g.(X)DX. Now, 9,(X) — %(X) in
ID'2. We observe that 1(X) = 0, and D[¢)(X)] = ¢(X)DX. Now from the
assumption of the Proposition follows that g(X) =0 a. s. O
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We shall prove that for fixed (¢, z), u(t,z) € ]D1 -, then compute the direc-

tional Malliavin derivative Dypu(t, x), and finally prove that || Du(t,z)||z > 0
a. s.
PROOF OF THEOREM 3.5.1: FIRST STEP. By the localization argument, it
suffices to prove that whenever f, f/, g and g’ are bounded, u(t,z) € D2,
We first show that a directional derivative exists in any direction of the form
h(t,z) = p(t)es(x), where p € L*(IR. ), and e, is an element of an orthonormal
basis of L?(0,1). This is done by approximating (3.3) by a sequence of
finite dimensional SDEs indexed by n, driven by a finite dimensional Wiener
process. The derivative of the approximate SDE is known to solve a linearized
equation, which converges as n — oo to the solution v(¢, ) of the linearized
equation

o 0? '
a_: B a_;; + f1(wv + g (wpv W +g(u)h (3.6)
v(0,2) =0,

and the fact that Dy, is closed (that means that if {X,,} C Dy, X,, — X in
L*(Q), DpX, — Y in L*(Q; H), then X € Dy and Y = D, X), allows us
to deduce that w € Dy, and v = Dju. The fact that u € IDY? is proved
by showing that, whenever {h,, n > 1} is an orthonormal basis of H =

LQ(]R-O— X (07 1))7

E (|| Du(t, z)||%) Z]E | Dy, ult, z)]?)

which can be shown to be finite using classical estimates of the kernel of the
heat equation.

STEP 2 Let y be such that ¢g(0,y;uo(y)) # 0, and suppose for example
that g(0,y;uo(y)) > 0. Then there exists € > 0 and a stopping time 7 such
that 0 < 7 < t, such that

g(s,zu(s,2) >0, Vzely—ey+e, 0<s<T,

and we have

t 1
IDu(t, )| > 0 / / D, u(t, z)|dzds > 0
0 0

T y+e
= / / | Ds .u(t, x)|dzds > 0.
0 y—e
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But, Vh € L*(Q x Ry x [0,1], P ® B([0,1]),IP x ) such that » > 0 and
supph C {(s,v); g(s,y;u(s,y)) > 0}, Dyu(t,z) > 0, as a consequence of
Corollary 3.4.2, applied to (3.6). Hence a sufficient condition for || Du(t, z)|| g
to be positive is that

T y+e T
/ / Dy u(t, x)dzds = / v(s;t,z) >0,
0 Yy—€ 0

where we have defined v(s;t,z) = fyyj; D u(t,z)dz. Let us just show that
v(t,z) = v(0;¢,2) > 0. v solves the linearized SPDE

0 0? :
5= o W g e w

v(0,z) = 9(07 X5 uo(x))l[y—&y-i-d (2).

Now 33 > 0 such that ¢(0,z,uo(z)) > 3, for x € [y — &,y + €], then by the
comparison theorem it suffices to prove our result with the initial condition
of (3.7) replaced by 31(,_. (), and by linearity it suffices to treat the case
G = 1. In order to simplify the notations, we let a = y—e, and b = y+¢. Since
U = e“v satisfies the same equation as v, with f’(u) replaced by f'(u) + ¢
it suffices, again by the comparison theorem, to treat the case f'(u) = 0.
Finaly we need to examine the random variable

(3.7)

v(t,x) = v (t, z) + va(t, x)
/ (t;x, 2 dz+/ / — s;m,2)g (u)(s, 2)v(s, 2)W(ds, dz).

Assume that z > a (if this is not the case, then we have x < b, and we can
adapt the argument correspondingly). Let d be such that z < b+d < 1, and

define
1 . ] b+d(k—1)/m "
“T2 1S1£l£m a<y<llfl+fdk/m/a p(ﬁ7 y, 2)dz.

We have that a > 0. We now define, for 1 < k£ < m, the event

kt
E, = {v (E’ ) > akl[a,b%d/m](')} :

Let us admit for a moment the
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Lemma 3.5.4. There exists g, mg > 0 such that for all 0 < § < &g, and
m Z my,

i, 0<k<m-—1.
m

P(Efq|EvN---NEy) <
Now

5
P(v(t,z) > 0) > lim P(E;N---NE,) >lim(l — —)™ =e,

m— o0 m m

hence the result, since we can let § — 0.
Proor or LEMMA 3.5.4: Proving the Lemma amounts to prove that
IP(ES) < §/m. By the very definition of a,

t
vy (—, ) > 201 (g p1d/m)(+)-

m

hence it suffices to show that for some dg > 0, and all 0 < § < g, and m

large enough,
G)l>e) =3
v | Y| >a) < —.
m m

For this to be true, it suffices that there exists n, p > 1 and ¢ > 0 such that

]P(sup

0<y<1

E ( sup |v2(t,y)|”) < ct?.

0<y<1

n/2
E(|va(t, y)| (/ / — 8y, 2 dzds)
n/r
<ec (/ / — 8, 2 dzds) e,

if % + % = 1. Since we need r < 3 for the first factor to be finite, we get that
for ¢ > 6,

But

B(Jvs(t, y)|") < /1.

Moreover, from Walsh’s computations (see the prof of Theorem 3.2.4)
I (’U2(t> LIZ’) - UQ(ta y)|n) < C’.f - yygiltn/q'

This allows us to conclude, if we choose n > ¢ > 6. O
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In the case where g does not vanish, and the coefficients are smooth, for
any 0 < x1--- < x, <1, the law of the random vector

(u(t, z1, u(t, x2), ..., u(t,x,))

has a density with respect to Lebesgue measure on IR", which is everywhere
strictly positive. It is an open problem to show the same result under a
condition similar to that of Theorem 3.5.1.

In the case of the 2D Navier-Stokes equation driven by certain low di-
mensional white noises, Mattingly and P. [13] have shown that for any ¢ > 0,
the projection of u(t,-) on any finite dimensional subspace has a density with
respect to Lebesgue measure, which under appropriate conditions is smooth
and everywhere positive.

3.6 SPDEs and the super Brownian motion

In this section, we want to study the SPDE

ou 10%u :

_— —— v >

BT 28x2+|u| W,t>0, zeR
u(0,x) = ug(x),

(3.8)

where ug(x) > 0. We expect the solution to be non negative, so that we can
replace |u|” by u?. The behavior of the solution to this equation, which has
been the object of intense study, depends very much upon the value of the
positive parameter . The case v = 1 is easy and has already been considered
in these notes. If v > 1, then the mapping » — 7 is locally Lipschitz, and
there exists a unique strong solution, up possibly to an explosion time. C.
Mueller has shown that the solution is strictly positive, in the sense that

up #Z0=u(t,x) >0, Vvt >0,z € R, IP a. s.

We shall consider here the case v < 1.

3.6.1 The case y=1/2

In that case, the SPDE (3.8) is related to the super Brownian motion, which
we now define. For a more complete introduction to superprocesses and for
all the references to this subject, we refer the reader to [6]. Let M, denote
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the space of finite measures on IR, and C’g+ the space of C? functions from
IR? into IR, with compact support. We shall use (+,+) to denote the pairing
between measures and functions from C?, .

Definition 3.6.1. The super Brownian motion is a Markov process { Xy, t >
0} with values in My which is such that t — (X3, @) is right continuous for all
RS C’éﬁr, and whose transition probability is caracterized as follows through
its Laplace transform

IE, [exp(—(X;, 0))] = exp({1, Vi(9))), ¢ € C,,

where € My and Vi(p) is the function which is the value at time t of the
solution of the nonlinear PDE

v 1 )
o= 3(Av =)
V(0) = .

Let us compute the infinitesimal generator of this diffusion.
If F(p)= e~ (e

1 1
. _ — Tim = (o~ Ve(e)) _ ()
11m0 . (IENF (Xt) F (u)) llmo ; (e e )

— o) Pné(ﬂ’ Vilp) — 90>

I
= =5 "N Ap = )
=GF(p).
From this we deduce that if F' has the form F(X;) = f({(X4, ¢)), then

GF(n) = %f’(w o))k, Ap) + %f”((u, ), ©°).

Consequently, the process defined for ¢ € Cg+ as

1 t
MF = (Xu) - (Xor9) = 5 [ (X0 Bphds
0

is a continuous martingale with associated increasing process

o= [ Oxyas
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We just formulated the martingale problem which the super Brownian motion
solves. Let us show how this follows from our previous computations. We
have that whenever F(X;) = f({Xy, ©)),

¢
F(X;) = F(Xy) +/ GF(X;)ds is a martingale.
0

If we choose f(x) =z, we get that the following is a martingale
1 t
MF = (Xug) = Ka) = 5 [ (s
0

If we choose now f(x) = z?, we get another martingale
t
M= (X ) = (Ko, = [ (X} (X Bl
0

t
- / (X, &) ds.
0

Now applying I[to’s formula to the first of the two above formulas yields

(Xl = X+ [ (X ) (X, Ag)ds

+ (M¥); + martingale.

Comparing the two last formulas gives
t

017} = [ (Xee)ds
0

Existence of a density and SBM-related SPDE If d > 2, one can
show that the measure X, is a. s. singular with respect to Lebesgue measure.
On the contrary, if d = 1, X; << A. Define u(¢,-) as the density of X;. The

formula for (M?), implies that there exists a Gaussian random measure on
R, x IR such that

v = [ [ Vs mietaw s, de),

hence u(t,z) is a (weak) positive solution of the SPDE

ou 10%u :

_— - — >

5 28$2+\/ﬂw,t_0,x€]R
u(0, ) = ug(x).

(3.9)
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Uniqueness in law  We now show that the law of the super Brownian
motion is uniquely determined, which implies uniqueness in law for the SPDE
(3.9).

We note that from the Markov property, and the semigroup property of

{Vi},

IEM (e—<Xt,VT—t(<P)>|fS) =Ey (e_<Xt737VT—t(‘P)>)
— e—<XSth—s(VT—t(SO))>

— e*<X57VT—s(90)> .

We have just proved that {e~(XtVr-«(#) 0 <t < T} is a martingale. Hence

in particular
]EM€*<XT,¢> — €*<M:VT(‘P)>7

which caracterizes the transition probability of {X;}, hence its law.
A construction of the SBM We start with an approximation by a
branching process.

e At time 0, let N particles have i. i. d. locations in IR?, with the
common law .

e At each time k/N, k € IN, each particle dies with probability 1/2 and
gives birth to 2 descendants with probability 1/2.

e On each interval [k/N, (k + 1)/N], the living particles follow mutually
independent Brownian motions.

Denote by N(t) the number of particles alive at time ¢, and Y}’ the position
of the i—th particle (1 <4 < N(t)). Let {X"} denote the M —valued process

L N LV
i=1 =1

Theorem 3.6.2. XV = X, as N — oo, where X is a SBM with initial law
L.

Corollary 3.6.3. There exists a stopping time 7, with T < 00 a. S., such
that X, = 0.
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PROOF: The extinction time T of a branching process as described above
satisfies, from a result due to Kolmogorov,

MT>Q:PWT>N0:§%

Now with N independent such processes

C
P(sup T; <t)= P(T,<t)~(1-— — e O
(sup, H v

as N — oo. In other words, IP(1 > t) ~ 1 — ¢~ C/%. O
We will now show that whenever uy has compact support, the same is
true with u(t,-), V¢t > 0. This follows from the

Theorem 3.6.4. Let u € My be such that suppu C B(0, Ry). Then, for all
R > Ry,
_1'
P(X,(B(0, R)*) = 0, ¥t > 0) = exp (_M) |

where u 1s the positive solution of the PDE
{ Au=1u? |z|<1;
u(xr) — 0o, = — £1.
Corollary 3.6.5. Under the assumptions of the theorem,
P, (UisosuppX; is bounded) = 1.
ProoFr: We have

P, (UtsosuppX; is bounded)
=P, (Urs o { X:(B(0, 1))

<_<M,U(2 1')>>
1 r

0, Vt > 0})

= lim exp

T—00

where we have used the Theorem for the second equality. O
Before we prove the Theorem, we need one more Lemma.
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Lemma 3.6.6. V¢t >0, p € CC+, we have

Buewp (= [ (olds) = exp (~G ().

where {uy(p), t > 0} is the positive solution of the nonlinear parabolic PDE

0u 1

ot 2
u(0) = 0.

PROOF: Let n € N, h =t/n, t; =ih.

exp (— /0 t(XS,go>ds) — lim exp (- S, h@) |

=1

Now
]EIJ (6_<th1h‘ﬁ>|ft 71) — 6_<th,17Vh(h¢)>’
E, (e_(Xt"’h@_(Xt”*l’h‘p)|]:tn,2) =, (e‘<th717Vh(h9")+h‘P>|]—"tn72)
_ 6—<th_2,Vh(Vh(h<P)+h<ﬂ)>’

and iterating this argument, we find that

Eu exXp <_ Z(th h@>) = eXp (_<:u’ Uh(t») )

=1

where vy, solves the parabolic PDE

c%h . 1 2 . . .
5 = Z(Avh —wv;), th<t<(i+1)h;
vp(ih) = vh(zh )+ he
un(0) =

In other words (here P(t) stands for the semigroup generated by 1A)

/Pt—svh Jds + h Z P(t —ih)p

0 0<i: ih<t

l\')lr—\

—, asn tends to + oo

t
P(t—s)u ds+/ P(t — s)pds.
0

1
2 Jo
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PrROOF OF THEOREM 3.6.4: Approximating the indicator function of the
closed ball B(0, R) by regular functions ¢, and exploiting the fact that
t — (Xi, ) is a. s. right continuous, as well as the monotone convergence
theorem, we get that

IP,(X,(B(0,R)%) =0, Vt > 0) = (/ X,(B(0, R))dt = o>

zelir{.lo]EM(eXp{ /Xt OR)dtD

= lim lim lim lim [E, (exp[ / (Xt,HgoRm,m)dt})
0

06— 00 n—00 m—oo T'—o00

= 911m lim lim 7llm exp [—{(, unm (T, -; R, 0))],
where @g,m is zero outside [—m — 1, —R] U [R,m + 1], 1 on the interval
[-m,—R — 1/n] U[R + 1/n,m], increases and decreases linearly between 0
and 1; and u,,(t, -, R, 0), by the preceding Lemma, solves the parabolic PDE

ov 1
at Q(AU—’U )—’_HSOR,n,mu OStSTv
0(0) = 0.

Now as T — 00, Upm (T, -, R,0) — Upm (-, R,0), which solves the PDE
—AUpy, + uim = 200R n,m,
and as n,m — 00, Uy (-, R,0) — u(-, R, 0), solution of
—Au+u? = 2014 R,
hence as 0 — oo, u(+, R,0) — u(-, R), solution of

~Au+u?=0, |z|<R;
u(r) — o0, = — *+R.

Since u(x, R) = zzu(%), we finally get that

P(X,(B(0, R)°) = 0, ¥t > 0) = exp (—%ﬂ) .
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3.6.2 Other values of 7 < 1

We now prove that uniqueness in law still holds for 1/2 < v < 1, following
Mytnik [18].

Theorem 3.6.7. Let uy € C(IR;IR;) be such that

sup ePl?lug(z) < 00, Vp > 0.
z€eR

Then the martingale problem : Y® € D(A),

Z,(®) = <ut,¢)—<u0,<b>—%/0 (us, AD)ds (3.10)

1 a continuous martingale with the associated increasing process

(2(®)), = / (w2, B)ds

possesses a unique solution.

Proor Existence of a positive solution follows from weak existence theory,
usinf tightness of an approximating sequence. We now prove uniqueness. By
an argument very similar to that in the proof of Theorem 4.2 in Ethier-Kurtz
[7] (that theorem does not apply here), it suffices to show that for any ¢ > 0,
the law of u(t, -) is unique. We have assumed that the initial condition u(0, -)
belongs to the space

Ct = {ue C(R;Ry), supeP®lu(z) < oo, Vp > 0}.

rap
zeR

We first note that u(t, ) € Ct

rap’

vVt > 0, and that for all T"> 0, p > 1,

sup  E[uf(t,z)] < co.
0<t<T, v€R

Suppose we can find a space E, a bounded measurable mapping f : Cff x
E — IR such that

e (i) the class of functions {f(-,y); y € E} separates the probabilities on
o+ -

rap’
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e (ii) Yy € E, there exists an E—valued process {Y;, 0 < s <t} which is
independent from {u(s,-), 0 < s <t} and satisfies

E[f(u(t,-),y)] = E[f(u(0,-),Y1)],
Yo =v.

Clearly the above conditions imply that the law of u(¢,-) is unique.

Such a process {Ys, 0 < s <t} is called dual to the process {u(s,-), 0 <
s <t}

The standard method for finding a dual process is to choose both a func-
tion f and a process {Y;, 0 < s < t} such that, together with appropriate
integrability conditions, the following are true for a given function g :

t
f(u(t,-),y) — / g(u(s,+),y)ds is a martingale, Vy € E; (3.11)
0

t
f(u,Y;) — /o g(u,Ys)ds is a martingale, Yu € Cyf . (3.12)
Indeed, we deduce from those identities that for all 0 < s,r < t, u € Cf,
y ek,

LS (uls.),9) = Byluls, ).v), CTBf(u,Y;) = Fg(u, ¥,).

Since the two processes {u(s, ), 0 < s <t} and {Ys, 0 < s <t} are mutually
independent, the last identities imply that

LS (u(s,),Y,) = By(u(s, ), Y5) = - B f(uls, ), Vo)

In other words, if we define

oh

oh
g(s,t), ho(s, ) = —(s,1),

h(57 T) = Ef(u<57 ')7}/7">7 h1(57 T) - or

we have shown that h; = hy on [0,¢]?. But we have the

Lemma 3.6.8. If hy and hy are ds x dr—integrable on [0,], and hy = hs,
then
h(t,0) = h(0,t).
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PrOOF OF LEMMA 3.6.8 It follows from an elementary change of variable
in the integral that

¢ ¢
/ h(t —s,s)ds = / h(s,t — s)ds.
0 0

Consequently
/D[h(s,o)—h(o,s)]ds:/o [h(t—s,s)—h(o,s)]ds—/o (h(s,t — s) — h(s,0)|ds

t t—s t t—s
:// hl(u,s)duds—// ho(s, w)duds
0 Jo 0 Jo

since hy = ho. The result follows from differentiating the identity which we
have shown. O

We choose E = L% (IR), and f(¥, @) = exp[—(¥, ®)]. We know that for
any ® € D(A),

1/0 e P [y (s, ), AD) + (u™ (s, ), D] ds

7<’u,(t,-),<1>> _
‘ 2

is a martingale. Hence we wish to construct an L! (IR)-valued process
{Y;, t > 0} such that V¥ € C},

rap’
1 t
et _ 1 / e~ [ (W, AY) + (07, Y2)] ds
0
is a martingale.

Formally, we would like to find a solution {Y;, ¢t > 0} of the SPDE

P (t,2) = GAVi(t) + Y )E(t, ),

where {L;, t > 0} would be a stable process on IR, x IR with non—negative
jumps, whose Laplace transform would be given for ® € Li”(]R+ x IR) by

IE exp {— KL@@,@L(%,M)} = exp U;/Rqﬂv(s,x)dxds]
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Remark 3.6.9. In the case v = 1/2, the natural choice is L(t,z) = —1, i.
e. L is deterministic. In that case the solution of the PDFE

oY, 1

E(t fﬂ) = §AY1;(t7 x) - Y1-€2(ta l’)
provides a deterministic dual. This is one way to interpret the uniqueness
proof in the previous subsection.

Unfortunately, we do not know how to solve the above SPDE for the Y
process. Hence we shall replace it by a sequence of approximating SPDEs,
corresponding to the following martingale problems. Given an arbitrary ini-
tial condition ® € L! (IR), for any ¥ € D(A),,

Z7(W) = exp [~ (Y, W) - exp (@, ¥)]

3 [ (<o aw [ - reae P Y as
is a local martingale satisfying Z'(W) = 0, where n = 2v(2y — 1)/I'(2 — 27).
Note that - s

| e =t =
hence

Our uniqueness result follows from

Proposition 3.6.10. For alln € Cf,, ® € LY (R), there exists a sequence of
processes {Y;", t > 0},>1 with values in the set M(IR) of finite measures on
IR, such that Y = ®, and for any t > 0, any solution {u(s,-), s > 0} of the
martingale problem (3.10) corresponding to the initial condition u(0,-) = n,

which is independent of the processes {Y;", t > 0},>1, we have
IE eXp [_ <U(t, ')7 (I)>] = 7}220 ]EeXp [_ <777 Y;fn”

We shall need the following technical Lemma

Lemma 3.6.11. Let {u(t,-), t > 0} denote a solution of the martingale
problem (3.10), and ¥ € CL*(IRy x R) such that

T
/ / U2(t, x)dxdt < oo, VT > 0.
0 R
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Then the process

exp[— <u(ta ')7 \Ij(ta )>]

(e ¥(5.) ! ov L2 2
- € B _<u(87')7_A\IJ(87')+_<S7')>+_<u 7(3’.)7\11 (Sa'» ds
0 2 0s 2
s a martingale.
Let us now describe the construction of the sequence {Y;*, ¢t > 0},,>1.

To each n € IN, m € M(IR), we associate the positive mild solution
{v}*(m), t > 0} of the PDE

v 10%v 1,
a(tax) - 5@@’3:) - ébnv (t7$>a
U(Oa ) =m;

where b, = 2yn?~1/T'(2 — 2v). We have

e mll = m(1) =% [ oz ()l

— 0, ast— oo,

oot — 2"
| el =252

n

Let for each n > 1 {S,;, ¢ > 1} be i. i. d. exponential random variables
with parameter K, = (2y — 1)n*'/T(2 — ~), and {V,;, ¢ > 1} be i. i
d. random variables, globally independent from the S, ;’s, whose common
density is given as c(y, n)z~ 021,51 /ny. We let

7
Tn,i = an,ka P> 17
k=1

A? = <(I)= 1) + Z Vn,il[Tn,i7+OO) (t);
i>1
1 S
w(®) =int{s 5 [ or@)dr > ) 0 << T
0
We then define

Y =0} (®), 0 <t < yn(Thn);
YWZ(Tn,1> = Y’YZ(Tn,l)_ + Vn,15Un,17 if ’Yn(Tn,l) < O0;
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where

]P(Unl € ‘anaTnl) G )

- ()

More generally, for £ > 1, let

_ 1 5 (Tnk)
®) =int{ss (o) 45 [ IO > 1),
0

Tor <t <1, k41;
Ytn = U?—%(Tn,k)(YyZ(Tn,k))a Tn,k: <t< Tn,k+1§

n _vn
Y’yn(Tnyk+1) - Yyn(Tn7k+1)* + Vn,k+15Un,k+17

where
IP(U,WH € '|~7:£+1) = G(YVZ(T,L,,CJA)—) )
Clearly, we have that for all ¢t > 0,

wlt) = int{s; [ B > 1)
0
Let T} = inf{¢; v(¢) = co}. Then

Y’Z(Tn*)(l) =0, while Ywi(t)(” — A? — byt

hence
= /{t; A} —b,t =0}, and IP(7, < oc0) = 1.

We finally let 4,,(t) = v, (logn) A t, and we finally conclude that

IE [exp (= (u(t, ), ®))] = lim IE [exp (= (u(0,-), Y5, )] -

n—oo

g

Remark 3.6.12. Mueller and Perkins [17] have proved that the compact
support property is still true if 1/2 < v < 1. Note that that same property
holds also in the case where v < 1/2, see Shiga [25], while no uniqueness
result is known to hold in that case.
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3.7 SPDEs with singular drift, and reflected
SPDEs

If we consider an SPDE of the form
ou 0%u ..
— = —4+W
ot o2 T
u(0,2) = ug(x) >0, wu(t,0)=u(t,1) =0,

clearly the solution is not going to remain non negative, due to the additive
white noise. One way to try to keep the solution positive is to add a drift
which blows up, as u — 0, namely to consider, on the set {(t,z), 0 < z <
1, 0 <t <7}, where 7, = inf{t > 0, u(t,z) = 0}, the SPDE

@ Pu ¢
ot 0x? e
uw(0,2) = up(x), wu(t,0) =u(t,1)=0.

It has been shown, see [15], [16] that the solution of such an equation remains
strictly positive if @ > 3, and has positive probability of hitting 0 if a < 3.
The case @ = 3 is the most interesting, since the solution might touch zero
at isolated points, but one can define the solution for all time.

In the case av < 3, one can think of reflecting the solution at 0, i. e. trying
the SPDE

uw(0,2) = ug(x) >0, u(t,0)=u(t,1) =0,

u>0, 77>O/ / (t,x)n(dt,dz) = 0.
\

In the next subsection, we shall consider that problem with ¢ = 0, following
Nualart, P. [20]. Then we shall consider the case o = 3, ¢ > 0 folllowing
Zambotti [29] and [30], see also [3], i. e. we shall consider the SPDE (in that
case, it turns out that no reflection term 7 is necessary) :
ou 0%
ot 022 + 3 T W,
u(0,z) = uo(w), u(t,0) =u(t,1) =0.

Moreover, the reflected SPDE whithout singular drift appears as the limit as
¢ — 0 of that SPDE with a critical singular drift.
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3.7.1 Reflected SPDE

In this subsection, we want first to study the following SPDE with additive
white noise and reflection

( ou 02u
5 0 3 +n+W
u(0,z) = ug(z), 0) =u(t,1) =0, (3.13)

u >0, n>0/ / (t,x)n(dt,dx) =0,
\

where uy € Cp([0,1]; R4 ). Whithout the measure 7, the sign of the solution
would oscillate randomly. The measure n is there in order to prevent the
solution u from crossing 0, by “pushing” the solution upwards. The last
condition says the pushing is minimal, in the sense that the support of 7 is
included in the set where u is zero. We formulate a precise

Definition 3.7.1. A pair (u,n) is said to be a solution of equation (3.13)
whenever the following conditions are met:

1. {u(t,x), t >0, 0 <z <1} is a non negative continuous and adapted
process, such that u(t,0) = u(t,1) =0, Vt > 0.

2. n(dt,dz) is an adapted random measure on R, x [0, 1].

3. For anyt >0, any p € CZ([0,1]), we have

(u(t), ) = (0, ) + / (s [ [ ot tas,
/ / n(ds, dz).
We have the

Theorem 3.7.2. If uy € Co([0,1];IR,), equation (3.13) has a unique solu-
tion.

PROOF: STEP 1 We first reformulate the problem. Let v denote the solution
of the heat equation with additive white noise, but whithout the reflection,
i. e. v solves

v(0,2) = up(z), v(t,0) =v(t,1)=0.
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Defining z = u — v, we see that the pair (u,n) solves equation (3.13) if and
only if z solves

(oo
ot oz "
2(0,2) =0, z(t,0) = 2(t,1) =0, (3.14)

oo 1
z>—v, n>0, / / (z 4+ v)(t,x)n(dt,dx) =0,
o Jo

This is an obstacle problem, which can be solved path by path.
STEP 2 We construct a solution by means of the penalization method. For
each € > 0 let z. solve the penalized PDE

%—%_}_1( _|_)—
ot o2 =T

2(0,2) =0, z(t,0)=z(t,1) =0.

\

It is easily seen that this equation has a unique solution in
L (R,; H*(0,1)) N C(IRy x [0,1]). Moreover, it is easily seen that z. in-
creases, when € decreases to 0. If z. and Z. are solution to the same equation,
corresponding to v and © respectively, it is easy to show that

sup |z (t,x) — Z.(t,x)| < sup  |u(t,x) —0(t, x)| (3.15)

0<t<T,0<z<1 0<t<T,0<z<1
Let us show that
W= 2Ze — 2?5 - ||U _/ﬁ”OO,T S Oa

the other inequality being proved analogously. w solves

ow w1 U
E:@_}_E[(’Z&—i_v) —(Zs—i-v) ],

w(0,z) = —k, w(t,0)=w(t1)=—Fk,

where k = ||v — 0|l . If w reaches 0, it means that z. > 2. + k, hence
ze +v > Z + 0 and (2. +v)” < (2. +0)”. In that case, the drift in the
equation pushes w downwards, i. e. w remains negative between t = 0 and
t = T. This intuitive argument can be justified by standard methods.

STEP 3 We let z = lim._ o 2.. We want to prove that z is continuous. If we
replace v by a smooth obstacle v,,, then the difference between 2. and z, . is
dominated by ||v — v, || 1, and in the limit as e — 0,

12 = Znlloor < [v = vnlloor-
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But it is known that when the obstacle v,, is smooth, z, is continuous. Conse-
quently z is the uniform limit of continuous functions, hence it is continuous.
Define
n(dt,dx) = e (2. +v) " (¢, z)dtdx.

For any smooth function ¢ of (¢, ) which is zero whenever x = 0 or x = 1,

oo 82
(M, 1) :/0 (Zma_w"i‘ a;ﬁ)

hence 1. — n in the sense of distributions, as ¢ — 0. The limit distribution
is non negative, hence it is a measure, which satisfies

B e’} a¢ 821/1
o) = |G+ G

Now the support of 7. is included in the set {z. + v < 0} which decreases
as € — 0. Hence the support of 7 is included in {z. + v < 0} for all € > 0.
Consequently for all T' > 0,

T
/ / (ze +v)dn <0.
o Jo

The same is true with z. replaced by z by monotone convergence. Hence

/T/l(z+v)dn:

STEP 5 If the solution would be in L2 (IR, ; H'(0,1)), then the uniqueness

loc
proof would follow a very standard argument, since if (z,7) and (Z,7) are

two solutions,
T 1
| [ e=dm-n <o
0o Jo

Since the above regularity does not hold, one needs to implement a delicate
regularization procedure, which we will not present here. O

3.7.2 SPDE with critical singular drift

Now, consider the SPDE with singular drift (for reasons which will become
apparent below, we choose to write ¢ > 0as c¢= (§ —1)(6 — 3)/8, § > 3).

ou  Pu  (6—1)(0—3) :
ot Ox2 + Su3 +W,
u(0,2) = ug(z), u(t,0)=u(t, 1) =0,
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where 6 > 3. It can be shown that the solution of this SPDE converges to the
above reflected SPDE, as § — 3. L. Zambotti has shown that the solution to
those equations are ergodic, and computed explicitly their invariant measure
(including in the case § = 3), with respect to which the process is reversible.
It is the law of the & Bessel bridge, i. e. that of the d Bessel process,
conditionned to be at 0 at time 1. The 0 Bessel process is the solution of the
one dimensional SDE

-1

aXs(t) = 2Xs(t)

dt + dW (t), X;(0) = 0.

In the case where ¢ is an integer, it is the law of the norm of the é—dimensional
Brownian motion. In particular, the invariant measure of the solution of the
reflected SPDE studied in the previous subsection is the law of the norm of
3—dimensional Brownian motion, conditionned to be 0 at time ¢ = 1.

Moreover, Dalang, Mueller and Zambotti [3] have given precise indica-
tions concerning the set of points where the solution hits zero. This set
is decreasing in §. For § = 3, with positive probability there exists three
points of the form (¢,x1), (¢, x2), (f,x3) where u is zero, and the probability
that there exists 5 points of the same form where u hits zero is zero. For
4 < ¢ <5, there exists one such point with positive probability, and two such
points with zero probability. For § > 6, the probability that there exists one
point where u hits zero is zero.
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