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Model Particle system

Problem

Particle system in R?

@ initial distribution of particles — given by a Poisson random
measure with intensity measure v (or vt)
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Model Particle system

Problem

Particle system in R?

@ initial distribution of particles — given by a Poisson random
measure with intensity measure v (or vt)

@ particle motion — standard, spherically symmetric a-stable
Lévy process

@ intensity of branching V > 0,
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Model Particle system

Problem

Particle system in R?

@ (1 + () branching mechanism, 0 < < 1, with probability
generating function

g(s) =s+ (1-8)"*P 0<s<1.

1+

branching is critical — mean value = 1
if 3 =1 — binary branching
if 3 < 1 —infinite variance branching
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Model Particle system

Problem

Particle system in R?

@ (1 + () branching mechanism, 0 < g < 1, with probability
generating function

1
s)=s+—(1-8)""% 0<s<1.
a(s) +1+5( )

branching is critical — mean value = 1
if 3 =1 — binary branching
if 3 < 1 —infinite variance branching
@ particles move and branch independently

Empirical process
N;: Ni(A) = number of particles in the set A at time t.
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Mode Particle system

Problem

Problem

Rescaled occupation time fluctuations

1

Xr(t) = Fr

Tt
/ (Ns — ENg)ds, ~ t>0
0

where Fr is a proper norming.
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Model
ode Particle system

Problem

Problem

Rescaled occupation time fluctuations

1

Xr(t) = Fr

Tt
/ (Ns — ENg)ds, ~ t>0
0

where Fr is a proper norming.

Problem

@ find a suitable norming Fr, such that Xt converges in law
as T — oo to a nontrivial limit

@ identification of the limit
@ properties of the limit
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Model Particle system

Problem

Two cases

@ initial intensity measure = v does not depend on T (only
speed up the time)

@ initial intensity measure = v = Hrv, Hr — oo (speed up
the time + high density)
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Model Particle system

Problem

Two cases

@ initial intensity measure = v does not depend on T (only
speed up the time)

@ initial intensity measure = v = Hrv, Hr — oo (speed up
the time + high density)

We consider the following initial intensity measures
@ v = )\ (Lebesgue measure)
@ Hru, where p finite measure, Hr — oo

@ Hrp., with

dx
py () = T >0

either Hr = 1 or Hr — oo sulfficiently quickly
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Model Particle system

Problem

History and related problems

@ Deuschel, Wang (1994), a = 2 (Brownian particles),
Lebesgue measure, without branching

@ Dawson, Gorostiza, Wakolbinger (2001), convergence of
random variable X7(1), 8 = 1, general g3 only for “large”

dimensions

@ Iscoe (1986), for superprocesses, Lebesgue, convergence
of X7(1).

@ Birkner, Zahle (2007), for branching random walks on a
lattice.
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Model
ode Particle system

Problem

Notation

@ S(RY) —the Schwartz space of smooth quickly decreasing
functions
S'(R9) — the space of tempered distributions on R,
It is convenient to consider X7 as a process in S'(RY)

@ p; — the transition density of the «a-stable process,
(Br(x) = e~
7T; — transition semigroup 7;f = p; * f,

@ = — convergence in law in C([0, 7], 8'(RY)), forany 7 > 0
:f> — convergence of finite dimensional distributions
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Model

Particle system
Problem

Expected value of the occupation time

By the Poisson property of the initial distribution:
E(Nt, ) = [ra Tep(x)v(dx)

Proposition 1

Initial intensity measure v = i, = 1,

== if v<d,y<a

log T y=a<d

. T'=%logT y=d<a

E [ (Mprdt~{ogT? y=d=a
0

Ti-4 v>d,d<«
log T v>d,d=«
1 vy>ao,d>«
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

stable random measure

Let M be independently scattered (1 + [3)-stable random
measure on R+ with control measure \y,1 (Lebesgue) totally
skewed to the right, i.e. for any A € B(R9*1) such that

0 < Ag+1(A) < 0o, M(A) is (1 + [3)-stable, with characteristic
function

exp{ Ao (A2 (1~ e ytan 51+ ) |

zeR,

M is o-additive and M(A;), j = 1,2, ... are independent if A; are
disjoint.
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

Theorem 2

Assume that the initial intensity measure isv = X\ (v = 0), then
() & <d < U FIHP = T@+6-30), then Xy = K¢, where

g,:/Rd+1 (11[0 §(r )/ Du_r(X )du)M(drdx),tzo,

K is a constant.

¢ is well defined for d < , since

T 1+8
/ (/ pu(x)du> dx < oo, foranyr > 0.
rd \Jo
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

t
o= [, (Voa(0) [ o)) Maran). > 0

Remark: If 5 =1 (binary branching), then ¢ is a centered
Gaussian process with covariance function

1
h sh ! h __4h
s+t 2[(s+t)+\s t\},

h=3-d/a (0 < h < 2) (sub-fractional Brownian motion)

Anna Talarczyk Occupation time fluctuations



Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

(i) o =2 FI*P = Tlog T, then Xr= KAE, where £ is

one—d:mensronal( + [3)-stable process totally skewed to
the right with stationary independent increments.

eizé,:exp{_ﬂz‘(ﬁrﬁ) (1 i(sgnz)tan - ( +B))}
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Lebesgue measure (~y )
Results General case (gamma > 0)

Long range dependence

(i) o > eUHB) pI+6 _ then X7 = X, where X is a

1+ ﬂ)-stable process with values in S'(RY), it has
stationary independent increments

Eexpli(X().)) = exp{ Kt [ [eap(x)Gotx)
+ 31Go001" (1~ (senGol)) tan 51+ 9)) | o
= S(Rd) t>0,
where Gp(x) = [~ Tep(x)ds = Coa | - y,d ~o(y)dy.

on — 0 if0<p<1
ST\ #Bs=1.
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

Remark: If d < % o = 2, then there is a.s. local extinction, i.e.

lim N;(A) =0

t—o0

a.s. for any bounded A € B(R?)
Hypothesis: true also for o < 2.
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

Remark: If d < % o = 2, then there is a.s. local extinction, i.e.

lim N;(A) =0

t—o0

a.s. for any bounded A € B(R?)
Hypothesis: true also for o < 2.

High density

Theorem 2(i’)

Assume that d < % vt = Ht )\, Ht satisfies

lim HZ°T'=% =0,
T—oo

FIt0 — Hp T@H-50), then X7 = K¢, where ¢ as in Theorem
2 (i).
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

Remark. If 3 =1, then ¢ is a centered Gaussian process with
covariance function

e ford < 3
1
—sh— "¢ Slis+ N+ s — 11,
where h=3 —d/a (2 < h<2+ ).
(This function is positive definite for (2 < h < 4)).
@ ford = 3

[(s +t)?log(s + t) + (s — t)?log|s — t|] —s?logs—tlogt

| =

Introducing high density in Theorem 2 does not change the
results, only Fr is different.
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

General case (y > 0)

initial intensity measure: HTH‘T—’)‘(P, Hr — oo sufficiently quickly,
in some cases one can take Hr = 1
limits: (1 + )-stable processes X

dimension d spatial structure  temporal structure

“low” simple complicated

(X = KXE) (long range dependence)
“critical” simple simple

(X = KXE) (independent increments)
“large” complicated simple

(space inhomog.) (independent increments)
(¢ varies in different cases)

Anna Talarczyk Occupation time fluctuations



Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

for low dimensions £ has the form:
&= fo Jra (£, 1, x)M(drdx)
Critical dimension:

@ Lebesgue measure case (y =0): d = 1;"3 )
o G i ; . 248
@ finite measure case (with high density) (v > d): d = 1:{3

OOS’YSdZd:Z?;ﬂa—W:g“
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Model Lebesgue measure (v = 0)

Results General case (gamma > 0)
Idea of the proof Long range dependence
of the form K\¢ S'(RY) process
X(t) = X(1),t>0 Ird
v <a d<1%ﬂoz d:%ﬁ(y d>1%ﬂoz
v<d
v =a one can take Hr = 1 d:%a d>%a
y<d | ifg+y<d
a <y d= %Tﬁoe -3
v<d
_ _ 24P
Y= d d = ma
| R
v>d d= {5
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Idea of th

Model
Results

1e proof

Lebesgue measure (v = 0)
General case (gamma > 0)
Long range dependence

of the form K\¢

S'(RY) process

X(t) = X(1),t>0 Ird

7 <« d < Ha dZ%a d>1%ﬂa
v<d | FI*P = HpT246-38-3 FIH-H T3 10g 7| FI*P = H,T'-3
v=a one can take Hr =1 d—%a d>1;/5
y<d | iig+ty<d F1t% = Hr(log | F*% = Hrlog T
a <7y d= #a -3
y<d Fi*? = HrlogT / F;*7 =Hr
v=d Frii= — 248

il 724572059 109 7] FEP _ Hillog T2
v>d ) d= ?%Za

F71_+ﬂ:HTT2+B—E(1+5) F;_—i—,@ — Hrlog T
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

. 2 148 N
Case1: Lety<d, d< %ﬁ — e FpY = Hy 240 (d510)/

T—o0

lim T'=(@=08/ey-F —0 (only needed if d < % +7)

Then X7 = KX¢ where ¢

1/(148)
& = /Rw (“[o,t](r) (/Rd pr(x — y)!y\”dy>

t
/ pu_,(x)du> M(drdx), t>0,
,
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

Local extinction

Theorem

Ifa=2andd < % + v and the initial intensity measure is i,
then the particle system suffers a.s. local extinction, i.e. for
each bounded Borel set A

P(lim Ni(A) =0) = 1.

t—oo
Hypothesis: the same is true for a < 2

Theorem

Let0 < a < 2, initial intensity measure = i, v < a and
a> % -+ ~. Then there is no almost sure local extinction.
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

Note: there is always extinction in probability for v > 0 since

~

T o if y<d
E(Nr,)~{ T-2logT ~=d
T4 v>d
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

Case 3: Assumey < d,y <a, d > a2 and

F;_Jrﬁ — HTT1—'y/oz’
with Hr > 1. Then X7 = X, where X is an §’(RY)-valued
(1 + 3)-stable process with independent increments
eifg<1:
EelX()=X(8)%) — exp { (t1_g _ S1-g>
% .
/ 5 |G (x)[' 7 (1 — i(sgn Gy(x)) tan g(1 + B)) dx}
Rd

e if 3 =1, additional term with ¢(x)Gp(x).
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

Case2: Assumey<d,y<a,d= a% and

Fit? = HrT'=7/%log T,
with Hr > 1. Then X7 = KAn, where n is a (1 + /3)-stable

process with independent, non-stationary increments (for
~ > 0) whose laws are determined by

Ee?(m=ms) — exp { (ﬂ*% _ 3175) 12|18
(1 — i(sgn z)tan ~ ( +g))}

ZeR,t>s>0.
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

Long range dependence

Case1: y<dandd < 2EH) _ 2

@ 3=1 Gaussian case.
Let0<u<v<s<t Then

Cov(éy — &u &t — Erpr) ~ CT 6.

@ <1 Weintroduce dependence exponent:
ForO<u<v<s<t,T>0,z,2€R et

Dr(z,z2;u,v,s,t)
= |log Eei(z1(&v—8u)+22(ET41—ET+5))

_ |Og Eei21 (§v—&u) _ IOg Eei22(£T+t757—+5)|,
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

dependence exponent x is defined as
k= inf inf
z1,22€R 0<u<v<s<t

sup{y > 0: Dr(zy,z0;u,v,s,t) =0(T ") as T — oo}.

For the process ¢ in 1

a= [ [ ([ ptx-nmo) [ rtsraumaras

we have
d : d—vy
— f =2
5 if « orﬂ>d+a,
K =
d d—~v\ . d—~
bt - - ! < .
a<1+ a+d> if a<2andﬁid+a
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Lebesgue measure (v = 0)
Results General case (gamma > 0)

Long range dependence

Cases 7and 9: v > d, d < af15
The limit process is of the form K¢, where

G = /R <“[o,t](f) At / Pu—r(x du) M(drdx), t>0.

Dependence exponent of ( is

Lla
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Lebesgue measure (v = 0)
Results General case (gamma > 0)
Long range dependence

Other comments

@ The same results hold for superprocesses (some
differences if 5 = 1 in “large” dimensions)
@ Questions

e probabilistic interpretation of the two long range
dependence regimes for v < d in “low” dimensions
e interpretation of the “critical” dimension
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Idea of the proof

Idea of the proof of convergence

Q Let <5((t)> be an S’(RY)-valued process. Define
teR+

S'(R9*1)-valued random variable X by:

<5(, q>> _ /01 (X(t),o(.t)dt,  ®eSERIM)

In C([0, 1], S'(RY)):

convergence <5(T, cl>> = <5(, d>> ,in law Yo € S(RIt)
+ tightness of (X7, )+, in C([0, 1], R), Yy € S(R)

— convergence of X7 = X in law in w C([0, 1], S'(RY)).

(Remark: in general convergence of finite dimensional
disributions of X7 < convergence in law of X7)
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Idea of the proof

@ Convergence of <5(, d>> —is reduced to te case ¢ > 0.

© The limit process is totally skewed to the right = one can
use Laplace transform.
We show

Ee—(Xr.®) _ exp {—/ vr(x, T)vr(dx) + ,_ITE/T (Ns, @) ds} ,
Rd 0

where vt — initial intensity measure, vy satisfies a certain
integral equation.

(Remark: a similar formula holds for finite dimensional
distributions: ((X7(t), 1), .-, (X7(th), ¥n))

— by approximating 3= 61 by & € S(RYH)).
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Idea of the proof

(4] ) )
Ee(X1®) _, Fe—(X.9) ® > 0.

© Tightness (if the limit process is continuous)
e 3 =1 one can study

E(Xr(t2) — Xr(tr), )|

e 3 < 1. We show: there exist h,e,r > 0 such that
P(I(X7(t2) — Xr(t), ¢)| = 9)

1
Cs / ' (1 —Re Ee*"9<XT(’2)*XT(t‘)’“">> do
0

IN

C(p 1+e
(gr ) (tg o t1h)

forall0<t <t,d>0.
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Idea of the proof

Let

(ns)s>0 — standard «-stable process
g — probability generating function of the branching mechanism
NX — empirical process for a tree starting from one particle at

site x
Since N is a Poisson random measure with intensity vr, we get

Ee—(¥79) _ exp { / (Ee~ W rzwrtanas _ 1) VT(dX)}
Rd

.
X eXIO{/Rd/O Tsz(‘vS)(X)dSVT(dX)} (L)
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Idea of the proof

Let ]
wr(x,r,t) = Ee~ Jo (N W7 (-r+s))ds

Conditioning with respect to the first branching
wr(x,r,t) = e~ Eg= Jo Vr(nir+s)ds

=: hr(x,r,t)

t—

t fS\IJ (n,r+u)du
+V/0 e V-9 Fe o g(wr(n¥ s, r+1t—s,8))ds

=: kr(x,r,s,t—5s) (1)
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Idea of the proof

By the Feynman Kac Formula:
Zhr(x,r.t) = (Ao + 2 —Vr(x,1)) hr(x,r,t)
hT(X, r, 0) =1

%kT(Xa r,s, 0) = (Aa + % - WT(Xv r)) kT(Xv r, t)
kT(Xa r,s, O) = g(WT(X7 r, S))

This and (1) gives

8Qtwr(x, r.t)= (Aa + % —Vr(x, r)) wr(x,r,t)

1
+it (1= wr(x,r, )"’

wr(x,r,0) =1
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Idea of the proof

Writing the equation in the mild form and substituting
vi(x,t)=1—wr(x, T -t 1), (0 <t <T)we obtain

t
vr(x, 1) = /0 T s (Wr( T = (1 = vr(,9))

W) ) (0,

From (L) we obtain

Ee~(Xr:©)

]
— exp { /R d [_vr(x, T) + /0 Tr Ur( T — s)(x)ds] uT(dx)}

r 1
— exp / / Tr_s [Wr(. T = $)vr(.) + (vr(- )] (x)dsvr(x)
o) J
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Idea of the proof

Usually (always for 5 < 1, and if 3 = 1 —in case of low
dimensions)

lim Ee(Xr:®) —

T—o0

Jim exp {1‘16 / "I < / T V(T - u))w (X)VT(dX)}
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