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Abstract: The Neutron transport equation is considered and a bilinear finite element scheme is
suggested. A second convergence order, in the quadtatic norm, is proved using a uniform bound for
the 2-norm of the inverse of the system matrix. This proves that the global error is of order two.
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1 Introduction: what importance of bounds of the ma-

trices...
Let us consider a finite difference scheme which can be written as
L"u" = 7, on Q" 1]

where L is a square matrix and h is a postive parameter is expected to tend to zero.

Equation (1] is expected to approximate the following differential equation
Lu =, on Q. 2]

Two notions are known in the context of finite difference methods: stability and consistency. These

two concepts are useful to prove the convergence of finite difference schemes.

1. stability states that the matrix is bounded independently of h in some reasonable norms, see

for instance [GOD 77|

2. consistency states that the trunction error tends to zero in the folowing sense: by acting L"

on the exact solution u (in some sense) of [2], we should find

L"uw—f — 0, as h — 0. 3]
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Of course the previous convergence should be measured in some reasonable norms, see for

instance [GOD 77].

Under properties of stability and consistency, the solution u" of finite difference scheme [I]

converges towards the exact solution u of

By this way, we understand that the bound of the matrix L" is interesting to get the convergence

of the solution of finite difference scheme towards the exact solution of .

2 some of physics on the Neutron transport equation

From Wikipedia, http://en.wikipedia.org/wiki/, I learned the following information ”Neutron trans-
port is the study of the motions and interactions of neutrons with materials. Nuclear scientists and
engineers often need to know where neutrons are in an apparatus, what direction they are going,
and how quickly they are moving. It is commonly used to determine the behavior of nuclear reac-
tor cores and experimental or industrial neutron beams. Neutron transport is a type of radiative

transport. ”

3 what is the Neutron transport equation?

Let D be the domain (0, a1) x (0, a2) and n be a unit vector in R%. Let o > 0 be the absorption cross
section (for simplicty it is assumed constant), and g(xz) >> 0 be an external source of neutrons (I

do not know why the source term is assumed to be positive). The Neutron transport equation is
n-Viy(z)+oyp(z) =q(x), v €D, [4]

with a Dirichlet boundary conditions.

4 scheme?
A bilinear finite element scheme is suggested. The scheme can be written as

n n g
71 (ij — Pi-1,5) + f (Y5 — ij—1) + 1 (ig 4 Pi—1,5 + Yij—1 +hi-1,5-1)

= g, €D, 5]

where g;; is the mean value of ¢ on (x;—1,%i) X (yj—1,y;) . The values 1);; are known on the

boundary using the stated Dirichlet boundary conditions.

5 some basic ideas from the article...
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1. local truncation error: it is defined by the quantity 7 ; given by

7ij = (Lp)ij — q(xi,y5) = n- V(i ;) + o (@i, y5) — q(zi, y5), (6]
where
L)y = 5 @l yy) — e ) + 5 W(@ny;) = Y@ yi-1)
+ % (W(@i,y5) + Y(@i-1,95) + (i, yi-1) + ¥ (Ti-1,95-1)) - (7]

2. order of local truncation error:
(a) first approach: Taylor expansion it is proved in [GRE 86| that 7;; is of order (max(h, k))>.

(b) second approach: Bramble-Hilbert lemma convenient linear form is chosen and the we
apply Bramble-Hilbert lemma ([BRAT70])

(¢) third approach: using a bound of matrix: we recommand the information provided in
http://en.wikipedia.org/wiki/Matrix_norm. The following useful inequality in the matri-
ces is used

IAIIZ < [[Allx - [1A]|oo- 8]
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