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1 Abstract

2

The authors provide us with a finite element scheme for the elliptic problem L .u. = — Z Oi (a, J (f) aiug (T)) =
XT; 13 Zj

f(z) in Q and ue = 0 on 99, where Q = (0,1)?, a(y) = (ai;(y)) is a periodic symmetric positive

i,j=1

definite matrix, and ¢ is a singular parameter such that h >> e. To get a finite element scheme,
the authors first derived a convenient asymptotic expansion for the exact solution u.. An a priori
error estimate between the the exact solution u. and this asymptotic expansion is proved under
some weak regularity assumption on the exact solution. The previous stated asymptotic expansion
contains a corrector term, to capture the homogeneous Dirichlet boundary condition of u. and
denoted by 0., is satisfying £.0. = 0 and its boundary value is highly oscillatory. An analytical
approximation for 6. is provided. A finite element scheme is suggested using some convenient finite
element approximations for each term in the asymptotic expansion and the corrector term 6.. De-
pending on the regularity of the problem and of the functions included in the asymptotic expansion,
an a priori error estimate of the suggested finite element scheme is proved. The order of the finite

element scheme is h% + %2 4+ h in L?-norm, and h+&**° in the Hi-—norm, for some se (f%, 0].
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5 Some basic knowledge

This paper considers the following problem

(&%M@=—§:£EGWC»;;%@O=f@%wGQ i)

Q=1
and
uc(x) =0, x € 0. 2]

Here ¢ is a small scale and a(y) = (as;(y)) is a periodic symmetric positive definite matrix with
period Y = (0,1), and Q = (0,1)>. We assume that a;; € L2, (Y), Le., ai; is Y-periodic and
a;; € L>=(IR?), and that there exists a positive constant v, such that v, [|€||* < as;j(y)&:&;, for all
£€=(&,&) € R? and y € (0,1)%
We note that standard finite element methods do not yield good numerical approximation when the
mesh size h satisfies h < . To overcome this situation, new numerical methods have been recently
proposed to solve above problem such as the multiscale finite element methods [EFE 00, [HOU 97].
The numerical method used here is based strongly on the use of an asymptotic expansion for . It

is also used the matrix a to obtain a very efficient method to approximate ..

6 Asymptotic expansion for the exact solution
It is said in the present article that the exact solution € could be expanded as
ue () = uo(x, x/e) + eur(x,z/e) + e ua(z, x /) + . .. (3]

It is claimed in the article under consideration that using equation 3] in |1| and matching the terms

with the same order in ¢, one may define function u; such that

ue (z) — uo(z, @/e) — cur(z, /)1 < Ce? [lug|l2,00 4]

Remark 1 1do not understand well why the left hand side on [4] depends on u., up, and w1, whereas

the right hand side depends only on wug.
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Let us try what I understood from the article.

Ezample 1 Let us assume that a11(z/e) = x1/e and otherwise a;; = 0 otherwise.

Therefore
2

> o (s (2) @) = g (/) (o)

=1
1[0 0?
= —| —u(z)+z1=5ul(z 5
(o) el 5
but I do not how to manage after!! It seems that is it is better, as it is advised in the article under

consideration, to consult [BEN 78|

The following funtions are used to provide a convenient asymptotic expansion for u.; a convenient
asymptotic expansion in the sense that we get the arror estimate, in the finite element approxima-

tion, given below.

e Let x € Hyer(Y), i.e. x € Hloc(IR?), d =2 or 3, and x is Y-periodic (Y is a domain in IR?,

, d =2 or 3) be the weak solution with zero average over Y of

Vy-a(y)Vy X = =Vy-a(y)Vyy; = Z By, [6]

Let us denote by
Ny ~
Aij = |Y| > / (i = X)) 5, (5 = x")dy. [7]
I,m=1

We can check that the matrix A = (A;;) is symmetric positive definite. Define the weak

solution ug of the following elliptic problem with homogeneous Dirichlet boundary conditions
— V- AVuo(z) = f(x), = € Q. 8]

e We define the function uq by

S MUELE! 0

e Since we need an approximation in terms of linear combination of ug, w1 and uo + eu1 does
not satisfy the boundary condition of u, we need to introduce the corrector term 6. € H'(Q)
as the solution of

—V-a(x/e)VO.(x) =0, z € Q, [10]
and
Oc(z) = —ui(z, 6) x € 0f. [11]
Hence, we have ug + eu1 + €6 € H5(Q).
Since problem has the highly oscillatory coefficient a (x/¢), one should find an analytical
approximation before going to approximate the solution 6. of problem will be discussed

later.
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Remark 2 Tt seems that for the first time that equations [l| and have the same difficulty
of highly oscillatory data, namely the oscillatory coefficient in and oscillatory coefficient and
oscillatory boundary condition in , and therefore expansion ug + eui + €6., which expected
to approximate u. and contains 6., does not serve us. It is nice to make the difference between
equations and .

A first remark that [1] and have the same coefficients. Indeed, assume for the sake of simplicity,
that d = 2. Therefore

0 (au(x/s) gZi + aiz(x/¢€) gZZ) 0 (agl(m/s) gZi + a2 (x/¢) gz;)
Oz v Oz

V-a(x/e) VO (x) = [12]

Therefore the difference between and may be occur one remarks that the right hand side
1] equal to f and the boundary conditions vanish, whereas the right hand side in vanishes and

the boundary conditions does not vanish.

6.1 Approximation of 6.

The function 6. is decomposed into functions 0. and 0. in the following way:

d
—V-a(x/e)Ve(x) =0, z € Qand . = (Z X (x/e)n; — X*) Onuo on OS). [13]
=1
and
~V-a(x/e)Vl.(x) =0, z € Qand 0. = x*Oyuo on 9. [14]

where x*|r, k € {e,w,n, s}, are properly chosen constants, where I'. = {1} x[0, 1], Ty, = {0} %[0, 1],

I, =[0,1] x {1}, and Ts = [0,1] x {0} are the edges of the domain © = (0,1)?. On remarks that
d

> oX (@/e) .

j=1

The constants x* are given in Subsection 2.2.1., page 549, of the paper under consideration.

The following result (is the subject of Theorem 3.1., Page 561 of the paper under consideration)

gives an error estimate between ug + cui + €60. and the exact solution wu..

THEOREM 6.1 Let uo, u1, ¢ be respectively given in [§], [0] and [SARZ08, (2.16), Page 550].
Under some assumptions on the coefficients a;j;, uo, and X7, there exists a negative constant § and

a positive constant C', independent of ¢ such that

lue(-) = uo(-) = eur(,-/e) = e el < Ce'*°lug

|2,p» [15]

and

lue(-) = uo(-) = ewr(-,-/e) = e dello < Ce®?|luol

3,p+ [16}
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7 Finite element approximation for u.

After the authors [SAR08] having obtained an analytical approximation, namely u.(-) — uo(-) —
cui(+,-/e) — € ¢, for uc, the authors moved to obtain a finite element approximation, denoted by
u”, for u.. The finite element approximation u! is based on the approximation of the terms existing
in the expansion us(-) — uo(-) —eui (-, /) — € ¢e.

It seems that some additional reading I should do before arriving to understand how it is approxi-

mated
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