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Geometry :
@ Q= (—1,1) : heterogeneous porous
interface medium,
g | I'={x=0} o Q= (—1., 0), Q> = (0, 1) : homogeneous
subdomains,
@ [ :interface between 21 and Q4.
X
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Geometry :
@ Q= (—1,1) : heterogeneous porous
interface medium,
g | I'={x=0} o Q= (—1., 0), Q> = (0, 1) : homogeneous
subdomains,
@ [ :interface between Q¢ and Q4.
Flow :
@ Immiscible, incompressible two phase flow
(oil, water, no gas),
: : @ with two constituents (oil, water)
X
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In each Q;
oru -+ 0 fi(u) = A{u)oxmi(u) ) =0,

where
@ u € [0,1] : saturation, q
volume rate of water,
@ f; : Lip. functions,
fi(0) =0, fi(1) = q, 0 1
@ ¢ :total flow rate,

depends only on time.
@ ); : Lip. functions, positive on (0, 1),
Xi(0) = Ai(1) =0, "
@ r; : Capillary pressure, ﬂ
increasing Lip. functions,
0 1
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In each ©Q;
dru + 5x< fi(u) — )\i(u)axﬁi(u)) =0,

-~

Fi(u,0xu)

where /\

@ u € [0,1] : saturation, q
volume rate of water,

@ f; : Lip. functions,

£(0) =0, fi(1) = g, . :
@ q : total flow rate,
depends only on time.
@ ); : Lip. functions, positive on (0, 1),
2i(0) = Xi(1) =0, M
@ 7, : Capillary pressure,
increasing Lip. functions,

0 1
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[Enchéry, Eymard & Michel, 06], [C., Gallouét & Porretta] :

Let us define the monotonous
2 . graph 7; :
4 ' 7i(s) =mi(s)if0 < s < 1,
g #i(0) =] — oo, m;(0)]
e m, #ti(1) = [mi(1), +ool
Thus, at the interface :
T4 (U1) N 7"(2(U2) # (.
+ Flux connection :
0 , 1
turation
e Fi(uy,0xuy) = Fa(uz, OxUo).

FiG.: Graph of capillary pressures
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The problem becomes :

Q O+ Ox(fi(u) — Ni(u)Vmi(u)) =0, (€2)
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The problem becomes :
Q oiu+ 0x(fi(u) — Nj(u)Vmi(u)) =0, (Q)

Q #1(ur) Ni2(uz) # 0, (r)
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The problem becomes :

Q 9+ Ox(fi(u) — Ai(u)Vmi(u)) = 0, (€2)
Q #i(ur) Nia(uz) # 0, (M)
e F1(U1,8XU1) = Fg(Ug,axUQ), (r)
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The problem becomes :

Q 01U+ dx(fi(u) — Ni(u)Vmi(u)) = 0, ()
Q 71(ur) Na(uz) # 0, (")
Q Fy(u1,dxt) = Fa(Up, dxln), (r
© ’’Boundary conditions” (09)
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The problem becomes :

Q U+ dx(fi(u) — Ai(u)Vmi(u)) =0, ()
Q 71(us) Nta(up) # 0, (M)
Q Fi(ur,dxti) = Fa(Up, Oxl), (r)
© ’’Boundary conditions” (09)
Q u(x,0) = up(x). (Q)
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u
Let T > 0, denoting by ¢;(u) = / Ai(s)i(s)ds
0

Weak solution
u is said to be a weak solution if :
Q ucl>®Qx(0,T),0<u<A,
Q Vi, pi(u) € L3(0, T, H' (),
Q forae. te(0,T), 71 (us(0, 1)) N7a(ux(0, t)) # 0,
Q vy € C>(Q x [0, T|),

> / /Q o udppaxdt + > / Ugtp(-, 0)dlx

i=1,2 i=1,2
+> / / Ox(fi(u) — Oxpi(u))Oxipdxat
S’ /2x(0,T)
-+”Boundary conditions” = 0.
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Outline

© Approximation of weak solutions
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Discretization of Q x (0, T) :
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Discretization of Q x (0, T) :

@ Timesteps:0=10<t'<...<tM=T,
> 5tn:tn+1 _tn'
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Discretization of Q x (0, T) :

@ Timesteps:0=10<t'<...<tM=T,
> 6tn:tn+1 _tn'

@ Edges : (Xk)k=—n,..n, With

> X_N:—1’
| 2 XN:1!
> XOZO,
> Xk+1 > Xk,

C. Cances (Université de Marseille) Flow in heterogeneous porous media Aussois, 2008 9/26



Discretization of Q x (0, T) :
@ Timesteps:0=10<t'<...<tM=T,
> Ot = tn+1 — N,
@ Edges : (Xk)k=—n,...n, With
X_N = _15
Xy =1,
Xo =0,
Xk+1 > Xk,

@ Cell centers : Xxy1/2 €]Xk, Xkq1[, K = —=N,...N -1,

vV vy VvYy
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Discretization of Q x (0, T) :
@ Timesteps : 0= <t <...<tM=T,
(Y S (L (L
@ Edges : (Xk)k=—n,..n, With
X_N = 71,
XN = 1,
Xo = 0,
Xk+1 > Xk

@ Cell centers : Xxy1/2 €]Xk, Xkq1[, K = —=N,...N -1,

vV vy VvYy

@ Discrete unknowns : (u,’(’ﬂm)k , (,:/(7+1>k ’
,n ,n
@ Finite volume scheme: —-N<k<N-1,0<n<M-—1,

n+1 n+1
U172 = Ugst)2

(X1 — Xk) + FRH — FT =0.

otn
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@ Initial data :

0 1 Xk41 d
u = Uo(X)dx
/2= T /xk o(x)aXx,

@ Inner edges (k ¢ {—N,0,N}) :

Wi(u;r<'+1/2) - @i(ugq/z)

Xk+1/2 — Xk—1/2

F¢ = Gi <U£_1/2» U/’<7+1/2) -

» G Lipschitz continuous w.r.t. to each variable,
» Gi(a, b) non-decreasing w.r.t a, non-increasing w.r.t. b,
> Gi(a,a) = fi(a),

@ Boundary conditions :

Fln = Gi(tr, U yyq ) Fi = Ga(UN_1 /2, T2)-
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Flux at the interface :

A Rusanov scheme

801(Uﬁ1/2) - ‘P1(U(r)7,1)

n n o n _qqn
Fo = fi(uly)+ Lips (Ul — Ugy) + Xo — X_1/2
_ p2(ug o) — p1(uf5)
= f(uf)) + Lip,(Ugo — Uf)2) + X1 /2 — : @
1/2 — X0

where (ug 4, U ,) is the unique couple of solutions in [0, 1] of

— #1(Ugq) N72(ug o) # 0,
— flux connection (1)=(2).
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@ Forallk e {—N,N — 1}, for all n € {0, M},

0<Ugiqipp<1.
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@ Forallk e {—N,N — 1}, for all n € {0, M},

0<Ugiqipp<1.

@ There exists a unique (u,?+1/2)k solution to the scheme.
,n
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@ Forallk e {—N,N — 1}, for all n € {0, M},
0<Ugiqipp<1.

@ There exists a unique (u,?+1/2)k solution to the scheme.
,n

— Discrete solution :

up(x,t) = u,’(’ﬂ/zifxe(xk,xk+1)andte(t”,t”+1],

up(x,0) = U/(<)+1/2 if X € (Xk, Xk11)-
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@ Forallk e {—N,N — 1}, forall n € {0, M},
0<Ukiypp<1.

@ There exists a unique (u,?+1/2)k solution to the scheme.
,n

— Discrete solution :
up(X,t) = UFT] 5 if X € (Xk, Xkp) and t € (¢7,87],

up(x,0) = U,y if X € (Xk, Xky1)-

@ Discrete L'-contraction principle : Vvt € [0, T],

/(uD(x, t) — vp(x, 1)) Fdx < /(up(x, 0) — vp(x,0))Tdx.
Q Q
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@ Energy estimate :

M—1
Z 6t”Z5Xk (Fl?_H)z < C(fia)‘i:ﬂ'iv T)
n=0 k#0
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@ Energy estimate :

M—1
Y ot" S o (o) < C(h v T)
n=0 k0

= space and times translates estimates,
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@ Energy estimate :

M—1
Y ot" S o (o) < C(h v T)
n=0 k0

= space and times translates estimates,
= strong convergence of the traces,
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@ Energy estimate :

M—1
> ot S on (Fr)” < ot vy, T
n=0 k#£0

= space and times translates estimates,
= strong convergence of the traces,

Convergence to a weak solution
Up to a subsequence,

up — Uae.inQ x (0, T),

where u is a weak solution to the problem
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Outline

e Approximation of bounded-flux solutions
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[Alt & Luckaus (1983), Otto (1996), Carillo (1999)]

Using a doubling variable method :
Q@ ue ([0, T]; LP()), p € [1,+o0].

@ If v is a weak solution with the initial data vy :
Vi € DF(Q x [0, T[) with (0, T) =0

Z/Qx(or)‘““_v 8t¢dth+Z/ b1 (o — vo)* (0)ax

signy(u — v) (f(u)

1)
*Z/ X(or[ 0y (0i(u) — oi(v))* ]de‘”zo'
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Lete > 0, let ¢». € DT (Q) with :
@ ¢=0o0nT;;x(0,T),
@ Y. —1inL'(Q)ase — 0.
Let s € [0, T[ taking the test function x[o s{(f)1<(X) leads to :

Z/Q (U(x, s) — v(x,s))" dx < Z/Q (o — vo)™ dx

. sgn. (u— v) (F(u) - (v))
*"mf“pZ/Q,X(O,S)[ 0 (9i(u) — pi(V))" }a*%dx‘”

~~

<0777
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Lete > 0, let ¢». € DT (Q) with :
@ ¢=0o0nT;;x(0,T),
@ Y. —1inL'(Q)ase — 0.
Let s € [0, T[ taking the test function x[o s{(f)1<(X) leads to :

Z/Q (U(x, s) — v(x,s))" dx < Z/Q (o — vo)™ dx

. sgn. (u— v) (F(u) - (v))
*"mf“pZ/Q,X(O,S)[ 0 (9i(u) — pi(V))" }a*%dx‘”

~~

<0777

— Additional regularity is needed :

Fi(u,0xu) € L*°(Q; x (0, T)) =uniqueness.
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Bounded flux solution :

u is said to be a bounded flux solution if
© vuis a weak solution,
Q Fi(u,0xu) € L°(Q; x (0, T)).
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Bounded flux solution :

u is said to be a bounded flux solution if
© vuis a weak solution,
Q Fi(u,0xu) € L>(Q; x (0, T)).

Prepared initial data :

i) Oxpi(Uo) € L>(2),
if) #1(Uo,1) N 72(Uo2) # 0. = max ’F,?‘ < C(uo, £, A, ).
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Bounded flux solution :

u is said to be a bounded flux solution if
© vuis a weak solution,
Q Fi(u,0xu) € L>(Q; x (0, T)).

Prepared initial data :

i) Oxpi(Uo) € L>(%)),
if) 71 (Uo,1) N 72(Uo,2) # 0. = max ’F,?‘ < C(up, f;, \j, 7).

Uniform Bound on the discrete

maxmax | F¢| < C(uo, fi, A, i)
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Idea of the proof :
@ equation on the flux

" 9¢Fi + £ (Ur)Ox Fi — 8 (i (Ui« Fi) = 0"
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Idea of the proof :
@ equation on the flux

" 9¢Fi + £ (Ur)Ox Fi — 8 (i (Ui« Fi) = 0"

= Maximum principle.
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Idea of the proof :
@ equation on the flux

" 9¢Fi + £ (Ur)Ox Fi — 8 (i (Ui« Fi) = 0"

= Maximum principle.
o there exists (g’ ;, af ' ;) € (R;)? such that :

Kk k—1
n+1 n-+1 n+1 n+1 n+1 n
[Fk—1’Fk ka+1] | T+ tage | < Py
_an+1
K,k+1
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Idea of the proof :
@ equation on the flux

" 9¢Fi + £ (Ur)Ox Fi — 8 (i (Ui« Fi) = 0"

= Maximum principle.
o there exists (aj’ ;, ajf ;) € (R+)? such that :

_an+1
1k,k—1 ]
n+1 n+1 n+1 n—+ n-+ n
(722 R s o] B IR AN A I
_an+1
k,k-+1

= max F' < max ( max F/, F™&' Fi+1 ).
R, LT N
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Convergence toward a bounded flux solution

Let ug be a prepared initial data, then the discrete solution up
converges to the unique bounded flux solution.
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Convergence toward a bounded flux solution

Let ug be a prepared initial data, then the discrete solution up
converges to the unique bounded flux solution.

Let ug € L*, then up converges to the unique SOLA.
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Outline

0 Numerical simulations
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up =0.7, g =0, \j(u) = rju(1 — u), f = qu — \j(u),
7I','(U) = Pj+U/10, Pi=1, P, =2,

= Uy =1oru =0.

0.8r b

0.6 q

04 q

=il -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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up =0.7, g =0, \j(u) = rju(1 — u), f = qu — \j(u),
7I','(U) = Pj+U/10, Pi=2 P, =1,

= Uy =0o0ru =1.

14 p
0.8 q
0.6 q
04 q
0.2 q
ot p
I I I I I I I I
=il -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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up =0.2,g=1, \j(u) = rju(1 —u), f = qu — \j(u),
mi(u) = P+ u/10, Py =1, P, =2,

= Uy =1oru =0.

s J
08l 1
0.6~ q
04f 1
02

ot B

\ \ \ \ \ \ \ \
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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up =0.2,g=1, \j(u) = rju(1 — u), fi(u) = qu — Xj(u),
7T,'(U) = Pi+U/10, Pi=2 P, =1,

= Uy =0o0ru =1.

s J
08l 1
0.6~ q
04f 1
02

ot B

\ \ \ \ \ \ \ \
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

C. Cances (Université de Marseille) Flow in heterogeneous porous media Aussois, 2008 24 /26



Outline

e Conclusion and prospectives
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Conclusion :
@ a new simplified model for two phase flow in heterogeneous,

allowing the occurrence of capillary barriers,
@ a simple convergent scheme to predict the flow.

Prospectives :

@ a multidimensional model

» uniqueness of the solution,
» interface condition for the pressure equation,
» numerical simulations.
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