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1. Objectives of the work

Actual problems
• realistic domains are not shoe boxes,
• no general tools for the meshing of complex 3D domains

using Voronoï or Delaunay tessellations,
• generalized hexahedric meshes often used,
• full stress tensors (compressible flows),
•mesh refinement for boundary layers  non matching

grids.

Drawbacks of the usual schemes for diffusion
on general meshes
• non-local stencils,
• cell-centred or face-centred unknowns,
• energy balances not respected,
• no theoretical convergence property,
• no accuracy on some particular grids,
• no “M-matrix”.

A new scheme for the Navier-Stokes equa-
tions on general meshes
• collocated cell-centred scheme with local stencil,
• s.d.p. matrices for the diffusion operator,
•mathematical convergence properties,
• numerical preservation of the maximum principle in 3D,
• discrete kinetic and energy balances,
• local pressure stabilization.

2. Continuous formulation

Strong formulation

−Pr∆u + ∇p + (u ·∇)u− Ra PrTe3 = f (x) in Ω

−∆T + (u ·∇)T = g(x) in Ω

divu = 0 in Ωu(x) = 0 x ∈ ∂Ω
T (x) = Tb(x) x ∈ ∂Ω1
−∇T (x) · n(x) = qb(x) x ∈ ∂Ω2

Weak formulation
find u ∈ H1

0(Ω)d, p ∈ L2(Ω) with
∫

Ω p(x)dx = 0, and T with
T − Tb ∈ H1

∂Ω1,0
(Ω), such that

Pr

∫
Ω

∇u : ∇vdx −
∫

Ω
p divvdx +

∫
Ω

div(u⊗ u) · vdx

−Ra Pr

∫
Ω
Te3 · vdx =

∫
Ω

f (x) · vdx

∀v ∈ H1
0(Ω)d∫

Ω
∇T ·∇θdx +

∫
Ω

div(uT )θdx

=

∫
Ω
g(x)θdx−

∫
∂Ω2

qb(x)trace∂Ω2
θ(x)dx

∀θ ∈ H1
∂Ω1,0

(Ω)

divu(x) = 0 for a.e. x ∈ Ω

3. Discrete scheme

Basic notations
D = (M, E ,P) space discretization

ZOOM

xσ

mσ

dK,σ

xKK
DK,σ

L

xL

nK,σ

K ∈M, σ ∈ E , xK ∈ P
interior face: σ ∈ Eint

Mσ = {K,L}, xσ =
∑
K

aKσ xK, Πσ(u) =
∑
K

aKσ uK

boundary face: σ ∈ Eext
Mσ = {K}

Discretization of viscous terms

∇Ku =
1

mK

∑
σ∈EK

mσ(uσ − uK)nK,σ

RK,σu =

√
d

dK,σ
(uσ − uK −∇Ku · (xσ − xK))

∇K,σu = ∇Ku + RK,σunK,σ

∇Du(x) = ∇K,σu, for a.e. x ∈ DK,σ, ∀K ∈M, ∀σ ∈ EK

Pressure-velocity coupling, mass balance
and convective contributions

divKu =
1

mK

∑
σ∈EK

mσuσ · nK,σ, ∀K ∈M

divDu(x) = divKu, for a.e. x ∈ K, ∀K ∈M

ΦλK,σ(u, p) = mσ
(
uσ · nK,σ + λσ(pK − pL)

)
, Mσ = {K,L}

divλK(v,u, p) =
1

mK

∑
σ∈EK∩Eint,Mσ={K,L}

ΦλK,σ(u, p)
vK + vL

2

divλD(v,u, p)(x) = divλK(v,u, p), for a.e. x ∈ K, ∀K ∈M

Choice for the parameters (λσ)σ∈Eint

G partition ofM,
λσ = λ > 0 if ∃G ∈ G withMσ ⊂ G otherwise λσ = 0.

Example of the construction of a partition G ofM.

Resulting discrete equations

•XD =
{
u ∈ RM × RE , ∀σ ∈ Eint, uσ = Πσ(u)

}
•XD0 =

{
u ∈ XD, ∀σ ∈ Eext, uσ = 0

}
•XD∂Ω1,0

=
{
θ ∈ XD, ∀σ ∈ Eext ∩ ∂Ω1, θσ = 0

}
•HM(Ω) ⊂ L2(Ω) functions constant in each K ∈M

•FM : XD → HM(Ω):
∀u ∈ XD,

(
FM(u)

)
(x) = uK for a.e. x ∈ K, ∀K ∈M

•FE : XD → L2(∂Ω):
∀u ∈ XD,

(
FE(u)

)
(x) = uσ for a.e. x ∈ σ, ∀σ ∈ Eext

find u = (u(i))i=1,d ∈ (XD0 )d, p ∈ HM(Ω) with
∫

Ω p(x)dx =∑
K∈MmKpK = 0 and T − Tb,D ∈ XD∂Ω1,0

such that:

Pr

∫
Ω

∇Du : ∇Dvdx−
∫

Ω
pdivDvdx+∫

Ω
divλD(u,u, p) · FM(v)dx− Ra Pr

∫
Ω
FM(T )e3 · FM(v)dx

=

∫
Ω

f · FM(v)dx, ∀v ∈ (XD0 )d

∫
Ω

∇DT ·∇Dθdx +

∫
Ω

divλD(T,u, p)FM(θ)dx

=

∫
Ω
gFM(θ)dx−

∫
∂Ω2

qbFE(θ)ds, ∀θ ∈ XD∂Ω1,0

divλD(1,u, p) = 0 a.e. in Ω

Mathematical properties

• existence of discrete solution,

• estimates on the kinetic energy,

• convergence of the scheme.

4. Numerical validation
Use of scalable linear solvers package HYPRE [1] with a
preconditioning based on Euclid.

Geometry and meshes

Smooth meshes Random meshes Truncated cone
n3
i (eventually distorted or cut) cubes in an unit 3D-box.

Case of an analytical solution in pure diffu-
sion

Tref(x1, x2, x3) = sin(πx1) cos(πx2) cos(πx3)
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Truncated cone

log ‖T − Tref‖2 = f (log(h)) log ‖T − Tref‖H1 = f (log(h))

Solution accuracy for different norms, h = maxK∈M hK
where hK measuare the diameter of K.

Enclosure Cubic Truncated conic
Meshes cubic smooth random cube-based
L2-norm 2 (2) 1.96 (1.97) 1.87 (1.93) 2.09 (2.03)
L∞-norm 1.99 (2) 1.81 (1.68) 1.74 (1.88) 1.92 (1.58)

H1-norm 2 (2) 1.50 (1.28) 1.16 (1.07) 1.55 (1.48)
Slopes of the linear approximations of convergence curves

for 10 ≤ ni ≤ 100 (50 ≤ ni ≤ 100).

Case of an isothermal Navier-Stokes analyti-
cal solution in cubic enclosure

uref(x) = ∇ ∧
d∑
i=1

(4x1(x1 − 1))3(4x2(x2 − 1))4(4x3(x3 − 1))5ei,

pref(x) = cos(πx1) cos(πx2) cos(πx3) and Pr = 1, Ra = 0.

Cubic Smooth Random
meshes

L2 u(1) 2 (2) 1.94 (1.99) 1.82 (1.95)

u(2) 1.99 (2) 1.96 (1.99) 1.84 (1.94)

u(3) 2 (2) 1.95 (1.98) 1.87 (1.94)
p 2 (2) 1.09 (0.76) 0.85 (0.93)

L∞ u(1) 2 (2) 1.67 (2.02) 1.61 (1.84)

u(2) 1.75 (1.78) 1.39 (1.64) 1.66 (1.72)

u(3) 1.88 (1.74) 1.55 (1.59) 1.73 (1.86)
p 1.72 (1.93) −− −−

H1 u(1) 1.98 (2) 1.80 (1.85) 1.43 (1.31)

u(2) 2 (2) 1.81 (1.84) 1.41 (1.27)

u(3) 1.95 (1.99) 1.76 (1.83) 1.40 (1.25)
p 1.91 (1.97) −− −−

Slopes of the linear approximations of convergence curves
for 10 ≤ ni ≤ 60 (40 ≤ ni ≤ 60).

Natural convection problem in a unit and dif-
ferentially heated cubic enclosure

Non-uniform cubic meshes
ni e(u(1)) e(u(2)) e(u(3)) e(Nu)
20 −13% −15% −0.15% 0.23%
30 −3.1% −5.1% −0.91% 0.14%
40 −1.6% −2.7% −0.91% 0.11%
50 −0.95% −1.4% −0.11% 0.086%
60 −0.88% −0.93% −0.031% 0.065%

Random meshes
20 30% 340% 13% −2.0%
30 9.3% 230% 1.2% −0.88%
40 4.3% 81% 1.5% −0.51%

Relative differences to reference valuesa for ‖u(i)‖∞
(i ∈ [1, d]) and for the average Nusselt number

Nu =
∫ 1

0

∫ 1
0 (∇T · n)x1=0 dx2dx3 for Ra = 107, Pr = 0.71.

a‖u(1)‖∞ ' 383.8357, ‖u(2)‖∞ ' 83.3885, ‖u(3)‖∞ ' 768.1393, Nu ' 16.3427 [2]
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