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1. Objectives of the work | nterior face: o &, | 4. Numerical validation |
Ms={K,L}, x5 = alt [y (u) :Zaé(uK
K

K Use of scalable linear solvers package HYPRE [1] with a
Actual problems boundary face: o € Eut preconditioning based on Euclid.

e realistic domains are not shoe boxes, Mg ={K} Geometry and meshes
e no general tools for the meshing of complex 3D domains Discretization of viscous terms :
using voronor or belaunay tessellations, ¢ ... EmEEE G
- - 1 e
e generalized hexahedric meshes often used, Vu = — My (Uy — UM o .
o full stress tensors (compressible flows), K segy .i‘-s-%lgﬁ'%‘%“imég
e mesh refinement for boundary layers ~» non matching Jd .;54;;‘,?%%%;4}%5"?‘*
grids. R ou=——(ug —ug — VRu- (T — ) S
K NoJ N A‘.‘ AP s
E:Ia;\’e?‘ae?;ls %l‘e’tshheelsjsual schemes for diffusion Vot =VEu+ Rg ;unk o Smooth meshes ~Random meshes = Truncated cone
Vpu(x) = Vi gu, forae. x € Dy, YK € M, Yo € E n; (eventually distorted or cut) cubes in an unit 3D-box.

e non-local stencils,

Case of an analytical solution in pure diffu-
e cell-centred or face-centred unknowns,

oo . Pressure-velocity coupling, mass balance sion
e energy a.ances not respecteaq, and convective contributions Toi(1, 29, 73) = sin(mzy) cos(mao) cos(mrs)
e NO theoretical convergence property, s
e NO accuracy on some particular grids, div o — B S oty - n VK € M o
& 15 f T B
e N0 “M-matrix”. HK e
A new scheme for the Navier-Stokes equa- divpu(x) = divgu, fora.e. x € K, VK € M N
i n n n r I m h : 3t ube: cubic mesh —— -
tions on general meshes D o(w,p) = g (o -1 o+ Aolpi —p1)) s Mo = {K, L} I _
e collocated cell-centred scheme with local stencil, | Vi 07 L R
o Sdp matrlceS for the dlfoSlon Operator, diV?{(’U, u, p) — m_ Z (I);\(’O_(’U,, p) 9 e 46 14 a2 4 08 06 04 18 a6 44 12 1 08 06 04
K egnEm M,={K,L} log |7 — Tres|l2 = f(log(h)) log |T" — Tref||n, = f(log(h))

e mathematical convergence properties,

) ) Solution accuracy for different norms, h = maxxcaq b
e numerical preservation of the maximum principle in 3D, divipy(v, u, p)(x) = divie(v,u, p), fora.e. x € K, VK € M

where hj- measuare the diameter of K.

e discrete kinetic and energy balances, _ Enclosure Cubic Trneatediconis
e local pressure stabilization. Choice for the parameters ()‘U)Uégmt Meshes | cubic | smooth | random | cube-based
G partition of M, L?-norm | 2(2) 1.96 (1.97)[1.87 (1.93)|  2.09 (2.03)
) _ Ao = A > 01f G € G with M, C G otherwise A\, = 0. L°-norm [1.99 (2)|1.81 (1.68)|1.74 (1.88)  1.92 (1.58)
2. Continuous formulation { — H'-norm | 2(2) |1.50 (1.28)/1.16 (1.07)|  1.55 (1.48)
B | DAt Ty | aiaing > Slopes of the linear approximations of convergence curves
Strong formulation l L 7 [y 7 for 10 < n; < 100 (50 < n; < 100).
! - A A ] n n
“PAu+ Vp+ (u-V)u—RaPrTes = f(z)in Q | /’ Case of an isothermal Navier-Stokes analyti-
| cal solution in cubic enclosure
AT + (u- V)T = g(z)in L -/~ _1 y
. \/ /] A AL PN b 3 1 5
dive = 0in O . " uet(@) = VA D (day(z) — 1)) (dwa(z — 1)) (dag(zs — 1)) e;,
— Example of the construction of a partition G of M. - ; Z
Pret() = cos(maq) cos(mxs) cos(mas) and Pr =1, Ra = 0.
Resulting discrete equations Cubic | Smooth | Random
meshes
2 1
Weak formulation o XP = {u e RM x RE, Vo € Ep, up = Hg(u)} L u<2> 2(2) |1.94(1.99) 1.82 (1.95)
. — : . . w@| 1.99 (2) 1.96 (1.99) 1.84 (1.94)
find u € Hol(Q) , P € L (Q) with pr(iB>d£E = 0, and T" with .Xg) _ {u c XD, Vo € 5ext,Ua _ O} u(3) 9 (2) 1.95 (198) 1.87 (194)
T—T, € Haﬂl,o(ﬂ)f such that p 2 (2) 1.09 (0.76)]0.85 (0.93)
e XD, = {9 e XP, Yo € Eut N OO, 0, = } 1M 2(2) [1.67 (2.02)1.61 (1.84)
Pr/ Vu : Voudex —/pdivvd:r; +/ div(u ® u) - vdx | w(2)]1.75 (1.78)|1.39 (1.64)1.66 (1.72)
0 0 0 o H () C L*(Q) functions constant in each K € M ul3)|1.88 (1.74)1.55 (1.59) |1.73 (1.86)
—RaPr/Q Te3 - vdx = /Qf(w) -vde Fo XD () p 1172 (1.93)] —— ——
Yo € H () A M) : H WM 1.98 (2) 1.80 (1.85)]1.43 (1.31)
vuE AT, (fMW))(w) —ugforae zek, vk e M w@|  2(2)  |1.81 (1.84)|1.41 (1.27)
/VT.de N /div(uT)de o 7o XD s [2(00) u®1.95 21.993 1.76 (1.83)| 1.40 (1.25)
Q ) | ' p |1.91 (1.97 —— ——
D _
— / g(x)fdx — / qp(x)traceyq,0(x)dx vu e X, (]:5(“)) (@) =ugfora.e. @ € 0, Vo € Lot Slopes of the linear approximations of convergence curves
w0 e HL (o) {2 0t for 10 < n; < 60 (40 < n; < 60).
S . - .
0,0 findu = (u'),_, 4 € (XP), p € Hpq(Q) with [, p(a)de = . . . .
divu(z) = 0 for a.e. @ € O S kenimip = 0and T — Typ € XD, | such that: Natural convection problem in a unit and dif-

ferentially heated cubic enclosure

Di h Pr/ Vot vadw—/pdiVDvdcc+ No?—unlforr;] cubic meshes
3. Iscrete scheme 0 0 n; e(u)) | e(w) | e(w®) | e(Nu)
/divg(u,wp).fM(v)dw_Rapf/;:M(T)eg.;:M(v)dw 20| —13% | —15% | —0.15% | 0.23%
Y Q 30 —3.1% | =5.1% | —0.91% | 0.14%
—/f.]-‘M<v)dw7 Vv € (XD 10| —1.6% | —2.7% | —0.91% | 0.11%
0

501 —0.95%| —1.4% | —0.11% | 0.086%
60| —0.88% | —0.93% | —0.031% | 0.065%

Basic notations
D = (M, &, P) space discretization

/Q VpT - Vpidx + /Q divyy(T, w, p) Fpq(6)dee Random meshes
5 201 30% | 340% | 13% | —2.0%
= /Q 9Fm(0)dx — /(99 @Fe(0)ds, VO € X50 ¢ 30/ 9.3% | 230% | 1.2% | —0.88%
’ 40| 4.3% | 81% 1.5% |—0.51%

A\ o ; )
divpy (1, u,p) =0 a.e. in ©) Relative differences to reference values@ for ||u(?)|| s

(2 € [1,d]) and for the average Nusselt number
Mathematical properties Nu= [y [(VT-n);,—odzadzs for Ra = 107, Pr = 0.71.
2|y D|| o ~ 383.8357, [|u? |0 ~ 83.3885, [|u® || ~ 768.1393, Nu ~ 16.3427 [2]
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e existence of discrete solution,

e estimates on the kinetic energy, References |

e convergence of the scheme.

[1] HYPRE 2.0.0, Copyright (c) 2006 The Regents of the University of California. Produced at the Lawrence Livermore
National Laboratory. Written by the HYPRE team. UCRL-CODE-222953. All rights reserved.

[2] E. Tric, G. Labrosse, M. Betrouni, A first incursion into the 3D structure of natural convection of air in a differentially
heated cubic cavity, from accurate numerical solutions, Int. J. Heat Mass Transfer 43 (2000) 4043—4056.




