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Introduction

Nonlinear tensor diffusion model

@—V'(DVU):O, nQr=1x9Q,

ot
u(x,0) = up(x), in Q,
(DVu)-n =0, on | x 0N.
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Introduction

® Diffusion tensor D steers the smoothing process
such that the diffusion is:

e strong in preferred directions, e.g. along
2D edge surfaces in 3D images,
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Introduction

® Diffusion tensor D steers the smoothing process
such that the diffusion is:

e strong in preferred directions, e.g. along
2D edge surfaces in 3D images,

e low in the perpendicular direction.

® Using this type of diffusion one can achieve better
edge detection.

Olga Drblikova, Karol Mikula Slovak University of Technology in Bratislava

iamond-cell Finite Volume Scheme for 3D Nonlinear Tensor Diffusion in Coherence Enhancing Image Filtering



Derivation of the finite volume scheme

Derivation of the diffusion tensor

° VUT‘ — (uX17 Uy, , UX3)T7
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Derivation of the finite volume scheme

Derivation of the diffusion tensor

° VUT‘ — (uX17 Uy, , UX3)T7

@ wui(x,t) = (Gy*u(-,t))(x), t >0,
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Derivation of the finite volume scheme

Derivation of the diffusion tensor

(1} VU'Z- — (uX17 uX27 uX3)T7
@ ui(x,t) = (G;* u(-,t))(x), t>0,
0 v; H Vug, vo L Vg,

Olga Drblikova, Karol Mikula Slovak University of Technology in Bratislava

iamond-cell Finite Volume Scheme for 3D Nonlinear Tensor Diffusion in Coherence Enhancing Image Filtering



Derivation of the finite volume scheme

Derivation of the diffusion tensor

0 Vuy = (Uyy, Uy, uX3)T,

9 UI‘(X> t):(Gf*u('vt))(X)v t >0,
 vi || Vi, v, L Vg,

0 v3 | Vuy, vo L vz,
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Derivation of the diffusion tensor

©@ The direction of vector v; represents in
every point a direction of the largest
change in image intensity.
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Derivation of the finite volume scheme

Derivation of the diffusion tensor

@ The direction of vector v; represents in
every point a direction of the largest
change in image intensity.

@ The other two vectors give a plane which
may represent a 2D surface edge in 3D
image. We call it a coherence plane P.
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Derivation of the finite volume scheme

Requirements for the diffusion tensor

® For enhancing coherence, the diffusion tensor D
must steer a filtering process such that diffusion

e is strong and increasing with the level of
1t along the coherence plane,
2
p= V[,
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e is strong and increasing with the level of
1t along the coherence plane,
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e is small in direction of the vector vy.
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Derivation of the diffusion tensor

O To that goal, we choose the eigenvalues of the
diffusion tensor D by

k1 = o, a€(0,1), axkl,
a, if p=0,
a+(1—a)exp<‘Tf), C>0 else

Karol Mikula Slovak University of Technology in Bratislava

it Diamond-cell Finite Volume Scheme for 3D Nonlinear Tensor Diffusion in Coherence Enhancing Image Filtering



Derivation of the diffusion tensor

O To that goal, we choose the eigenvalues of the
diffusion tensor D by

k1 = o, a€(0,1), axkl,
a, if p=0,
"= a+ (1 —a)exp (‘Tf), C>0 else

@ and corresponding eigenspaces are given by v;
and P.
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Diffusion tensor

B, if u=0,

D = G, * Dy, where Dy = PBP-1  else :

K1 0 O
B = 0 ko O
0 O K2
and P is a transition matrix from the basis

(V17 V2, V3) to (e17 €2, e3)-
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Derivation of the finite volume scheme

Diffusion tensor

1 fu2ky+ (W3 + u2)ro Uy, Ux, (K1 — £2) Uy Uy (K1 — K2)
— Uy, Uy, (1 — K2) u)2(2l<,1 4k (u)%1 + u)2(3)n2 Uy, Uy (K1 — K2)
/’L Uy, Uy, (K1 — K2) Uy, U, (K1 — K2) U>2<3K/1 o (u}%1 o U>2<2)K/2




Contents Introduction Derivation of the finite volume scheme Numerical Experiments

Positive definitness of the diffusion tensor
3 3

0<a<z'Dyx)ze Z Zz,—zjd,-j(x) > a > 0.
i=1 j=1
z'D(x)z = 2(G, * Dy(x))z =




Derivation of the finite volume scheme

Derivation of the finite volume scheme

@ & _V.(DVu) =0,

ot




Derivation of the finite volume scheme

Derivation of the finite volume scheme
@ % _V.(DVu)=0,

GM (K)— > [ (D" 'Vu") ng,ds =0,

UEEng,nt
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Derivation of the finite volume scheme

Derivation of the finite volume scheme

0 & _V.(DVu)=0,

ot

2] M m(K)— > [(D"'Vu") -nk,ds =0,
0 €EKNEint ’

o i~y X r(uhImlo) =0,
OECKCint
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Derivation of the finite volume scheme

Derivation of the finite volume scheme

0 & _V.(DVu)=0,

ot

2] M m(K)— > [(D"'Vu") -nk,ds =0,
0 €EKNEint ’

o -~y X r(uhImlo) =0,
OECKCint

0 62(up,) ~ s [, (DY u") - g,
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Derivation of the finite volume scheme

@ The co-volume Y, associated to o is
constructed around each finite volume side by
joining four vertices of this side and midpoints of
finite volumes which are common to this side.
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Derivation of the finite volume scheme

@ The co-volume Y, associated to o is
constructed around each finite volume side by
joining four vertices of this side and midpoints of
finite volumes which are common to this side.

vV

@ The boundary of co-volume is given by triangles
o C Oxs, we denote their vertices by N(7),
N>(7) and N3(5).
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Derivation of the finite volume scheme

1 _ 1
0 o5, Vuldx =5 [, umy, 5ds,

m(Xo)




Derivation of the finite volume scheme

Approximation of the averaged gradient
° @ f . Vu'dx = @ faxg uny sds,
@ py(u) =
1 1(,n ; N _
m(Xo) _Z 3 (”Nl(a) T Uny) T “/vg(a)) m(G)ny, .
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Derivation of the finite volume scheme

Approximation of the averaged gradient

o @f{yVU”dx = @fﬁxa u™n,_sds,
0 py(u) =

1 e p 5 _
m(xo) 6_6%6 3 (”Nl(a) T Unyz) + UN3(5)) m(3)ny, 5.,

uf—uf, uly A upy—ute—up
o pn(u) _ Eh W"K, ™ B/\/2h TS Bsﬂ_K7
ul +ule—udy—up
™ T52h BN BStZK, )
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Derivation of the finite volume scheme

Numerical flux

tlx , is a unit vector parallel to x7y — x75 such that
(XTN — XT5) c ﬂK’g > 0 and

2y , is a unit vector parallel to x7y — xgv such that

(xtv — xv) - 2k, > 0.

Slovak University of Technology in Bratislava

Karol Mikula
in Coherence Enhancing Image Filtering

it Diamond-cell Finite Volume Scheme for 3D Nonlinear Tensor Diffi



Derivation of the finite volume scheme
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Numerical flux

O5(upi) = (Dopy(u)) - Nk o,
D7, Dy, Di
Dis D33 Ds;

D, is written in the basis (nk ,, tlx -, 2k ).
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Derivation of the finite volume scheme

(;ZSO'D/ gbUT
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Derivation of the finite volume scheme

D, written in the basis (nk ,, tlx ,, ).

Nnoc PDo Do o o o
Diy Di, Di; Diy Di, Dis

D1, D3, D33 |= i D3, Dj; | onow and ok
13 D33 D3 13 D33 D3y

Do No No o o o

“11 Y12 Yi3 22 Mo U3

_102 _32 _53 = i» D1 Di3 | onos and op.

Dis D3 Ds D3 Dis Ds
Dy Dip Di; 53 Dy Dris
Dr, Dy Dy |=| D33 D3 Di, | onopgandor.
Dis D3 Di Di; Di, Diy
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Derivation of the finite volume scheme

Semi-implicit finite volume scheme

Nnoc Do Do UE—Uuypy 1
~11 =12 =13

o o o UNTUgy—UTs—Ugs . 0
~12 =22 =23 2h

o o o Uty utc—upy—ug

7 D23 D33 N T52h BN UYps 0

_ b, ug — Uy + by, U7y + Ugy — UTs — Ugs
h 2h
+D3, ury + UTs — Ugy — Ups
2h
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Semi-implicit finite volume scheme

n n—1 1

KK > G )m(e) = 0.

m( ) c€EkNEint
where

n n
o (uf ) = s Ug — Uy +Dy, Uy + Ugy — UTs — Ugs
U uhk 11 h 2h

n n n n
1 pe Uy + U — Ugy — Upgs
13 2h
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Numerical Experiments

2D slice of 3D membranes image. Original image (left), edge
detection of the original image (in the middle), edge detection
of the filtered image after 3 steps (right).




Numerical Experiments

Detail (70 x 70 pixels) of previous image. Original image
(left), image filtered by tensor diffusion after 3 steps (right).
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Numerical Experiments

Edge detection of the original image (left), edge detection of
the filtered image (right).
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Further Reading
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two-dimensional convection-diffusion problem.
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Further Rea

Thanks for your attention
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