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Nonlinear tensor diffusion model

∂u
∂t
−∇ · (D∇u) = 0, in QT ≡ I × Ω,

u(x , 0) = u0(x), in Ω,

(D∇u) · n = 0, on I × ∂Ω.
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Motivation
• Diffusion tensor D steers the smoothing process
such that the diffusion is:

• strong in preferred directions, e.g. along
2D edge surfaces in 3D images,

• low in the perpendicular direction.
• Using this type of diffusion one can achieve better
edge detection.
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Derivation of the diffusion tensor
1 ∇ut̃ = (ux1, ux2, ux3)T ,

2 ut̃(x , t) = (Gt̃ ∗ u(·, t))(x), t̃ > 0,
3 v1 ‖ ∇ut̃, v2 ⊥ ∇ut̃,
4 v3 ⊥ ∇ut̃, v2 ⊥ v3 .
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Derivation of the diffusion tensor
1 The direction of vector v1 represents in
every point a direction of the largest
change in image intensity.

2 The other two vectors give a plane which
may represent a 2D surface edge in 3D
image. We call it a coherence plane P .
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Requirements for the diffusion tensor
• For enhancing coherence, the diffusion tensor D
must steer a filtering process such that diffusion

• is strong and increasing with the level of
µ along the coherence plane,
µ = ||∇ut̃ ||2,

• is small in direction of the vector v1.
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Derivation of the diffusion tensor
1 To that goal, we choose the eigenvalues of the
diffusion tensor D by

κ1 = α, α ∈ (0, 1), α � 1,

κ2 =

{
α, if µ = 0,

α+ (1− α) exp
(
−C
µ

)
, C > 0 else

2 and corresponding eigenspaces are given by v1
and P .
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Diffusion tensor

D = Gρ ∗ D0, where D0 =
{
B , if µ = 0,
PBP−1 else,

,

B =

 κ1 0 0
0 κ2 0
0 0 κ2


and P is a transition matrix from the basis
(v1, v2, v3) to (e1, e2, e3).
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Diffusion tensor

1
µ

(
u2x1κ1 + (u

2
x2 + u

2
x3)κ2 ux1ux2(κ1 − κ2) ux1ux3(κ1 − κ2)

ux1ux2(κ1 − κ2) u2x2κ1 + (u
2
x1 + u

2
x3)κ2 ux2ux3(κ1 − κ2)

ux1ux3(κ1 − κ2) ux2ux3(κ1 − κ2) u2x3κ1 + (u
2
x1 + u

2
x2)κ2

)
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Positive definitness of the diffusion tensor

0 < α ≤ zTD0(x)z ⇔
3∑
i=1

3∑
j=1

zizjdij(x) ≥ α > 0.

zTD(x)z = zT(Gρ ∗ D0(x))z =
3∑
i=1

3∑
j=1

zizj

∫
R3

Gρ(x − ξ)dij(ξ)dξ =

∫
R3

Gρ(x − ξ)
3∑
i=1

3∑
j=1

zizjdij(ξ)dξ

≥ α

∫
R3

Gρ(x − ξ)dξ = α > 0.
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Derivation of the finite volume scheme
1 ∂u

∂t −∇ · (D∇u) = 0,

2
unK−u

n−1
K
k m(K )−

∑
σ∈EK∩Eint

∫
σ(D

n−1∇un) · nK ,σds = 0,

3
unK−u

n−1
K
k − 1

m(K )

∑
σ∈EK∩Eint

φnσ(u
n
h,k)m(σ) = 0,

4 φnσ(u
n
h,k) ≈ 1

m(σ)

∫
σ(D

n−1∇un) · nK ,σds.
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Olga Drbĺıková, Karol Mikula Slovak University of Technology in Bratislava

Semi-implicit Diamond-cell Finite Volume Scheme for 3D Nonlinear Tensor Diffusion in Coherence Enhancing Image Filtering



Contents Introduction Derivation of the finite volume scheme Numerical Experiments Further Reading

1 The co-volume χσ associated to σ is
constructed around each finite volume side by
joining four vertices of this side and midpoints of
finite volumes which are common to this side.

2 The boundary of co-volume is given by triangles
σ̄ ⊂ ∂χσ, we denote their vertices by N1(σ̄),
N2(σ̄) and N3(σ̄).
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Approximation of the averaged gradient
1 1
m(χσ)

∫
χσ
∇undx = 1

m(χσ)

∫
∂χσ
unnχσ,σ̄ds,

2 pnσ(u) =
1

m(χσ)

∑
σ̄∈∂χσ

1
3

(
unN1(σ̄) + u

n
N2(σ̄)

+ unN3(σ̄)
)
m(σ̄)nχσ,σ̄,

3 pnσ(u) =
unE−unW
h nK ,σ +

unTN+u
n
BN−unTS−unBS
2h t1K ,σ

+u
n
TN+u

n
TS−unBN−unBS
2h t2K ,σ.
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Numerical flux
t1K ,σ is a unit vector parallel to xTN − xTS such that
(xTN − xTS) · t1K ,σ > 0 and
t2K ,σ is a unit vector parallel to xTN − xBN such that
(xTN − xBN) · t2K ,σ > 0.
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Numerical flux

φnσ(u
n
h,k) = (Dσpnσ(u)) · nK ,σ,

where Dσ = Dn−1σ =

 D̄σ
11 D̄

σ
12 D̄

σ
13

D̄σ
12 D̄

σ
22 D̄

σ
23

D̄σ
13 D̄

σ
23 D̄

σ
33

 .

Dσ is written in the basis (nK ,σ, t1K ,σ, t2K ,σ).
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Dσ written in the basis (nK ,σ, t1K ,σ, t2K ,σ). D̄σ
11 D̄

σ
12 D̄

σ
13

D̄σ
12 D̄

σ
22 D̄

σ
23

D̄σ
13 D̄

σ
23 D̄

σ
33

=
 Dσ

11 D
σ
12 D

σ
13

Dσ
12 D

σ
22 D

σ
23

Dσ
13 D

σ
23 D

σ
33

 on σW and σE .

 D̄σ
11 D̄

σ
12 D̄

σ
13

D̄σ
12 D̄

σ
22 D̄

σ
23

D̄σ
13 D̄

σ
23 D̄

σ
33

=
 Dσ

22 D
σ
12 D

σ
23

Dσ
12 D

σ
11 D

σ
13

Dσ
23 D

σ
13 D

σ
33

 on σS and σN .

 D̄σ
11 D̄

σ
12 D̄

σ
13

D̄σ
12 D̄

σ
22 D̄

σ
23

D̄σ
13 D̄

σ
23 D̄

σ
33

=
 Dσ

33 D
σ
23 D

σ
13

Dσ
23 D

σ
22 D

σ
12

Dσ
13 D

σ
12 D

σ
11

 on σB and σT .
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Semi-implicit finite volume scheme

φnσ(u
n
h,k) =

 D̄σ
11 D̄

σ
12 D̄

σ
13

D̄σ
12 D̄

σ
22 D̄

σ
23

D̄σ
13 D̄

σ
23 D̄

σ
33




unE−unW
h

unTN+u
n
BN−unTS−unBS
2h

unTN+u
n
TS−unBN−unBS
2h


 ·

 10
0


= D̄σ

11
unE − unW
h

+ D̄σ
12
unTN + u

n
BN − unTS − unBS
2h

+D̄σ
13
unTN + u

n
TS − unBN − unBS
2h

.
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Semi-implicit finite volume scheme

unK − un−1K
k

− 1
m(K )

∑
σ∈EK∩Eint

φnσ(u
n
h,k)m(σ) = 0,

where

φnσ(u
n
h,k) = D̄

σ
11
unE − unW
h

+D̄σ
12
unTN + u

n
BN − unTS − unBS
2h

+ D̄σ
13
unTN + u

n
TS − unBN − unBS
2h

.

Olga Drbĺıková, Karol Mikula Slovak University of Technology in Bratislava

Semi-implicit Diamond-cell Finite Volume Scheme for 3D Nonlinear Tensor Diffusion in Coherence Enhancing Image Filtering



Contents Introduction Derivation of the finite volume scheme Numerical Experiments Further Reading

2D slice of 3D membranes image. Original image (left), edge
detection of the original image (in the middle), edge detection

of the filtered image after 3 steps (right).
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Detail (70× 70 pixels) of previous image. Original image
(left), image filtered by tensor diffusion after 3 steps (right).
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Edge detection of the original image (left), edge detection of
the filtered image (right).
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