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Elliptic Model Problem

Q c R?: bounded, connected domain with Lipschitz boundary I := 0Q
~Au=fel?Q) inQ
with mixed boundary conditions

u=up e H¥p) onlp
ou/on =g € L>(Ty) onTy

where I'p as well as 'y are connected.

Discretization by cell-centered Finite Volume Method using the Diamond Path
[Coudiére, Villedieu, M2AN 2000].
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Elliptic Model Problem

Q c R?: bounded, connected domain with Lipschitz boundary I := 0Q
~Au=fel?Q) inQ
with mixed boundary conditions
u=up e H¥p) onlp
ou/on =g € L>(Ty) onTy
where I'p as well as 'y are connected.

Discretization by cell-centered Finite Volume Method using the Diamond Path
[Coudiére, Villedieu, M2AN 2000].

Develop a posteriori estimator based on a so-called Morley Interpolant,

Extended from [Nicaise, SIAM 2005] to the case of hanging nodes and mixed
boundary conditions.
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Discretization
Find u, € Po(7) such that

-> FE(uh):/fdx, forall T e 7.
T

Ecér

Xa
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Node Evaluation
For each node a € NV, we define

> vr(a)ur, forallac

TEwWa

Ua = { Up(a), foralla € AVp

Ua+ 0y, for all a € Ny
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Node Evaluation
For each node a € NV, we define

T Ewa

Ua = < up(a),

Ua +§aa

For example (special case):

Us ur, — Un, L |Xa — X1, | + U
o T T
|XT2 _XT1| aoTh '

If Ng, = NEg,:

9, = |Xa al gds + —

IEI Es

Z Yr(a)ur

1
|Ez|

Model Problem and Discretization«—Finite Volume Method

foralla e M

foralla € Np

for all a € ANy
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Morley Interpolant

e Tu, € P2(7T) is uniquely defined (defined on Morley Element).
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but not globally continuous in Q. T,
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Morley Interpolant

e Tu, € P2(7T) is uniquely defined (defined on Morley Element).

e Zuy is continuous in all nodes a € N/ T
but not globally continuous in Q. T,

e The flux over an edge of Zuy, is equal to the numerical flux.
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Morley Interpolant

e Tu, € P2(7T) is uniquely defined (defined on Morley Element).

Zuy, is continuous in all nodes a € A/ T
but not globally continuous in Q. T,

e The flux over an edge of Zuy, is equal to the numerical flux.

The residual R := f + A(Zuy) is L2-orthogonal to Po(7) .
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Morley Interpolant

Tup € P%(T) is uniquely defined (defined on Morley Element).

Zuy, is continuous in all nodes a € A/ T
but not globally continuous in Q. T,

The flux over an edge of Zuy, is equal to the numerical flux.

The residual R := f + A(Zuy) is L2-orthogonal to Po(7) .

Some more properties such as jump-relations which are needed for the
proof of an error estimator.
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Reliability
Helmholtz Decomposition

Given ¢ € L?(Q)?, there are v,w € H}(Q) with & = Vv + curlw such that
V|r, = 0 as well as w|r, = 0. In particular, there holds

[1®E2() = IV [IE2(qy + Il curlw 7). O
Refinement indicator

EESTQSE
Iuh
ot 3 re T

+ Z hEH IUh

Ec&rNén Ec&rnép

LZ(E)'

Theorem
There holds (Crg > 0 only depends on the shape of the elements in 7)

1/2
Crat V7 (u = Tun)llaey < mi= (Do nd) O
TeT
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Efficiency

Bubble Functions bg

Triangulation. be onE € &. bge on E € & \&.
Edge Lifting Operator: Fex : Pp(E) — H(wg)

Theorem

There is a constant Co¢ > 0 which depends only on cg and the shape of the
elements in 7 but neither on the size nor the number of elements such that

i < Ceft (| V(U = ZUn)|IZ2(ry + DRI = Frl%2,)), forall Te7. O
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Laplace Problem with Generic Singularity
L-shaped domain

Q= (-1,2)*\([0,1] x [-1,0])

u(x,y) =r?sin(2¢/3) with (x,y)=r(cose,siny).

D D D D

D D i.l
D 0 ;
N [ N os

D N 0.5
D N 0:2
D D 0.1

Initial Mesh Solution: 369 elements
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Error Comparison (Rectangle)

0
10 T T T T T

107 ]
1/3 ]

10

error

= [V7(u — Zup) | 2(q) (uni.)
— 7 (uni.)
102} = ||u — up|1,n (uni.) 1

-4

1 1 1 1 1

10° 10" 10° 10° 10* 10°

number of elements
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Error Comparison (Rectangle)

0
10 T T T T T

error
<
=
c
|
N
c
p=a
<
o
B

— 7 (uni.)
10°F = [[u = Unllz,n (uni))
< [Vz(u — Zun)l 2o (ad.)
= 7 (ad.)

107} < [|u — p[|1n (ad.)

1 1 1 1 1

10° 10" 10° 10° 10 10

number of elements
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Coupling Problem

—Au=f
Av =0
| Ilim {v(x) —blog(|x|)} =a
X|—0o0
U=V +ug
ou ov

ONext ONext 0

a, b € R for the radiation condition

Ug and ty denote jumps

in Q
in Q¢

onl,

on Il

Model Problem and Discretization<—Coupling FVM-BEM

Qc

M
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The Coupling
FVM part:

Apply divergence theorem and we getforall T € T

— Vu~ans:/fdx.
T

—/ Vu-ans—/ Vu~ans:/fdx,
OT\lc oTNlc T
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The Coupling
FVM part:

Apply divergence theorem and we getforall T € T

— Vu~ans:/fdx.
T

—/ Vu-ans—/ [()V +tods:/fdx,
AT\lc aTnre Mext T
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The Coupling
FVM part:

Apply divergence theorem and we getforall T € T

- Vu-ans:/fdx.
oT T

5 .
—/ Vu-ans—/ ((V ds:/fdx+/ to ds.
aT\c aTAre IMNext T Jotare

BEM part: Calderon System (exterior problem)
Cauchy data (£, ¢) := (v, 0V /ONext)

(5) =075 ) (5)

V single layer op., K double layer op.,
K* adjoint double layer op., W hypersingular op.

(@)

)
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Linear System of Equation

The discrete problem reads:
Find un € Po(7), Unr, € S1(€c), &n € S1(€c), ¢n € So(Ec) and X € R such that

- Z JT,EFED(Uh)—/

¢hds:/fdx+/ tods VT €7,
Ec&r\le oTNlre T oTNlre

Un,a — Unre (@) + Sa,g, = Sayto Va € Ne,
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Linear System of Equation

The discrete problem reads:
Find un € Po(7), Unr, € S1(€c), &n € S1(€c), ¢n € So(Ec) and X € R such that

- Z UT,EFED(Uh)_/

¢hds:/fdx+/ tods VT €T
T oTNlc

Ecé&r\le oTNle
Uha — uh,rc(a) + Ca,¢n = Saty vVa € N¢,
—{Un,re,¥n) — (Von, vn) + ((1/2 + K)éh, ¥n) = —(Uo, ¥n) Vibh € So(Ec),
<(l/2 + K*)¢h,9h> + <th,9h> + </\,9h> =0 Vo, € Sl(gc),
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Quantities in A Posteriori Error Estimate
Let ng and tg denote the normal and tangential vector of an edge E. Define

RE = h3|f —fr|Er)

RE:= Y hel[Vr(Zun) - nellZe, ds

Ecér

R2 .= Z he IV 7 (Zun) 'tE]]HEZ(E)dS
Eecér

RZ:= > he|Wen+(1/2+K)nl%,
Ec&rnlc

where
(V(Zun)lr = V(Zun)lr) - ne, ifE C Q,
V(Zun)|r - ng — ¢n —to, ifE CTlc,

(V(Zun)lr = V(Zun)lr) - te, ifE CQ,
V(Zun)lr) -te — & (o + (1/2 + K)én — V),  ifE C Tc,

[[V/T(Iuh) . nE]] = {

V7 (Zup) - te] := {
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Error Estimator
Refinement indicator forall T € 7

n? = R? + R3 + R3 + R?

and Error Estimator

ni= (3 n%)l/z
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Error Estimator
Refinement indicator forall T € 7

n? = R? + R3 + R3 + R?
and Error Estimator

ni= (3 n%)l/z

TeT

Theorem (in work)
There holds

V7 (U — Zun)|[2(q) < Crim
and
Cetn < IVZ(u = Zun)llizi@) + IN(F = 1)z,

where Cyg, Cest > 0 only depend on the shape of the elements in 7.

Proof: Ideas from above and [Carstensen,Funken, Computing 1999].
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Error Lshape (Triangle)
Choose a = 0, b = 1, the jumps ug and to appropiate to
u=r?3sin(2¢/3), v=log(|(x+05,y—-05)), f=0.

10° b —
1
ol i’m ]
S
3 107k . 1
+ [V (u — Zun)|2(q) (uni.)
-~ 7 (uni.)
103 = ||U — Uh”l’h (Uni.) ]
10™ E
10° 10" ? 10° 10" 10°

number of elements
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Error Lshape (Triangle)
Choose a = 0, b = 1, the jumps ug and to appropiate to
u=r?3sin(2¢/3), v=log(|(x+05,y—-05)), f=0.

0

10 ¢

10 ¢

error

IV (u — Zun)|2(0)
-~ n (uni.)

10°L = [|u — Up||1,h (uni.)

<= [Vr(u —Zup)ll2(q)
-7 (ad.)

10°F = [Ju — up|l1n (ad.) 3

w

!
IS

10° 10" 107 10° 10 10

number of elements
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Further Questions?

christoph.erath@uni-ulm.de

www.mathematik.uni-ulm.de/numerik/
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