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Construction of a discrete gradient Description of the scheme Results for Test 1

Discretization D : umin= 0.0, umax=1 + sin(1).

e general polygonal mesh M K e Test 1.1 meshl (triangles) ~» ocvl2= 2.00, ocvgradl2= 1.99
Ep =BUH, H==Eu\B Xp B = {v € Xp,vs =0V0 € Ecxt, Vo = Z By vi Vo € B} eTest 1.1 mesh4_j_i (distorted quadrangles)

K EM grid | nunkw nnmat  sumflux erl2 ergrad

e cell points (XK)KEM C | 289 4419 977E15 S94E02 131E01
F | 1089 17489 -L1IE13 277E-02 A.77E-02

DISCrete U.I’lkl’lOWHS U — ((?,[,K)KEM7 (’U,O-)O.Eg) E XD Wlth ZKEM Bé( — 1 aﬂd XO' = ZKEM ﬁé(XK i erflx0 erflx1 erfly0 erflyl umin umax

2.51E-02 3.81E-02 2.56E-02 3.79E-02 7.64E-03 8.88E-01
7.03E-03 1.13E-02 8.00E-03 1.04E-02 2.33E-03 9.61E-01

Discrete unknowns: u = ((ux) ke Ms (Uo)rer) e Test 1.2 meshl (triangles) ~~ocv12= 2.00, ocvgradl2= .98
VK NoJ U = VK u —I_ RK NoJ u nK NoJ i | nunkw nnmat  sumflux erl2 ergrad  ratiol2 ratiog

) 56 752 2.22B-15 1.268.02 1.07E-01
- . 806 14330 9.86E-14 T787E-04 226E-02 1.99  1.05

\/E Find u € XD,B such that: 14336 238828 1.48E-11 4.92F-05 559E-03 2.00  1.00

RK U = Q—— (ua — U — VKu - (Xa — XK)) 220376 3354396 1.54E-09 3.14E-06 142E-03 1.99  0.99

dK o / AvDu | vadX — / f HM/UdX7 \V/U E XD,B i erflx0 erflx1 erfly0 erflyl umin umax
() ()

\ 2.72E-03 3.44E-03 8.90E-03 5.25E-03 4.40E-03 1.36E4-00
1.50E-04 3.22E-04 5.17E-04 2.57E-04 2.81E-04 1.71E+00

_ 6.04E-06 2.99E-05 3.14E-05 9.75E-06 1.76E-05 1.81E+00
where HMU UV Ol K. 123E-07 1.40E-06 2.53E-06 2.01E-06 1.10E-06 1.83E+00

e planar edges: £, & = & U Eext,

VK oU for a.e. x € Dk o

card(M)) + card(H) equations and unknowns e Test 1.2 mesh3 (loc. ref.) ~» ocvl2= 2.02, ocvgradl2= 1.46

nunkw nnmat  sumflux erl2 ergrad  ratiol2 ratiog

[t A = Id, with triangles or rectangles ~» classical F'V scheme. e, —_——

640 8484  -2.13E-14 1.73E-03 5.86E-03  2.04 1.44
10240 133844 6.30E-12 1.05E-04 7.62E-04  2.02 1.46

Two :%/IE schemes: non-parametric (np) and parametric (p)

erflx0 erflx1 erfly0 erflyl umin umax
1.47E-03 1.29E-02 1.36E-02 8.96E-04 9.03E-03 1.66E+400

ﬁ/l':‘_np a=1 H= £ \ B at the discontinuities of K 5.ASE-04 4.98E-04 1.09E-03 1.75E-03 6.44E-04 1.79E+00

6.44E-05 2.61E-05 7.52E-05 2.38E-04 4.06E-05 1.83E4-00

ﬁ)IIE-P choose av > 0, choose H C &jys. e Comments B = &;; (full barycentric scheme)
Maximum principle OK for all tests.

ﬁ;lz-p H = &t tull hybrid finite volume scheme.
ﬁ;lz-p with B = &;yt: full barycentric scheme (no edge unknowns).

Results for Test 2 Numerical locking § = 10° Results for Test 3 : Oblique flow Results for Test 4 : Vertical fault

meshl (triangles) umin= —1, umax= 1. e mesh?2 (uniform rectangles) umin= 0.0, umax= 1.0. e mesh5 (non conforming rectangles) umin= 0.0, umax= 1.0

ﬁ/lz i T nunkw nnmat  sumAux  umin  umax i | nunkw nnmat  sumflux umin umax
MWD~ ocvl2= 0. 046 ocvgradl2— 1.98 16 132 5.27E16 .06 940 L 304 2270 1.82E-13 - 4.15E-029.61E-01
ref | 105424 1347242 4.53E-10 1.32E-03 9.99E-01

nunkw  nnmat  sumflux erl2 ergrad ratiol2  ratiog umin umax 4096 51972 -3.35E-13 .003  .997
72 928  5.57E-10 7.87E-01 6.46E+00 - — 313E-01 3.14E-01 7| 65536 846852 1.99E-11 .0008 .999
256 3756 5.42E-11 948E-01 2.70E+01 -2.94E-01 -2.26 -7.88E-02 7.88E-02 i flux0 flux1 fluy0 fluy1 enerl ener2 eren
960 15084  4.26E-09 9.87E-01 1.07TE+02 -6.09E-02 -2.09 -2.03E-02 2.01E-02 1.80E-01 1.80E-01 -1.14F-01 1.14E-01 2.25E-01 3.23E-01 3.01B-01 L |-409 43.1 -221 6.94E-04 39.1 41.9 6.67E-02
3712 60396  6.09E-09 9.96E-01 3.19E+02 -1.35E-02 -1.61 -6.71E-03 6.62E-03 -1.87E-01 1.87E-01 -1.06E-01 1.06E-01 2.53E-01 3.01E-01 1.57E-01 reg | -39.9 426 -2.68 B8.01E-04 39.1 41.0 4.83E-02
14592 241644 2.51E-08 9.96E-01 2.89E+02 -6.68E-04 0.14 -6.48E-03 6.42E-03 1.94F-01 1.94E-01 -9.89E-02 9.89E-02 2.50E-01 2.66E-01 6.15E-02 vef | -42.1 444 -233 T7.97E-04 431 432 8.88E-04
57856 965692  2.01E-07 9.89E-01 8.99E+4+01 1.09E-02 1.70 -1.38E-02 1.42E-02 -1.93E-01 1.93E-01 -9.85E-02 9.85E-02 2.43E-01 2.46E-01 1.28E-02

230400 3865660 3.48E-06 9.58E-01 2.28E+01 4.60E-02 1.99 -4.39E-02 4.61E-02 . . PY SOlUtiOH fOl” the Vertical fault on the meshes: (Left) meshb (CGHtGI“)
e Solution on mesh2_i for i=2 (left), i=3 (center), i=4 (right)
mesh5_reg. (Right) mesh5_ref.

o »ﬁmF—p, a=1.,B =0~ ocvl2= 2.53, ocvgradl2= 1.23. ‘
i | nunkw nnmat  sumflux erl2 ergrad  ratiol2 ratiog umin umax ' ‘ E l I ’ l

i | flux0 flux1l fluy0 fluy1 enerl ener2 eren

EN = S, TSOJURE NS P

148 820 2.98E-10  2.61E-01  3.56E-01 - - -1.07  1.07
976 3264 7.28E-08 1.13E+4+01 1.00E400 -5.54 -1.52E+00 -18.6 16.3

2272 13024  1.68E-07 2.06E400 9.98E-01 2.48 1.92E-03 -6.59 6.08 . ‘ L
9024 52032 3.91E-07 3.16E-01 9.87E-01 2.72 1.63E-02 -1.84 1.75

35968 208000 5.61E-08 5.12E-02 9.07E-01 263  1.22E-01 -1.06 1.0 : : : : :
143616 831744 -3.72E-06 8.66E-03 6.04E-01  2.57  589E-01 -1.00 1.00 Solutions for the Obhque flow on mesh2_i for i=2 (16&), 1=3

573952 3326464 7.65E-06 1.50E-03  2.58E-01 2.53 1.23E400 -1.00 1.00 . . . . ..
(center), i=4 (right) white = maximum, black = minimum

N O Tk W N -

e Comments

. . Maximum principle is respected.
e Comments ﬁllz—np does not perform well: maximum principle al- e Comments B = & (full barycentric). Maximum principle OK PHEED P
ener2 and enerl converge

ways satisfied, but bad approximation. ﬁflz-p with B = (), i.e. fully
hybrid scheme, with a = 1. enerl = / K(x)dx)Vkgu - Viu
Maximum principle is violated on coarser grids, but convergence of KeM

the solution obtained. ener2 = — Z P o(u)u
O-Egext

ener2 — enerl = Z Z m(DK’O)R%(U(u)KKnKﬁ -ng 5 — 0
KeMoelg

ener2 and enerl satisfy: ener2 > eneri.

Results for Test 5 : Heterogeneous rotating Results for Test 6 and Test 7 Results for Test 8 and Test 9
anisotropy

e Test 6 Oblique drain, min = —1.2, max = 0, coarse (C) and fine e Test 8 mesh8 (perturbed parallelograms), umin= 0.0, umax= 1.0

® meshb (non Coanrming rectang]es) unin= 0.0. umax= 1.0. (F) oblique meshes, mesh6 and mesh7 nunkw nnmat  sumflux  umin umax  Aux0 flux1 fluy0 fluyl
’ SUSHImp | 121 2011 0.00E+00 -1.19E-03 5.65E-02 7.35E-04 1.295-04 4.99E-01 5.00E-01

e S —_ grid | nunkw nnmat  sumflux erl2 ergrad SUSHI-p 121 2011 0.00E+00 3.26E-06 6.77E-03 -4.21E-02 -3.29E-02 5.38E-01 5.37E-01
OCV]'2_ 1847 Ocvgradl2_ 130 C 239 2583 -1.16E-13 1.74E-15 1.35E-14

F 319 3627  8.17E-14 3.67E-15 4.24E-14
nunkw nnmat sumflux erl2 ergrad ratiol2 ratiog Comments

16 132 -1.22E-15 147601 2.12E-01 1.38  1.12 : .
erflx0 erflx1 erfly0 erflyl erflm  umin umax B — g (qu bar Centrlc Scheme)
64 676  7.77E-16 4.945-02 9.72E-02  1.58  1.13 761B-15 1.21E-14 847E-15 3.05E-15 1.68E-12 -1.15 -5.39E-02 nt y

256 3012 -5.22E-15 1.64E-02 3.97E-02  1.59 1.29
1024 12676 444FE-15 A90E-03 161E-02 175 1.30 1.67E-14 2.99E-15 T7.49E-15 291E-15 5.38E-12 -1.15 -5.39E-02

4096 51972 1.10E-13 1.36E-03 6.55E-03 1.8 1.30

ﬁ/ﬁ-np slight violation of the maximum principle.

e Test 7 Oblique barrier, min = —5.575, max = 0.575, coarse
erflx0 erflx1 erfly0 erflyl umin  umax . ﬁfl}: . . .
669602 0.356-02 6.626-02 0.35E-02 T76E-02 021 oblique mesh mesh6 ME-p scheme, B = &1, a > 85 : maximum principle OK, but

“4.03E-02 4.68E-02 -4.03E-02 4.68E-02 1.64E-02 .970
-1.51E-02 1.66E-02 -1.51E-02 1.66E-02 3.50E-03 .992 SOhlthn damped aAS the center.

-4.58E-03 4.97E-03 -4.58E-03 4.97E-03 7.79E-04 .998
-1.27E-03  1.36E-03 -1.27E-03 1.36E-03 1.80E-04 .999

nunkw nnmat sumflux erl2 ergrad
239 2583 -8.97E-14 1.30E-15 3.78E-15

e Test 9 Anisotropy & wells mesh9 (squares) umin= 0.0, umax= 1.0
erflx0 erflx1 erfly0 erflyl erflm  umin umax

e Comments 1.28E-13 -143E-13 -3.80E-15 3.16E-14 177E-13 -554 537 nkw tnmal sumfne umin max
SUSHImp | 165 1745 -3.655-16 -1.00E+00 2.00E+00

B = gint (full barycentric SChGH’lG) e Comments Comments SUSHL-p | 385 2805 -847E-16 0.00E400 1.00E400
As for tests 1, 3, 4, 5, we use ﬁ/ﬁ—np. B = &y (full barycentric scheme)

%\/IE np ~- violation of the maximum principle.

Maximum principle again OK

. . For 1, 3, 4, 5, AF-np = full barycentric.
Asymptotic rates of convergence not reached for + = 5

Here ﬁ;lz_np partially barycentric: H # 0, Max principle obtained with ﬁflz—p scheme, B =0, a = .3 or ﬁflf_p
= &yt @ = .005, but larger inner oscillations in this latter

'H corresponds to the interfaces between the subdomains. scheme, 5
case.

e Solutions of Tests 8 and 9 with ﬁ/lz—np (left) and »F-p (right)

Exact fluxes thanks to the design of the ﬁ;lz-np scheme




