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1994-2001 M.F., J. Felcman, M. Lukacova, V.
DolejsSi, P. Angot, G. Warnecke and A. Klikova
developed combined FV-FE method for the so-
lution of nonlinear convection-diffusion problems
and compressible viscous flow

several combinations:

a) dual finite volumes over a triangular mesh -
conforming Pl finite elements

b) barycentric finite volumes over a triangular
mesh - Crouzeix-Raviart finite elements

c) triangular FV’'s-conforming FE's



Theoretical analysis obtained in the cases a), b)
in 1995-2001

C) gives best computational results for compress-
ible viscous flow x analysis unsuccessful till 2007

- M.F., M. BejCek, T. Gallouet, R. Herbin, J.
Hajek



Continuous problem

Q C IR? - bounded polygonal domain

(0,7), T > 0, - time interval

Initial-boundary value problem:
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in Qp = Q% (0,7T), (1)

initial and boundary conditions

w(z,0) = u2(z), = € Q,

ulpax(r) =0. (2)



Assumptions on data:

a) fs € CH(R), fs(0) =0, |fl] < Cps=1,2,
b) £ > 0,

c) g € C([0,T]; L?(2)),

d) «° € L?(Q).

Notation:
(u,v) = [uvdx,
Q2
a(u,v) =¢ [ Vu-Vovdx ,
2

1/2
ul 1) = Qf) |Vu|2d:c> :



Combined FV-FE method

Ty, = {K;}ier and Dy, = {D;}ic; (I,J C ZT ={0,1,2,.. .}
- suitable index sets): two triangulations of the
domain €2 satisfying the standard assumptions
from the FE method

Triangles from 7, = finite elements

Triangles from D; = finite volumes

If two finite volumes D;, D; € D; have a common
side, we call them neighbours.

Then we use the notation I';;, =1, =90D;NoD,

s(i) ={j € J,j #1,D; is a neighbour of D,}.



I";;| - length of the side I';;
n;; - unit outer normal to 9D; on the side I,

For k € ZT,K € T;, we denote by P*(K) the space
of all polynomials on K of degree < k.

Finite element spaces:

Xy, = {v, € C(Q); wylg € PH(K) VK € T},

Vi, = {vy € Xp; vplo = 0}

Finite volume space:

Yy, = {v, € L2(2); wplp, € PO(D;) Vi€ J}



The relation between the FE and FV spaces -

lumping operator Ly,:

1
Lyv|p, = / vde, i€ J. (3)



Discrete problem

Let v be an exact sufficiently regular solution.
Then

ou 2 9fs(w) .
(875 )—I—Z%;]D 2 on vdz+a(u,v) = (g,v) Yv € V},.
(4)

1

The terms with fluxes fs approximated with the
aid of numerical flux H:

bp(u,v) = >, Lpvlp, > H(Lpulp;, Lpulp,,ni;) [Tl
1eJ jes(i)
(5)



1) H(u,v,n) is defined for u,v € IR and n € By =
{n € R? |n| = 1}, and Lipschitz-continuous with
respect to u, v.

2) H(u,v,n) is consistent:

H(u,u,n) = 23:1 fs(u)ng, ue€ IR, n=(n1,no) € B1.
3) H(u,v,n) is conservative:

H(u,v,n) = —-H(v,u,—n),

u,ve R, neB.

Approximate solution:

up, € CH([0,T; V),

ou
a) <8—tha’0h> + by (up, vp) + a(up, vy) = (g,vp) (6)
\V/’Uh & Vha
b) up(0) = ug = I‘IhuO = Xj, — interpolation




T heoretical analysis

Consider systems {7}, }¢ (o 1) Of finite element meshes
and {Dp}c0n,) OF finite volume meshes of the
domain €2, with hg > 0

Notation:

hg = diam(K), h = maxger, hi

pr = the radius of the largest circle inscribed into
the element K € 7,

Let

h

K <Cp,  h<Crhg,
PK

diam(D;) < Cph,

K eT;,, he (0,hg), i€ J,



with constants Cpr,C7,Cp > 0 independent of K, h

and ».

Let us set
w(D;) = U{K €T1,; KNnD,;# 0}

For a given element K <€ 7;, let R be the number

of sets w(D;) containing the element K.

We assume that there exists R < +o0o, Indepen-
dent of h, such that Ry < R for any K € 7;,.



—— each element K < 7; intersects at most R

finite volumes D;. Then

ZJ|Uh|H1( (D)) = R|’Uh|H1(Q) (7)
1€

The analysis of the FV-FE method carried out

under the assumption

9u = 12(0,T; H2(2)).



Under the above assumptions the error of the

method e, = v — u;, satisfies the estimate

tg[](%] lenllr2(qy < C'h, Ve

T

(8)

\

Optimality of the error estimates

Verification on the example of the 2D viscous

Burgers equation

auiu({?u Iuau—aAuzg, (9)
ot 0x1 0xo




considered in the space-time domain Q = Q X
(0,1), Q= (-1,1)%,

equipped with such data that the exact solution
has the form

u=(1-e?)(1—-27)?(1—-23)° and ¢ = 0.1

The time discretization is carried out by a semi-
implicit Euler scheme

uf —up! k—1 k k—1
,op | Fop(uy ™~ vp) Fap(up,vy) = (9% 7, vp),

T

(10)
with overkill in time, 1.e. with very small time
step.



Numerical flux:

H(ui,un,n) = Zle fs(u1)ns, if A>0
and

H(uy,ug,n) = x2_; fs(ua)ns, if A<O0,
where

A= 23:1 fé(a’)nsa u = %(ul + ’UQ),’I’L — (nlanQ)'

We consider successively refined FE meshes 7, , i =
1,...,6, and two types of secondary FV meshes
a) D}lb = Th!



b) D? defined as the Delaunay triangulation with
vertices equal to the barycenters of the FE tri-
angles from 7, and the FE boundary vertices. In
Figures the triangulations Thl and D}Qll are shown.
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Tables:

computational results obtained with the aid of
the FV meshes D}% and D}QLZ,

ey 1oo(12) - computational errors evaluated in the
L>®(L?)-norm

e, 12(1) - computational errors evaluated in the
L2(HYH-norm

EOCLOQ(LQ), EOCLQ(Hl) - corresponding experimen-

tal orders of convergence

#I h eh,Loo(Lz) EOCLOC(Lz) eh,LQ(Hl) EOCLz(Hl)

128 3.54E-01 6.57E-02 - 1.09E-01 -
512 1.77E-01 2.95E-02 1.16 5.58E-02 0.97
2048 8.84E-02 1.40E-02 1.08 2.81E-02 0.99
8192 4.42E-02 6.87E-03 1.03 1.41E-02 0.99
32768 2.21E-02 3.40E-03 1.02 7.05E-03 1.00
131072 1.11E-02 1.69E-03 1.01 3.53E-03 1.00
Average 1.06 0.99

Method with the FV meshes D} = 7,




#I h eh,Loo(LQ) EOCLOC(Lz) eh’LQ(Hl) EOCLz(Hl)

128 3.54E-01 7.50E-02 - 1.13E-01 -
512 1.77E-01 4.57E-02 0.71 6.18E-02 0.87
2048 8.84E-02 1.78E-02 1.36 3.01E-02 1.04
8192 4.42E-02 1.18E-02 0.59 1.62E-02 0.89
32768 2.21E-02 4.37E-03 1.43 7.56E-03 1.10
131072 1.11E-02 2.99E-03 0.55 4.12E-03 0.88
Average 0.93 0.96

Method with the FV meshes D?

Conclusion: the method is of the first order both
in L2(0,T; H1(2))-norm as well as in L>®(0,T; L2())-

norm.



DG finite element method

A natural extension of the FV method for obtain-
iIng higher order schemes:

the discontinuous Galerkin method

piecewise polynomial approximation on suitable
meshes without any requirement of the continu-

ity between neighbouring elements

Consider again problem (1) — (2).



7;, - triangulation of 2 with standard properties
j,8(2), |5, ni; as above

use the symbol [ for sides of K; which are parts
of 92 and set (i) = {5, I';; C OK; N ONR}.

Over the triangulation 7, we introduce the broken
Sobolev space HY(Q,7;) = {v; v|x € HY(K) VK €

75} with seminorm

1/2
i) = (K%:T |’U?{1(K)) . ve HY(Q,T).
h
(11)



For ve HY(Q2,73), i € I, j € s(i) we use the nota-

tion

U||_z'j = trace of v|g. on I,
”‘I‘jq; = trace of ’U|Kj on I ;;,
()r,; = 3 (vlry, +olr,,)s

[U]rij — U|I_Z] - |rﬂ

The approximate solution is sought in the space
of discontinuous piecewise polynomial functions
S;, defined by

S, = SP~HQ,T;) = {viv|g € PP(K) VK € T;,}. (12)



DGFE formulation

We introduce the forms for u,p € H2(2,7;)

ap(u, ) = ) /K_EVu - Vpdx
el "t

~X % [ eVa)yngleldS = X 5 [ (V) - ngluldS

1el jes(i) " W 1€l jes(i)
1< 1<
-y ¥ / eVu-nijedS—Y ¥ / eV -ngjuds,
el jey(3) el jey(3)
) =% ¥ [ olullgldS+ X ¥ [ oupds
el JES<(Z) 1€l je~ (1)
1<

()0 = | g(),



b (u,0) = = 3 [ Z s

el K s=1

T2 2 / <U|r U|rﬂan7;j>90|rijd5-

1€l jes(1)

H - numerical flux with above properties
Weight o: O|rij — Cw/d(rzj),

Cyw > 0 - sufficiently large constant.

The forms a; and Jg represent here the symmet-
ric discretization of the diffusion term and the
interior penalty - SIPG version of the DG ap-

proximation



Discrete problem:
u? € S;, - L?(Q2)-projection of «° onto S,

up, - DGFE solution, if

a) uy € CL([0,T7; Sp),
b) (8ugt(t) : Sf’h) + by, (up (1), on) + apup(t), o) + eJi (up(t), ©p)

=Ly (pp) (1) Vep €S, Vte (0,T),
c) up(0) = u%

(13)



Assumptions:

up = g?: L2(0, T: HPTI(Q)), (14)

{Th}he(0,hy)r ho > O, is a regular system of triangu-
lations:

there exists a constant Cpr > 0 such that

hi/pg < Cpg for all K € 7, and all h € (0, hg).



Analysis: M.F., V. DolejsSi, V. Sobotikova

Under the above assumptions, the following error

estimate was obtained:

2
tg?(?,é] ||eh(t)HL2(Q) (15)

T
+ e ) (Ien® g + T (en(®). en@)) do < Ch2.

This estimate is optimal in the L2(H1)-norm, but

suboptimal in the L>®(L?)-norm.



Goal: to derive an optimal error estimate in the
L>®(L?)-norm

carried out by M.F., V. Dolejsi, V. Kucera, V.
Sobotikova

with the aid of the Aubin-Nitsche technique based
on the use of the dual problem:

Ay =z inQ Yoo =0 (16)

Assumption: 2 IS convex
Then the weak solution v € H2(2) and there ex-
iIsts a constant C > 0, independent of z, such that

1l 200y < CllzllL2(q): (17)



Under the above assumptions the error ¢;, = u—wuy,

satisfies the estimate

”ehHLOO(O,T;LQ(Q)) < Chp_l_la (18)

with a constant C > 0 independent of h.

Numerical experiments

Verification of estimate (18) by the evaluation of

error and experimental order of convergence for

2D viscous Burgers equation



Data:

Q = (0,1)2, T =10, £ = 0.1 and ¢ such that the
exact solution: u(zq,z2,t) = (1 —e 19 d(zq,22),
where

i(z1,20) = 2r%q2o(1 — 21)(1 — 22), 7 = (23 + 23)1/?
a € IR - constant which determines the regularity

of the solution u, by BabusSka

ic HP(Q) VBe (0, a+3) (19)



Table:

computational errors in the L2(Q)-norm at time

t=T =10
experimental orders of convergence (EOC) for
a=4

— we have the optimal order of convergence
O(hP+1) for p=1,2,3



P! P? P3
mesh h ||€h||L2(Q) EOC ||eh||L2(Q) EOC ||eh||L2(Q) EOC

0.177E4-00 | 0.3943E-02 — 0.1948E-03 — 0.1099E-04 —

0.118E4-00 | 0.1843E-02 1.88 | 0.6046E-04 2.89 | 0.2330E-05 3.83
0.884E-01 | 0.1060E-02 1.92 | 0.2621E-04 2.91 | 0.7689E-06 3.85
0.589E-01 | 0.4811E-03 1.95 | 0.7999E-05 2.93 | 0.1593E-06 3.88
0.442E-01 | 0.2733E-03 1.97 | 0.3427E-05 2.95 | 0.5173E-07 3.91
0.295E-01 | 0.1226E-03 1.98 | 0.1032E-05 2.96 | 0.1054E-07 3.92
0.221E-01 | 0.6927E-04 1.98 | 0.4385E-06 2.97 | 0.3494E-08 3.84

NoOoOhlh,WNH

Computational errors and the corresponding orders of convergence of

P!, P2 and P3 approximations for a = 4.

A small decrease of EOD P3 approximation -

caused by rounding off errors.



Conclusion

The combined FV-FE method simple, but first-

order accurate

Natural extension: DGFEM - allows to construct

higher-order accurate method

Open problems:

- Analysis of the problem with mixed Dirichlet-
Neumann boundary conditions

- Analysis of optimal error estimates in nonconvex

domains
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