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EULER EQUATIONS
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NAVIER-STOKES EQUATIONS
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a) Triangular mesh
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b) Quadrilateral mesh

c) Dual mesh over a triangular grid
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d) Barycentric mesh over a triangular grid



FINITE VOLUME SCHEME
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SECOND ORDER - ADER

.

[

b1
/ / Z ns.fs('w> detNTkH(wzow]anz]) |I_Zj|

ZJ 5—1

1f1(Q)

9. 0f1(q)

=0
8t 0x1

. _ ) ar(Z1), %1 <0
x1,0) =4¢ 2% ~
4(71,0) { dr(Z1), Z1>0



INVISCID BURGERS EQUATION
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w(x,0) = wo(:t), x € (a,b),

w(a,t) = w(t),w(b,t) = wl(t) te (0,7T)

Momentum equation for the 1D isothermal Euler equations,
where density variations are neglected



INITIAL CONDITION w9(z) = 0.5 + sin(x)




INITIAL CONDITION w9(z) = sin(z)

zero speed shock
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IMPROVEMENT OF THE FV SCHEME
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adaptivity refinement
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MESH ADAPTATION FOR NONSTATIONARY PROBLEMS
AMA - anisotropic, RES - residual based

e PREDICTION PART
SRR & S B k k
1. Prediction: w_;” ‘= FVsol (ka,D )

2. Adaptation: DFt! .= MeshAdapt (Dk,wggl) (AMA)

:= MeshAdapt (Dk,wg,tl,w’;)k) (RES)

3. Recovery: wk, ., := SolRecovery (w’%k,Dk,DkH) (GMCL)

e PDE EVOLUTION PART

Lok - -
4. Update: WD—,L_+1 = FVsol <w§)k+1,Dk+1) (Finite volume

method)



MOVING A VERTEX

A4

Admissible set for the vertex motion Cp= U D

DeDk
D3P

Quality parameter of the vertex P

Qp(x) — min

Ep - the set of local edges > P



ANISOTROPIC VERTEX QUALITY PARAMETER
http://www.karlin.mff.cuni.cz/~dolejsi/angen/angen3.1.htm
ok = {P;;i € I} set of all vertices
M(P;) approximate Hessian matrix related to each vertex P,

M(P,) =z [I+a (|H(F)||) HF))

1. w;“;,;l is used for the construction of H(FP;)

2. H(P;) is modified to control
e the number of new tetrahedra (parameter ¢)

e the ratio edgemax/edgemin (Parameter @)

e the transition coarse — fine (parameter @)



RIEMANN NORM of an edge e

N
HGHW;-I]j = e ' Mce

Me := (M(F;) + M(FP;))/2

Vertex quality parameter

2
Qp(r) = Z <||€||Wk;-|-1 — cN> , cCN = V3 for N =2

eclp Dk

Ep - the set of local edges > P
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RESIDUAL VERTEX QUALITY PARAMETER
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RESIDUAL ERROR INDICATOR FOR THE
NONSTATIONARY EULER EQUATIONS
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FV solution - wy, - piecewise constant vector valued function at
time t;.
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Weak formulation /- ¢ = (p1,...,on12) " € HEH(Q)NT2
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Component-wise

a¥(w,p) = 0, (=1,...,N+2.

Riesz theorem (¢, w fixed)

HF () 3 o — aj(w, @)
continuous linear functional
af(w, ) = 0 = (Af(w),¢r) =0
Nonstationary Euler equations AF(w) =0
Residual Ak(wﬁ) = 'r]fL

k
Wy(,t)|p, = wi', t € [tg, trq1)



The norm of the residual
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g, - residual error indicator

g¥ = h; * something



Approximation of the norm of the residual
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Two dimensional case
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MOVING A VERTEX

VavaRvaY

Admissible set for the vertex motion Kp= U D

DeDk
D3P

Anisotropic vertex quality parameter of the vertex P

2
Qp(r) = Z <||€||Wk;4k:1 — cN> , CN = V3 for N =2

eclp D

Residual vertex quality parameter of the vertex P

N2
Qp(z) = Yiekp <|D7;| - 1-%|D|)



REMARK
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MINIMIZATION OF THE VERTEX QUALITY PARAMETER
Qp(x)

BARRIER FUNCTION METHOD
Pp(z, ) = aQp(z) + Bp(z) — min

a > 0 - weighting parameter

e Bp(x) - barrier function

— lim Bp(x) — o0
r—yEOKp p(z)

L 1
— Bp(x) := 2.bCOK p dist(z,b)



l1.Set P:=Panda:=1 or «a:=Bp(P)/Qp(P)
2. Find P=arg min,cxc, Pp(z,a)
(BFGS quasi-Newton method)
Step 2 is repeated with the increasing parameter o .= a3, 5 = 2,

e Stopping criterion
— prescribed number of repetitions (10)

— decrease of Qp(P)



ANGLE CONTROL METHOD

Angle control

e Function minimization: ®p(x, o, aymin) = w(%Po(éx), j

e Prescribed minimal angle | a;in

e Minimal angle in D; associated with P : a = minp cix,Mingep.(5)



Properties of W(a, ayyn)

® W(O‘7amin) — 0 iIf o — ayn

o V(a,ayin) — 1 if a — dayy,;, where d > 1

tanh( (d—l)ciamm (2a—a,;n(d+1)))+1

Use of tanh(x): W(a, aymin) =

e d - transition between O and 1

e a - influences value WV (aymin, ®min)
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Level O Quality Parameter of a Vertex P:

LQ(P,0)(z) =Qp(x)




Level 1 Quality Parameter of a Vertex B;:

LQ(F;1)(z) =LQ(F;,0)(x)+> Qp,(x)
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Angle control algorithm

1. Compute average LQ = 2i Lg}gﬁﬁl)(m)

2. IF LQ(P;,1)(z) > LQ find P =arg mingcxc, Pp(z, o, amin)

e Do STEP 2 for red and green neighbours of F;

e Stopping criterion
— prescribed number of repetitions =~ 5

— decrease of Qp,



GEOMETRIC MASS CONSERVATION LAW

k

Recompute the solution w”, to its recovery Wt 1

D

ine wk
Define w., .,

k
’UJ,L',

> |\ Dyt i =3 |Df
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wh = Woit1l o - (o denotes the interior of Df"‘l.)
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Moving vertex adaptation - perturbation method



PERTURBATION METHOD

Mapping D¥F — Df"'l
r— T .= x — c(x)

c linear, given by the displacement of vertices of Df, "small”

/Dk—l—l w(z) dx ~ /Dk wdxr — /(’9Dk wep, dS,

(Higher order terms neglected)

Passage to volume averages and the approximation of [,
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Equivalently
) 1] 1= J ij Iz

&;; - the center of gravity of I';;



PERTURBATION METHOD (details)

T=ux—c(x)

with the Jacobian

861 801

Di R LT po
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Ox1’ 0xo

Supposed that the displacement ¢ is small we can write
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/D’?"‘l w(x) dz ~ Dkwd:c — /('B?D’? wey, dS
1 1 1
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EXAMPLE
Euler equations in 25, = (-5,5) x (—5,5)

BC: channel flow (left to right)

-
w = (papv].)“‘avaaE)



Initial condition w9(z) in (=5,5) x (=5,5)
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Anisotropic vertex parameter
mesh refinement at time t=0.2
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Anisotropic vertex parameter
mesh refinement at time t=0.8

Y N2 AN 7 7] WV, YAYA%,
N el KRS N N el s
N NN R ORI PNV SRIZOOSINATEN
i I R
SN Evvay SNivgi  av i S 0
s uraNYRaa(y NI NTANTIN S S St ol ey v
YA AN, ANV 4N B e oM T e e
R =S I e
e e N e S e B e 2
RN ATy
NONIRR AL
NSRRI S AR
SRRSO RIS
S S e ez =zt
N N e o KRS
N 9
SN
N/

;;,«wmé‘mv

2

X
\
%%
AV
V2,90

#‘
S
]

oA
Y/
.
AN
N
%S
N
=
-
2

o
\Vi
oK)
L]
4N
Y,
Ze,
W

fﬁ
N
G
\/
[

>
o

=

SN
\/
s
K
ﬂ'
i
Do)
g
I
N
XA
N
1V
RERRRX

N
MRS

AP
NS
‘Aﬁ
2y,
K
N
A

<7
\av
o
S

N/
\ /]
KK
N
57
V§‘
N/
DX
AWZAY

v
%%
%
Vv
\VAY
ol
17
Iy,

N
\

27
%
b
7]

N
A\l
s
?
K
OF
]
a

Ay
5
RN
TN
a
N

&

N‘E
}A
Y

v
A
2]
|1
iz
%)
N

9
N
VA
s
S

}iﬁl"
\NZL7
S

o

<

2\
=
%
VAV
X
ay
N
N
=~
AVA\Y
(%

>
X
X
5K
N
W7
VE
g{)

¥

nA\‘

=

S,

=\

7>

A

34
2NE
R
4

S5
o
-
s
0
5
7

|

L7

7

4}
KSHZ7)
= Ag{
AN

\ S—)
N
A
4
K

%
v
i
A4y
Vay
é
)

K
X
N
N
S
Xy
N
;l,f
%
2
Oz

7N

N
NSRS
X A,
N
SRS
DR
SN
VA\VVA
PSS

>
bz
4;;1
é«
=<l
z
Ay,
R
i
N
N\
%]
L7
PN

V]
4
v
V4V
SN
i'
“V
N
N
%ﬁ \A&
A
%
ey
oY,
oK)
Tk

N
N
%
&

K7
7
W
4
P

"sA \/ 7 X SN
NN IR

N SN AN

\N\Q/A‘lgﬁwaﬁ

J
>
NSRRI/

>
)
SN

N —
AV
N
o~

4
Ny
W
W
K

L
N

5

N

X
4
5

v‘
NI
Ay

c
A
»
S
g
55
S
Vi
3
JVAVAN
&

i
VANN

<\
=
-
v
N
N
APES
&v N
N\
0
s

2
N
Y

A
|
<7
%
A A
SR
SO
RSN
2
<NA
=
<IN )
s

i
N
N
\,
N
N2
A
S
v
3
WA
&
>
y
26
3
X
%
5
N
s
/\
a K/
Y

>
K]
a
L7
]
]
/\
N
?(
A
S
i
LA"

S
AN
N/
N/

X

K]
>
%
S
ENF
VAvY;
Py
N
2N
g
\V“v
AN
R

N
X
W
N
N
Y/V
0
N
-~
5
X
N
AN
2
SYAVAY AVANNY;
ONEREERE
N
>
7
Y
2
N
(

AN
)
3
]
0
v
2
VS
20
A
kP
N
V%
V]
/1
o
g

i
7
J
(4
7
\%
A\g
It
0
o
N
i
A

NN (X
7 NEANISEL
S CERSNARSANNASEA 7S
X m‘%‘ﬁ})ﬁ?«%{%%z“'%’é‘{@‘ Jvave
Sl NN
TS OSY PEA KNS
2 A PRI
NN K

vertex
refinement

\
Q
VA
Z
7
N
A

/7

‘H

0
N

I
%
SN

V] \yﬁ»
=5
Y

A
(VAN

V§

S

7

N

\
N
=
N
‘V
\L
N\
‘%‘
=
N7
=)
X<
]
Vi‘
4

A

/) e

AN
\

\

NN
)
%
NA

=

N
<N
A
i
N

]
0=
D
171

A
A
<l

SN

Za

JAVAS

<
AV,

S

/N

N/

WS

N

N\

S

O
RS

S\
N
gv#
0
?

S

V

N
2
s

\/
N/
NN

S

N
AN
NN

AVANYA
S

RSN vx

SV

Residual
mesh
t=0.8



6 I I I I

I
"mesh.txt"

Starting finite volume mesh with 4096 volumes



| |
"mesh-lg1.txt"

-6 -4 -2 0 2 4 6

Adapted mesh (LQ(P,1)) for the initial condition w9(z)
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Starting computational mesh with 16384 triangles
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Mesh adaptation at time ¢t = 0.2.
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Mesh adaptation at time ¢t = 0.4.
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Mesh adaptation at time ¢t = 0.6.
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Mesh adaptation at time ¢t = 0.8.









