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1. Objectives

Approximation of the solution u to u ∈ H1
0(Ω),∫

Ω
Λ(x)∇u(x) · ∇v(x)dx =

∫
Ω

f (x)v(x)dx ∀v ∈ H1
0(Ω)

with constraints:

• Any type of grid (conforming or not), 2D or 3D

• sparse, symmetric, positive and definite matrix

• approximation of u and ∇u (with convergence and error
estimate)

2. Discrete unknowns

Discretization: D = (M, E ,P) (control volumes, interfaces and points)

K L

dL,σ
DK,σ

xK

xL

xσ

Discrete unknowns: (vK)K∈M and (vσ)σ∈E

XD = {v = ((vK)K∈M, (vσ)σ∈E), vK ∈ R, vσ ∈ R}

XD,0 = {v ∈ XD such that vσ = 0, ∀σ ∈ Eext}

HM(Ω) ⊂ L2(Ω): set of piecewise constant functions on the control volumes

ΠMv ∈ HM(Ω): piecewise constant function ΠMv(x) = vK for a.e. x ∈ K

3. Discrete gradient

For u ∈ XD, construction of a discrete gradient:

•Geometric formula. For K ∈M (using xσ, center of σ):∑
σ∈EK

m(σ)nK,σ(xσ − xK)T = m(K)Id

•Rough gradient. For K ∈M:

∇Ku =
1

m(K)

∑
σ∈EK

m(σ)(uσ − uK)nK,σ

• Stabilized gradient. For K ∈M and σ ∈ EK:

∇K,σu = ∇Ku + RK,σu nK,σ,

with

RK,σu =

√
d

dK,σ
(uσ − uK −∇Ku · (xσ − xK))

∇Du(x) = ∇K,σu for a.e. x ∈ DK,σ

4. Numerical scheme, SUSHI

•Reduction of the number of unknowns. Eint = B ∪H,H = Eint \ B.

XD,B = {v ∈ XD,0, vσ =
∑

K∈M
βK
σ vK,

∑
K∈M

βK
σ = 1 & xσ =

∑
K∈M

βK
σ xK,∀σ ∈ B}

•Discrete equations.

card(M) + card(H) equations and unknowns uK for K ∈M and uσ for σ ∈ H Find u ∈ XD,B such that:∫
Ω

Λ∇Du · ∇Dvdx =

∫
Ω

f ΠMvdx, ∀v ∈ XD,B

The so-called “local conservativity" is ensured for all σ ∈ H (taking in the scheme v associ-
ated to σ) but not for σ ∈ B

In 2d, for Λ = Id and with triangles or rectangles, the scheme is the classical finite volume
scheme

5. Convergence of the approximate solution

Non degeneracy of the discretization. hD = sup{diam(K), K ∈M}

θD = max

(
max

σ∈Eint,K,L∈Mσ

dK,σ

dL,σ
, max
K∈M,σ∈EK

hK

dK,σ

)

θD,B = max

(
θD, max

K∈M,σ∈EK∩B

∑
L∈M |βL

σ ||xL − xσ|2

h2
K

)

Let θ > 0 and uD the approximate solution with D and B such that θD,B ≤ θ. Then
ΠMuD converges in L2(Ω) to the unique solution u and ∇DuD converges to ∇u in
L2(Ω)d as hD → 0.

6. Proof of the convergence result

•Discrete norms

– Norm in XD:

∀v ∈ XD, |v|2X =
∑

K∈M

∑
σ∈EK

m(σ)

dK,σ
(vσ − vK)2

– Norm in HM(Ω) (Discrete H1
0−norm)

For v ∈ HM(Ω) and for σ ∈ Eint with Mσ = {K, L}, Dσv = |vK − vL| and dσ = dK,σ + dL,σ

For σ ∈ Eext with Mσ = {K}, Dσv = |vK| and dσ = dK,σ

∀v ∈ HM(Ω), ‖v‖1,2,M =
∑

K∈M

∑
σ∈EK

mσdK,σ(
Dσv

dσ
)2

– Comparison of the norms in XD,0

Thanks to the Cauchy-Schwarz inequality:

‖ΠMv‖2
1,2,M ≤ |v|2X , ∀v ∈ XD,0.

• Equivalence of norms

Thanks to (
RK,σu

)2 ≥ λd

1 + λ

(
uσ − uK

dK,σ

)2

− λd|∇Ku|2
(
|xσ − xK|

dK,σ

)2

.

Equivalence of norms:

α|u|X ≤ ‖∇Du‖L2(Ω) ≤ β|u|X , ∀u ∈ XD

• Estimate on uD, solution of the scheme

Taking v = uD in the scheme and using the preceding equivalence of norms and a discrete
Sobolev inequality lead to an estimate on uD in L2 and for the norm of XD

•Regularity of the possible limit and convergence of the gradient

Let F be a family of discretization and, for D ∈ F , uD (not necessarily solution of the
scheme) such that:

• uD ∈ XD,0

• |uD|X ≤ C

• ∃u ∈ L2(Ω) with lim
hD→0

‖ΠMuD − u‖L2(Ω) = 0

Then u ∈ H1
0(Ω) and ∇DuD weakly converges in L2(Ω)d to

∇u as hD → 0

• Passing to the limit in the discrete equation

For ϕ ∈ C2c(Ω, R), let:

1. PDϕ = ((ϕ(xK))K∈M, (ϕ(xσ))σ∈E) (so that PDϕ ∈ XD)

2. PD,Bϕ the element v ∈ XD,B such that vK = ϕ(xK) for all K ∈M, vσ = 0 for all σ ∈ Eext,
vσ =

∑
K∈M βK

σ ϕ(xK) for all σ ∈ B and vσ = ϕ(xσ) for all σ ∈ Eint \ B

3. PMϕ(x) = ϕ(xK) for a.e. x ∈ K, for all K ∈M

Taking v = PD,Bϕ as test function in the scheme and using ΠM(PD,B) = PMϕ, the conclu-
sion follows with the two following consistency results:

‖∇DPDϕ−∇ϕ‖(L∞(Ω))d ≤ ChD

lim
hD→0

‖PD,Bϕ− PDϕ‖X = 0

Leading to:

lim
hD→0

‖∇DPD,Bϕ−∇ϕ‖(L2(Ω))d = 0


