Discretization schemes for linear diffusion operators on general nonconforming meshes
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‘ 1. Objectives |

Approximation of the solution « to
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/ Ax)Vu(zx) - Vu(x)dx = / f(x)v(z)dz Yo e Hy(Q)
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with constraints:
e Any type of grid (conforming or not), 2D or 3D
e Sparse, symmetric, positive and definite matrix

e approximation of v and Vu (with convergence and error
estimate)

2. Discrete unknowns |

Discretization: D = (M, &,P) (control volumes, interfaces and points)

Discrete unknowns:  (vg) e and (vg) e

Xp ={v=((vK)Kem; (Vo)oeg), vk € R, 05 € R}
Xpo=1{v € Xpsuchthatv, =0, Vo € Eext}

H () € L?(9Q): set of piecewise constant functions on the control volumes

[Ty € Hpq(Q2): piecewise constant function [Ty v(x) = v fora.e. x € K

‘ 3. Discrete gradient |

For u € Xp, construction of a discrete gradient:

e Geometric formula. For K € M (using x., center of o):

e Rough gradient. For K € M:

e Stabilized gradient. For K € M and o € &

VEou=Vigu+ R ;ung s,
with

Vd

Ry ou = (ug —ug — Viu- (xs — xTR))

dK,J

Vpu(az) = VKpgu fora.e. x € DK,J

‘ 4. Numerical scheme, SUSHI |

Ent = BUH, H =&y \B.

e Reduction of the number of unknowns.

Xpp=1{v € Xp, Vo = Z ﬁg(v[(, Z @5:1&%: Z 6§mK,VOEB}
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e Discrete equations.

card(M) + card(H) equations and unknowns u for K € M and u, for o € ‘H

[ Find u € Xp g such that:
/ AVpu - Vpudx = / J HUpvdx, Yo € Xp g
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The so-called “local conservativity" is ensured for all ¢ € 'H (taking in the scheme v associ-
ated to ¢) but not for o € B

In 2d, for A = Id and with triangles or rectangles, the scheme is the classical finite volume
scheme

‘ 5. Convergence of the approximate solution |

hp = sup{diam K), K € M}

dK,a hK )

(92) — max max : max
UEgint,K7L€M0 dL,O‘ KGM,O'GgK dK,O'

Non degeneracy of the discretization.
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Let 0 > 0 and up the approximate solution with D and 5 such that 6p 3 < 6. Then
[T \up converges in L?(Q) to the unique solution « and Vpup converges to Vu in
L*()% as hp — 0.

‘ 6. Proof of the convergence result |

e Discrete norms

—Norm in Xp:

Vv € Xp, ]v\%( = Z Z m(a)(% — UK)Q

d
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—Norm in H,,(?) (Discrete H&—norm)

Forv € Hp(Q2) and for o € &y with My = {K, L}, Dov = |vg —vr| and dy = dg 5 +df, »
For o € eyt With My = {K'}, Dov = |vg| and dy = di 4

12 M — Z Z mUdK,O(ZZU
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Vv e Hy(Q), v Y

— Comparison of the norms in Xp

Thanks to the Cauchy-Schwarz inequality:

2 2
Ml o < [0l Yo € Xpp.

e Equivalence of norms

Thanks to

2 2
R > — |V .
(i) 1+A< A o ) Vi ( dio

Equivalence of norms:

alulx < [|[Vpul|paq) < Blulx, Vu e Xp

e Estimate on wup, solution of the scheme

Taking v = up In the scheme and using the preceding equivalence of norms and a discrete
Sobolev inequality lead to an estimate on up in L? and for the norm of Xp

e Reqularity of the possible limit and convergence of the gradient

Let F be a family of discretization and, for D € F, up (not necessarily solution of the
scheme) such that:

e up € Xp

o lup|x <C

e Ju € L2<Q> with lim ”HMUD — uHL2<Q> =0
hp—>0

Then v € H(Q) and Vpup weakly converges in L*(Q)% to
Vu as hp — 0

e Passing to the limit in the discrete equation

For p € C2,(Q2, R), let:
1. Ppy = ((¢(xx)) Kem: (¢(®5))seg) (SO that Ppy € Xp)

2. Pp gy the element v € Xp g such that vy = p(xg) for all K € M, v, =0 for all o € Euy,
Vo = S em B o(zg) forall o € Band vy = p(x,) forall o € &, \ B

3. Ppp(x) = p(xg) forae. x € K, forall K e M

Taking v = Pp gy as test function in the scheme and using 1 \(Pp ) = Pae, the conclu-
sion follows with the two following consistency results:

IVDpPpy — Vol peiq)e < Chp

lim ||Pp gy — Ppellx =0 |
hp—>0

Leading to:
hgfgo IVpPp e — Vol 2y =0
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