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We propose a DDFV (DISCRETE DUALITY FINITE VOLUME) scheme
for the nonlinear elliptic equation

3. Discontinuities in the flux ¢ 5. The method in 2D

—div (p(z,Vue(z))) = f(z), in ), . .
{ y i@ﬁo( . 6& )= 1) (1) In this case (Hs) is not satisfied since ue & W2P(Q), as the gradient of ue is We define a new gradient on each quarter of diamond cell
’ ’ discontinuous. The DDFV still converges (see [1]) but the fluxes are no more N7 N7 N7 ;o b oD 1
where € is a polygonal open set of R? and the operator u consistent along the interface of discontinuities. Vpu' = Z loVou', avee Vou' = Vpu' + Bod™, 07 € R,

—div(¢p(+, Vu)) is monotonic and coercive (of Leray-Lions type). We are Q€D

particularly interested in the case where ¢ is discontinuous with respect Assumume that on each Q, ¢ is Lip. and safisfies (Hs).

where 67 is a set of 4 artificial unknowns

to the variable z (transmission problems). AIM : obtain the consistency along the discontinuity!

The scheme is constructed in a way to ensure the consistency of the . . = . . B . 1 (|low|v*, 0, |o:|v,0), Bo,. . = 1 (—loelv,0,0, |owm|v) |
numerical fluxes where o is discontinous. We construct a new approximation g on each diamond cell to obtain the | ok | | | o7

We obtain error estimates for sufficiently piecewise smooth solutions of consistency of the discrete fluxes (see Section 5) B (0, —loel". 0. —lop|v). B 1 (0, [02lr*, o[, 0)
the same order than in the case of regular fluxes. Numerical results CEE g 7 AT T MR RIS AT R

confirm the gain obtained with these new scheme. — Z o] (pp(Viu'),v) = [ f(z)dz, VKeM We impose the conservativity of the fluxes to determine 62 € R*.
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(5> vT T B 51) *\ vT T B 51) *
- Y @ VR = | f(z)dz VT e Pac Vot + Bogeed ) v ) = ($oce(Vor + Boce )7 ).
1. Assumptions D, A . (Poree(VRUT + Bog07),0" ) = (g o (VoUT + Bo, 107),0%) 0
/ (SOQIC,IC* (Vpu' + BQK,K*5D>7 V) = (SOQc,zc* (Vpu' + BQc,K*5D>> V) :
o Let p €1, 00, p/ = % and f € LP(§2). Assume here p > 2 to simplify. ( T T D T, T D
b p Oor +(Vpu + Bg, .0 ,V):(gp (Vou' + By, .0 ,1/).

e v : ) x R? = R? is a Caratheodory function such that &,n € R*: o (Vo ox.c:0") ooV 2c2:0")

(p(2,6),8) > Cyp (JEIF = 1), (Hq) : Proposition. For all u7 € RZ and all diamond cell D, there exists a unique
1 4. The method in 1D 0P(VZuT) € R* such that (11) is fullfilled or equivalently
(2,6) < Cp (P +1). (Hy) W

3" 1Q|Bhpo(VIuT + Bod®(VEuT)) = 0.

1 . Let us consider the problem =
_ N Ol P o€
_ < p—2 p—Q) _nl Letzgp=—1 <... <ay=0<... <@y = 1 beadiscretization of [—1, 1]. Let o be the mean value of ¢ on ©, the numerical flux is then given by:
02,6 oz < Cp (1P 24 P 2) fg—nl. (g | MRS L< <m0 Pq ¢ siven by
1
xX; N T,T\ _ 7 T D T T
e Remark : More general cases can be studied. For instance if ¢ is nonlinear _F 4+ F = / - f(x)dz, Vi€ {0,N + M —1}. (6) ep(Vpu') o] Z 1Q|wo(Viou" + Bod™ (Viou')), (12)
on 2 and linear on {29 = Q0 \ €2y (See [3]). T €D
with e Remark : If ¢ is linear and constant on the control volumes, we
2. Back to the DDFV schemes Fy — o(z;, Val), VT = Uil — U] Vi N (7) get the scheme proposed by [5] for which the calculations are made explicitly.
(A (% i Y 1 — ) y
xz‘+% - ajz’—%
See [4], for the Laplace operator. > Theorem. Assume that ¢ is discontinuous along some curves in {2 and that
See [1] and [2] for the nonlinear case. QUESTION : How to define Fy |  satisfies (H5) on each quarter of diamond. The scheme defined by (5), (12)
e The DDFV meshes primal dual and “diamond” . . admits a unique solution UT. Moreover if ’LL6|Q - WZP(Q), \V/Q, we have

1

lue — u™|| o + |Jue — u™ || 1o + ||Vue — VT || 1p < O size(T)@D.

To ensure the consistency and the conservativity of the discrete flux at s = 0,

L . . , N
we look for i such that e Key point : Obtain the consistency of the new gradient V!

A Primal mesh ::::'Dual mesh (.7 v—l—uT L u]\H‘% —u V_UT L U — UN—%
N o ) N T — y
: hy h -
¢ Zoom on the diamond cells N N 6. Numerical results
Diamond cells are supposed to be convex. Let us note @ the quarters of and impose that
this cell. (Viu") = . (Vyu").
= . . . (Vi) = @ (V) The scheme (5) is solved by the following iterative algorithm (r > 0 is given):
/,"!\" """"""""" /‘/‘—\‘ BEE [,"—\ In fact we prefer to look for w under the form e Step 1 : Find (u”", 075) solution of
4 g o AP 2T _
e o SE N N G v L SN e T hvuv. 1+ htu, 1 B
NS I | RN N S I i=u+0, withag=——2 " r ) 1QI(Vau"" + Bodp — g5, Vau™)
\ "’,;\\\\.\ \’ch,c* \\\\'\’ ‘\'L\ \\"\ ’\’ hN + hN 0cs)
\\\ ° /\) z. | loe] \'\ QM:\"IK uwnz{-/?" \'\\\'\\i/\‘\) Te * n—1 T T T
okl \// ____________ ’\/‘,‘ ’ '\/‘,‘\T”'“--.unguc* th&t iS 5 5 — Z ’K’flC/UlC —I_ Z ’K ‘flC*U/C* —I_ Z ‘Q‘()\Q 7VDU)7 \V//U E R .
: W\A ‘ ’ v]—'\_] T VN T _ h—+, and VJ_V’UJT — vNuT T h__ (8) N - 1 ° 1
¢ N r Y |QI'Bo(Bodlh + Viu" — g5 = Y |QI'BoAs ' =0, VD€ D.
e The discrete unkhowns Erciesiton. 0cD)p 0c
T _ (, 0, 9 M _ M (L .
= (u » ) where u™" = (u)eon v = (U )e-com e For any u7 € RY, there exists a unique On(VyuT) such that o Step 2 : On each Q, find g; solution of
e The discrete gradient : VZu? constant on each diamond cell D 5 (V) (V") 1
u u n n— n 7, 7,1 n
— ‘. — Ups Fy <o | Vyul + 22 =, [ Vyu? — 22X (10 Palgo) +Ag  +1l(gg — Vpu" — Bodp) = 0.
VguT _ 1 <u£ *u/cy 4 Uy Uk V*> VD, (2) N =@ ( N I Y2 N ht ( )
S Ap o] o o Step 3 : On each Q calculate A7 defined by
¢ The DDFV scheme e The scheme (6), (7), (10) admits a unique solution.
n __ yn—1 n_ ~7,7n n
- e Example : Ao =g  +7(95 — Vou Bobh).
- Z o] (@D(VDU ),V ) = | f(z)dz, VKeEM Let us consider two fluxes of p-laplacian type
Dy oA § . . .
o] ( (VIiu") *)_ 1(2) da, VE* € T (3) o (&) =k |€+ G_‘p—2<§ L), and @, (€) = k| + G+‘p—2<€ L ay), Theorem. Vr > 0, the algorithm converges to the unique solution of (5).
N Z g 1\¥plVpll ),V )= o ©) 4z, < ’ N ) | e Results : see http://www.cmi.univ-mrs.fr/~fhubert/Numerique
D, o+ where k_, k. € R™ and G_, G, € R*. We obtain 2 = [0,1] x [0, 1], triangular mesh, ue polynomial, p = 3
with . | -
eol6) = 7 [ el L i5 <05 o(n) =P y
.
. . . si z1 > 0.5, 2, &) = (A€, TA,avecA—( )
e Error estimates obtained in [1] pla,l) = (48,8) S 09
Assume that ¢ is Lipschitz continuous with respect to z with

- e Comparison DDFV (3) (in blue) and m-DDFV (5) (in black)
where G is the weighted arytmmetic mean value of G_ and G. defined by

Oy -1 2
)| S Co(1+EP7), VEeR Hs
£z < Cp (1+16171) e (Hs) G hic, L e
- hy+hL

If ue € W2P(Q) we have

1

[ue — u™|| 1o + |Jue — u™ ||y + |[Vue — V7" || 1p < O size(T)r 1.
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