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Schwarz algorithm

| Non-overlapping Schwarz method proposed by Lions 90 |
Q1 Qo

To solve
—Au =fin Q = Q; UQq,
u =h on 0fQ.

we use the following iterative algorithm for i=1, 2
—Au™Y = i,

ui("ﬂ) =h; on O NI,

du{" . du™ .

Y +)\’U,( +1)=—4+)\u()0n Fij:aﬂiman
! on; J ’

e S
6774
where A > 0.
Interest
» Reduce the size of systems to solve
» Use this algorithm as preconditioner
T S L e et AR T e o e T e A e e e e T
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Problem

» The problem

{dNM@fVM@%#uLxGQ,
u =h, on 0.

» ) is an open bounded polygonal domain of R2.
> A4:Q — My s(R), A uniformly elliptic and bounded.
> f e L2(Q), h e Hz(5).

The problem (1) is approximated by DDFV schemes

» standard DDFV scheme : —div” (A®-V2u7) = f7
if A lipschitz on 2 ~ Ap = A(xp). o o

Domelevo-Omnes 05

Andreianov-Boyer-Hubert 07 —div(4z - V)

» modified DDFV scheme (m-DDFV) :
if A is discontinuous accross I'
~ A, appropriate function of Ay, As. \
Hermeline 03
Boyer-Hubert 08

—div(A1 - Vue)
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Schwarz algorithm and DDFV schemes

Outline of the study :

» Adaptation of the DDFV schemes to mixed Dirichlet/Fourier boundary
conditions.

» Construction of a Schwarz algorithm called S-DDFV.

» Rewriting the DDFV schemes as possible limit problem of the S-DDFV
algorithm.

» Finally, we prove the convergence of S-DDFV algorithm.



DDFV Meshes

Domelevo-Omnes 06, Andreianov-Boyer-Hubert 07
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DDFV Meshes
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First idea

» Adaptation the m-DDFV scheme to mixed Dirichlet /?ourier boundary
conditions.

—div(A-Vu)=f, in Q, (2a)
w="h, ondQ\T, (2b)
—(A-Vu,i)=Au—g, onT. (2¢)
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First idea

» Adaptation the m-DDFV scheme to mixed Dirichlet / Fourier boundary
conditions.

—div(A-Vu)=f, in Q, (2a)
u=nh, on IN\T, (2b)
—(A-Vu,i)=Au—g, onT. (2¢)

» On the primal mesh :

/7777777777777

» Integrate the equation (2a) on interior primal cell x € 91, AN A
UAAAARAR R
L1222 7
UARAARRA /§/ /ﬁ/
PR CRAR Cats

.. . 2 Yl Vi

» Impose the Dirichlet boundary condition (2b) on x € 0Mp. (72207747
s/ 8747

v

» Impose the Fourier boundary condition (2¢) on x € 99Mir,




First idea

» Adaptation the m-DDFV scheme to mixed Dirichlet / Fourier boundary

conditions.
—div(A-Vu)=f, in,
u=nh, on IN\T,
—(A-Vu,@)=Xu—g, onT.

» On the primal mesh :

» Integrate the equation (2a) on interior primal cell x € 91,
» Impose the Fourier boundary condition (2¢) on x € 99Mir,

» Impose the Dirichlet boundary condition (2b) on x € 99 p.

» On the dual mesh :

/7777777777777
R
R oy
VAR
AR A
R oy
AR s
2222272

YA A oA
R o g
T vl v
727/9777

72000 ¥ 645,
R 9 ay
YWV YYY VY v

» Integrate the equation (2a) on interior dual cell k= € 9™,
» Integrate the equation (2a) on boundary dual cell k= € 9Oy,
» Impose the Dirichlet boundary condition (2b) on x* € 99M},.




First idea

» Adaptation the m-DDFV scheme to mixed Dirichlet / Fourier boundary

conditions.
—div(A-Vu)=f, in,
u=nh, on IN\T,
—(A-Vu,@)=Xu—g, onT.
» On the primal mesh :

» Integrate the equation (2a) on interior primal cell x € 91,
» Impose the Fourier boundary condition (2¢) on x € 99Mir,

» Impose the Dirichlet boundary condition (2b) on x € 99 p.

» On the dual mesh :

AR s
LLL2227.

A A A
2277777839/ 09,
AN Vs Vvi

Yot A A
9.8
747

» Integrate the equation (2a) on interior dual cell k= € 9™,
» Integrate the equation (2a) on boundary dual cell k= € 9Oy,
» Impose the Dirichlet boundary condition (2b) on x* € 99M},.

» The corresponding Schwarz algorithm does not converge to the
scheme.

m-DDFV
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Second ldea : new unknowns

» New flux unknowns are used ¢+ . on half edges in I'.

Uy
u So)c*,z;
[ . ) U,
SOL*,[,
Up*
L] L]
r




m-DDFV with mixed boundary conditions

» m-DDFYV scheme

///7/// 7777777

VAR s

g
oA
VIV IIII VIV vvva
( U = }1K7 \/ K € Z)DJI[), Upc* = ILK*, \f K* € Z)DJI?),
—div* (A® - V2uT)=fe, VK eM,
—div®" (A - V2uT)= for, YV Kr€IMF,
Mg D T = My + L . *
— (Ap - VPu ’n’C*)_Z — = = fr, YV K*€OME,
M Demy. T
DGQK* Dmrgﬂ)
My ¢ Mex o ~
—Pxrct Pree — (Ap - VPu",7,.)=0, V£ = [Bc3.+] € OMr,
77LU (o)
U + Up
Orx,c+ /\—2 = ger oy VY [Term] € OUp.
\
We shall write for short
or(u e fT hT,97) =0. (3)




m-DDFV

Boyer-Hubert 08

Theorem (Error estimate for m-DDFV, with Dirichlet boundary

condition)

If u. € H2(D) solution of (1), then u” and V>u” are first order
approzimations of u. and Vu., respectively, in the L? norm.

Boyer-Hubert-Krell Preprint

Theorem (Existence and uniqueness, with mixed boundary

condition)

The scheme (3) possesses a unique solution UT = (u”, @) € RT x ®F.

< 12/ 26
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© Non-overlapping Schwarz algorithm for DDFV
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derivation of the S-DDFV algorithm

» The new flux unknows ¢, . are used on half edges in the interface I' to
discretize the condition (2c).

U+
* Uy

u}cl SOIC S L 'LLL o R .

L] L]

Pr,c U

L] L] L]

L] L]
L] L L]




Iterative domain decomposition solver

» Choose g, ' € 1,V i € {1,2}.
> Y >0, ie{l,2}, A0
» Calculate u, |, ¢, satisfying

T,
L5 r(untinsonins ST BT ga’) = 0. (4)
» Calculate g, |, by

u_n+1 + un-ﬂ!—l
n n 0, KC* (N
Y [z 2] € OAr, gi’Z},L = ﬂpi;l£ N NLESA 3 (5)

Proposition

The initial data g3 ' being given, Algorithm (4)-(5) defines a unique sequence
(UZT%)y in RT: x L, fori=1,2.

TR 26



Iterative domain decomposition solver

» Choose g, ' € 1,V i € {1,2}.
> V>0, ie{l,2},j#i:
» Calculate u, |, ¢, satisfying
£5! r(un v onia, 7 hT ga?) = 0. (4)

» Calculate g:frl by

u_n+1 + un-ﬂ!—l
n n 3, KC* 3
Y [2xcx 2] € OUr, gi’Z},L = ﬂpi;l£ N NLESA 3 (5)

Proposition

The initial data g3 ' being given, Algorithm (4)-(5) defines a unique sequence
(UZT%)y in RT: x L, fori=1,2.

» Express the m-DDFV scheme as limit problem of the S-DDFV algorithm.

T BRI R T oE



m-DDFV scheme as limit of S-DDFV

Theorem

T = (7;) a mesh associated to the domain decomposition Q = U;Q;.
u” solution of the m-DDFV scheme on the mesh T with homogeneous

Dirichlet condition.
Vie{l,2}, 3 (um, 7 g7) € R x ®LF x ®L such that
LG p(u™, 07, T RT g7 ) =0,

Ui = U, forx €M UM, p,
Ui ox = Uex, for kK* € MT UM,

N
E (@i,)c;,zk - Spi7)c,j+1,ck) = 0.

k=1

16/ 26



Convérgence of the Schwérz algdrithm

Boyer-Hubert-Krell Preprint

Theorem

» Vgy' €@, i €{1,2},

> (uli);=12 solution of (4)-(5) converges towards uv” m-DDFV solution
when n — o0.

N
A .
If Z (gg)c,j,zk - 92K;+1,Lk> = 5 (hlci‘ - h)cj”l) , 1= {1a2}a
k=1

n 5 T
then, ¢« . also converges towards @7 .« . when n — oo.

» U™ converges UT when n — 00.

17/ 26



e e T C e Dt S T L I e SRR e e e
Outline

© Introduction
@ Schwarz algorithm
@ Schwarz algorithm and DDFV schemes

© The DDFYV schemes with mixed Dirichlet/Fourier
boundary conditions

© Non-overlapping Schwarz algorithm for DDFV

@ Numerical results



il

Case 1- wo domis |

Meshl

(0,0)

ue(z,y) = sin(mz) sin(mry) sin(7(z+y)),

15 05 .
(0.5 1.5) itz <0
0.5

1.5 .
<0.5 1) if z > 0.

ult = uell2
g

Ey =

Comparison between

upt —u’
B = ”n||u7'—1||2 and

2

TOoA| as a function of the
Ue|2

number of iterations. A = 160

18- % 880600 6 e0ecEREEIIRY

e

——e—-E,

f 2 s
10 10 10
The numbers of iterations




il

Case 1- wo domis |

Mesh1
r The number of necessary iterations as
a function of \.
400 T
S_Z] QQ %80 \A\ —— Mesh1_4
.g 300 2 —%~ Mesh1_5
g 250
(0,0) E 200
E 150
ue(z,y) = sin(mz) sin(ry) sin(w(z+y)), | &
1.5 0.5 . 0 Lambda
05 15) %7 < Stopping criterion
Ay =1 /1 o5 o N
<0~5 i)ifx>0. g =l _ ol = wells
' a2 [l ell2




Case 2 - two domains

Mesh2
r Comparison between
[lun” = u” |
1= and
[[ui]]2
Ti _ g -
Q’) 0 = w as a function of the

HueHQ
number of iterations. A = 200

(0,0)

ue(z,y) = cos(2.5mx) cos(2.5my),

15 05 .
(0.5 1.5) itz <0

15 0.5) . ; | ,
(0.5 1 ) lf T = O. 10’ 10’ s 0

The numbers of iterations

A($7y) =

TmeT 20/ 286



Case 2 - two domains

Mesh2

(0,0)

ue(x, y) = cos(2.5mz) cos(2.57my),

15 0.5) .
(0.5 1.5) ifz <0

A(z,y) =
05 1

The number of necessary iterations as
a function of \.

700

1
bl —+—Mesh2_4

g

& —& - Mesh2_5 27
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=1 & a

5]
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Ti _
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Case 3 - Influence of the numbers of subdomains

—1000sin(2.57(z — 1.3))  if 1.3 <z < 1.7,
f(z,y) =
0 else.

Mesh 3 Mesh 4
T 1 r

r 2

O \

=
rrrr|r BTt

o~
el e

=
el i

(1,0) (1,0)



Primal meshes, \ = 250, Error abrs(u” — u%)

Mesh3_5 Mesh4_5

- 1.07 il £
—-0.827
0.533 0531
0.267 0.276
1.19e—08 1.79e-05
n=11 n=11
—-0.311 —0.798
—0. 233 =0.599
0. 155 0.399
0.0777 0.2
3.19e-08 1.75e-06

22/ 26



Dual meshes, \ = 250,

Mesh3_5
n=1
—0.395
—0.296
0.198
0.0988
0
n=11
—0.118

—0.0888 1
0.0592

Error

abs(u”-—-uT)‘

- 1.08

=0.811

0541

0.27

- 0.62

=0.465

0.31

0.155

Mesh4_5
n=1

n=11

. 23/ 26
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Influence of parameter \

The number of necessary iterations as a function of .

200
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Case 4 - Preconditioner

Comparison between the number of iterations required by solving the DDFV

scheme with

» the conjugate gradient

» the conjugate gradient preconditioned with n iterations of the S-DDFV

algorithm.

(0,0)

ue($7 y) = 16y(1 - y)(l - .'EQ),

=)

The numbers of iterations

A =205.

—+—grad

—S—grad prec n=1
—=—grad prec n=2
—*—grad prec n=3

—*—grad prec n=4

a ik} 1 15 2 25
The numbers of unknows
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