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Presentation

Let 2 be an open bounded convex subset of R?. We consider the following
problem:

7= DVC
(1)
w%—fzdivionﬂ‘v’t>0
with
® o, the porosity

C, the radioactive element concentration

D, a symmetric definite positive matrix

oo @

Dirichlet boundary conditions
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Isotropic homogenous case

We consider a grid 7 made up of N,,, triangular cells and N; boundary edges.

® The unknowns are calculated at the intersection of the angle bisectors of
each triangular cell

® Linear monotone reconstruction at the nodes of the grid.

°

Non-linear calculation of the flux
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Isotropic homogenous case

(7

Grid composed of triangular cells

® So, there exists three positive or zero coefficients \; j.j=1,2,3 with

® We approximate the value of the concentration C' at the point O; with the
expression Co, = > i3 Xi;Cm,

® We can construct several triangular cells which satisfy the desired property.
So, we can introduce several points X, , j=1,..~ and A; j;j=1. ~ (with

(A

N > 3) such that 601 = Z{1§j§N}Ai,jOiTi,j'
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Isotropic homogenous case

® Least square method. The coefficients \; ; can be negative

® Other solution:
One solves AC' = 0. Integrating on a disk around the node O;,

we obtain:

Co, = Z AjCAj

J€Vo,

with A\; > 0. We obtain a linear exact formulation because the points A;
are the intersections of angle bisectors. Unfortunately, we can not generalize
this method to heteregeneous cases.
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Isotropic homogenous case

Calculation of the flux ¢.ny

For an edge a belonging to A;,:, Green's formula :

(Ol,CL:XTC—Ll— ,XT

Second order in space formula:

—

qdS? :/ VCd2 :/ Cndl’
) (Ol’a’XTj’XT_) 3(01,a,XT;r,XTa—)

“ (2)

a

L 1 S L
1,0 — 2SF1 Col,a(ln’ia =+ nl,a) +

(_CTQ_ ﬁia — CTC‘J‘ﬁl_,a) (3)

25T ..
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Isotropic homogenous case

Integration on (Oz,q, X+, X - ) leads to :

S 1 . .
q42,a — 25 F, COQ,a(”’;a + n2,a) +

ot -
QSFQ,Q <_CTa_ Ng o — CTCj’nZ a) (4>

The terms ¢1.4.m4 and ¢2,4.14 can be written:
Q1.a-Ma = 71(Coy , = Cpt) + 51(Cr — Cpt) (5)

and
JQ,a-ﬁa - 72(002,01 - CTa_) + 62(CTQ_ - Cch_) (6)

with (1, B2 positive coefficients, y1v2 < 0.
Any combination (p1,q4, f42,a) With g1, + p2, = 1, and
q-Ma = 1,aQ1,a-Ta + 112,6G2,0-Ta giVes a consistent formulation.
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Isotropic homogenous case

Let us assume v2 <0, v1 >0

® First solution : 1.4 = p2,e = 0.5. It leads to the so-called "diamond”
scheme (Y. Coudiere).
_72002,61

and
/71001@ — ’YQCOQ,a

® Second solution : 1,4, =

L ,leOl,a
/71001@ — ’YQCOQ,a
® Third solution :
|q_)2,a-ﬁa‘ L |q_)1,a-ﬁa‘
— — — — ' //LQ,G, - — —
q2,a-na| + ‘q1,a-na‘ ‘

12,a . It leads to the VFMON scheme (C.L.P)

Fle = ‘ q2,a-na| + ‘Jl,a-ﬁal

® Fourth solution :
_’72‘002@ - CTa_l

an
_72|002,a - CTa—| +/71|Col,a - Tj|

H1,a = d

B M1|Coy o — Cr|
e = TalCo,., — Cp |+ mICo,, — Cpt
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Isotropic homogenous case

If the edge a belongs to Ac.:

1
25 Fy,

- —

q.na —

(_Col,aﬁ;a o CO2 anl CL)} na (7>

(1 0 + 73.4)

25 Fy,

Calculation of the main unknown Cr
Integration of the mass conservation equation (the second equation of system (1))

over 1.

/w—dQ S(T)w a;T :/Tdmjd@:/ g.idl chﬁT,j (8)
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Isotropic homogenous case

Properties of the algorithm
We choose an implicit time scheme. The discretization of the equation (8) leads

to: (SFw — AtA(C" T )" = SFwC™ and

we denote M = SFw — AtA(C™H).
Proposition For any triangular mesh, the matrix M is an M-matrix
For an edge a € A;,:, we prove that the flux ¢.n, can be written:

q.Taq = f1<CTa— - Tj) +gl(Col,a - Tj)

with f1(Co, ,,Co,,,Cr—,Cr+) and g1(Co,,,C,-) two positive functions.

This is the flux coming from the cell T,;". Moreover, the flux q.(—7s) can be
written:

i(_ﬁa) — fQ(CT;L - CTa_) + 92<COQ,a - CTa_)

with f2(Co, ,,Co, ,,Cr+,C—) and g2(Co, ,,C,+) two positive functions.

a

This is the flux coming from the cell T, .
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Isotropic homogenous case

If a € Acyt, §.74 can be rewritten:

Cj-ﬁa — f3(001,a - CT;r) + f4(002,a - T;F)

with f3 and f4 which are also positive functions.
In any case :

Gita = > f5,5(Cj — Cp)
FEV(TS)
and
Q(~i)= > fos(Ci—Cp)
JeEV(Ty )

where f5 ; and fs, ; are positive.
We conclude that the matrix M is an M-matrix
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Isotropic homogenous case

Remark 1 The flux approrimation is consistent because we use a second
order in space formula.

Remark 2 Using properties of M-matrices, the previous scheme, de-
noted VEPMMD, satisfies discrete mazximum and minimum principles.

Remark 3 pi1, and p2,. are not smooth. If we replace, for example,
the expression |Co, , — C+| by {Co, , — CT+}2, the resulting global matrix
1s no longer an M-matriz.
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Anisotropic heteregenous case

— [+ DdQ
Let be DT;_ = f;—i-—dQ'

/ / — p 1 —0.5 — L — /J_ —0.5 — 1
Ol}a027a03 (O]_,aO27a — DT&"Ol,aOQ,a and Ol,aOg — DTjOl,aOB )

—0.5
Let Dr_p;rT;r be the image of T, with vertices

—0.5
Image of a triangular cell by the application D+
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Anisotropic heteregenous case

—0.5
The point X;Jr is the center of the circle inscribed in the triangular cell DT;rTj.

We define the point X+ as the inverse image of the point X;Jr. It satisfies the
equality:
01,002,4]01,405] + 01,,03]01,,04 .|

O a_X T
1, ch— ‘Oé,aOél + ‘Ol,aOél + ‘Ol,aO/Z,a‘

Property of the point X .+

® the projection of the point X 4 in the direction ﬁTaJr 1, on the edge
O1.,a, 02 4 is between the two nodes of the edge O1 4,02 4.
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Anisotropic heteregenous case

The point M, is the projection of the point XT+ in the direction ETGJF g

on the edge O1 4, 02, (using the previous proposition, this projection is
inside the edge O1,4,02,4).

Ch; , the value of the concentration at the point M, associated with O; 4
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Anisotropic heteregenous case

As in DDFV scheme (F. Hermeline, P. Omnes, F. Hubert, F. Boyer), four gradients:

( ——1 1 _|_ 1 -+
DTj 91,0 = W(Crﬁ Cry o )T 0 + oG FT (Cr+ —Coy4)Ta
¢ . 11,a 11 ,a (9)
D —q, = C.-.-C 0 T c.-—-C Mg,
k T, 91,a 2SF1_,G ( T, My a) QSFl_a ( T, Ol,a)
and for 1 = 2:
= 1 . 1 .
DT+QQ a 2SF+ (CTC;L - CM2,a)n;_,a — 25F+ (CTC;L - COz,a)n;L
| 5. [ [ 1o
Dr—q, = _ = Mo g — — - Mg,
\ T, 92.q 25F2_a ( T, M2,a) 2, QSFQ_G ( T O2,a)
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Anisotropic heteregenous case

Calculation of Cy,
We delete the additional unknowns (', , by imposing flux continu-

ity.
We conclude that C'ary , and Car, , can be simplified in the following way:

Cny o = 1Cpt + 510, +711C0,

and
Oy = 020+ + (20— +72C0,,

with a1, a2, B1, B2 positive coefficients, v172 < 0, a1 + 81 + 1 = 1 and
az + B2 +v2 = 1.
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Anisotropic heteregenous case

Calculation of the flux ¢.74
We obtain :

Jl,a-ﬁa = b1 (CTQ— - CT;L) + 71 (COl,a - CTC;L)

and
CTZ,a-ﬁa — ﬁZ(CTa— — Tj) =+ '72(002@ — CT—)

a

® The same equalities were described in the homogeneous case.

® [, and (3 are positive coefficients and 12 < 0.
We can choose for a € A;n¢, .71, in the form:

_’72|002,a - CTa_ @1 0Tl + ’71|CO1,a - CT;r |32,a-Tia

11
_72|002,a - CTa_l + lelcOl,a T CT;" ( )

q-ng =

® The resulting global matrix is also an M-matrix.
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Discrete system

We solve equation (8) with a fixed point algorithm. We get:
(SFw — AtA(C*)C' = SFwC"
where ¢ is a fixed point iteration.

Method 1
We choose to calculate the following fluxes:

i R i il
—X2|Co, , — C’Ta_ 71, e + A1|C 0 Tj|q2,a M

—2[C%,, — CL_[+MICG, , — Cisl

+1

o = (12)

q

® |ocal conservation and convergence of the scheme at any iteration.

® The minimum and the maximum principles are satisfied once the conver-
gence criterion is achieved.
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Discrete system

Method 2
Another technique consists of inverting M-matrix at any iteration. We calculate
two fluxes at each face.

® [ocal conservation and convergence of the scheme are satisfied once the
convergence criterion is achieved.

® Minimum and maximum principles at any iteration.

Remark
Remark : Semi explicit scheme. We solve, with the method 2 :

(SFw — AtA(C™)C™" ™ = SFwC™

One linear system to solve. We obtain (DMMP) but constraint on At.
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Generalisation to 3 dimensions

The scheme (VFMON) has been developed by I. Kapyrin in 3 dimensions. Using
the same kind of method, it should be easy to generalize the VFPMMD scheme
with tetrahedrons.
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Numerical results

Stationary solution : analytical solution

div(DVC) = S on Q =]0,0.5[x]0, 0.5 (13
C = sin(wx)sin(my) for (x,y) € 0N
2 2
— + —(1-
5 _ Y1 T €x ( 2 €>$21?Jl (14)
—(1—€)zy @1 +ey;

where 1 = £+ 107° and y1 = y+ 10~ >. The parameter € is equal to 107%. The
anisotropy ratio : 10°. (This case is close to the test 5 of the benchmark)

® Five grids, made up of about 30 triangular cells (the first) to 38000
triangular cells (the fifth)

® VFEFPMMD Non-linearity. Fixed point algorithm. 30 iterations for the
fifth grid

VEMON
VFDIAMOND (linear)

OV EPMMD;iterqtion-in-the-fixed-point-algorithm.

Finite Volume Scheme Satisfying Maximum and Minimum Principles for Anisotropic Diffusion Operators, C. Le Potier p. 26
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Numerical results

h 1 1 1 1 1
16 32 64 128 256
Error L? | 14x 1072 | 4.14x 1072 | 1.13x 1073 | 4x107% | 1 x 107*
Error L? as a function of the discretization step for (VFPMMD)
h 1 1 1 1 1
16 32 64 128 256
Error L? | 1.0x 1072 | 27x 1073 | 72x107* | 1.6 x 107* | 4.0x 107°
Error L? as a function of the discretization step (VFMON)
h 1 1 1 1 1
16 32 64 128 256
Error L? | 86 x 1072 | 1.8 x 1073 | 495x107* | 7.7 x107° | 2x 107°
Error L? as a function of the discretization step (VFDIAMOND)
h 1 1 1 1 1
16 32 64 128 256
Error L? | 1.05x 1072 | 255 x 1072 | 59x107* | 1.x107* | 3. x107°

Error L2 as a function of the discretization step (VFPMDD 1 iteration)
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Numerical results

Convergence of the 4 methods.
VEFMON is a little more precise than VFPM M D
VFEFDIAMOND is the most precise scheme

VFMON, VFPMMD and VFPMM D1iteration satisfy DMP.
(Not VEDIAMOND)
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Numerical results

Stationary solution with discontinuous source

2 =]0,0.5[x]0,0.5]

S =1 0n]0.125,0.375[x]0.125,0.375[, and O elsewhere
C' = 0 on the boundary of (2.

°

Same diffusion tensor

L 3 I N

We show the concentrations and position of negative values obtained with
M.H.F.E, VFSYM, F.E, VFMON and VFPMMD (F. Dabbéne, G. Bernard-

Michel, S. Gounand, C.L.P.).
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Numerical results

w0
<
>
=

0E+00
0E+00
1E-03
7E-02

—O
(o]e]

4.20E-02
5.61E-02
7.03E-02
8.44E-02
9.85E-02
0.11
0.13
0.14
0.16
0.17
0.18
0.20
0.21
0.23
0.24
0.25
0.27

CO00000000000000O00OUIN
OQOOOONNOOOOUITORARNRWWNNNERERNO

OUIQUIOOORFRPONNNOWOR~AORMOUIO

M.H.F.E (concentration and position of negative values) : 38000 meshes, mini-
mum value —3.10 x 1072, 17 % oscillations
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Numerical results
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43E-02
.62E-02
.81E-02
.00E-02
19E-02
.38E-02
.56E-02
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8
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0.
1.
7.8
5.4
0.1
0.1
0.2
0.2
0.2
0.3
0.3
04
I05
0.57
0.6
0.6
0.71
0.7
0.8
0.8
0.9
0.9
0.9

2
6
6
0
5
0
5
9

N
o1

VFSYM (concentration and position of negative values) : 38000 meshes, minimum
value —1.49 x 1073,7 % oscillations
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Numerical results

VAL - I1SO VAL - ISO
-9.44E-04 > 0.00E+00
2.52E-01 < 1.00E+00
1.03E-03 ) o 7.81E-03
1.29E-02 5.47E-02
2.47E-02 .10
3.66E-02 .15
4 .85E-02 .20
6.03E-02 .24
7.22E-02 .29
8.40E-02 .34
9.59E-02 .38
A1 43
A2 | .48
13 52
14 57
.16 .62
A7 .66
.18 71

.19 .76
.20 .80
21 .85
.23 .90
.24 .95
.25 .99

F.E (concentration and position of negative values) : 38000 meshes, minimum
value —9.44 x 10™*, 12 % oscillations

Finite Volume Scheme Satisfying Maximum and Minimum Principles for Anisotropic Diffusion Operators, C. Le Potier p. 32



Numerical results
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VEMON (concentration ) : 38000 meshes
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Numerical results

VFPMMD (1 iteration) (concentration and position of negative values) 38000
meshes, minimum value —1.7 x 1072, 13 % oscillations
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Numerical results

VFPMMD (50 iterations) (concentration and position of negative values) 38000
meshes, minimum value —5.4 x 1077, 2.6 % oscillations
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Numerical results

VFPMMD (200 iterations) (concentration and position of negative values) 38000
meshes, minimum value —1.5 x 10~ %, 0.8 % oscillations
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Numerical results

Stationary solution using boundary conditions with steep gradients (test 3 of the
benchmark (R. Herbin, F. Hubert) )

® O =]0,1.0[x]0,1.0]

— 1 0
®» D=Rp < . ) Ro~ ! Ry is the rotation of angle 6 = 40 degrees
0 10~

® Dirichlet boundary conditions

([ 1on(0,.2) x {0.} U{0.} x
0on (.8,1.) x {1.} U{1.} x
2 on (.3,1.) x {0.} U{0.} x

= on (0.,0.7) x {1.} U {1.} x

(0,.2)
(.8,.2)
(.3,1.)
(0.,0.7)

—_~ o~ N/~

\

® Regular triangular cells (a coarse and a fine grid)
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Numerical results

Fiepery 89608
0.0 0.0
0.10 0.10
0.20 0.20
v 0.30 0.30
0.40 0.40
0.50 0.50
0.60 0.60
0.70 0.70
0.80 0.80
0.90 0.90
1.0 1.0

Concentration with VFSYM and VFPMMD schemes: 34 cells (for VFSYM scheme:
maximum value 1.42 , minimum value —0.39, for VFPMMD scheme: maximum
value 0.954 , minimum value 0.0442)

>S(§?€(I)_E+OO >S(§?€(I)_E+OO

< 1.00E+00 < 1.00E+00
| 0.0 0.0
0.10 0.10
IO.ZO 0.20
v 0.30 0.30
0.40 0.40
0.50 0.50
0.60 0.60
0.70 0.70
0.80 0.80
0.90 0.90
1.0 1.0

VFSYM scheme (position of negative values and values higher than 1)
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Numerical results

SCAL SCAL
TFRES 337601
0.0 0.0
0.10 : o 0.10
= 0.20 e 0.20
ﬁ" 0.30 L 0.30
Lo 0.40 0.40
050 050
0.60 0.60
070 0.70
0.80 0.80
0.90 0.90
10 10

Concentration with VFSYM and VFPMMD schemes: 9500 cells, (for VFSYM
scheme: maximum value 1.01 , minimum value —6.22 x 1072, for VFPMMD
scheme: maximum value 0.997 , minimum value 3.32 x 107°)

>S(§?€(I)_E+OO >S(§?()]A(I)_E+OO
< 1.00E+00 < 1.00E+00

0.0 0.0

0.10 0.10

0.20 0.20

0.30 0.30

0.40 0.40

0.50 0.50

0.60 0.60

0.70 0.70

0.80 0.80

0.90 0.90

1.0 1.0

VFSYM scheme (position of negative values and values higher than 1)
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°

Conclusion

It seems to work on numerous cases!
Test 8 and Test 9 of the Benchmark

The computer cost can be cheap (Explicit scheme, or a few iterations in
the fixed point Algorithm)

Application to chemical transport or nonlinear models (Richards)

In the future VFMPFA (DMP)
Arbitrary grids

Finite Volume Scheme Satisfying Maximum and Minimum Principles for Anisotropic Diffusion Operators, C. Le Potier p. 40
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