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Motivation

Partial differential equation on surfaces
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Aim

Aim: Finite volume approximation for advection
dominated flow on evolving surfaces.

cf.:

G. Dziuk, C. M. Elliott ”Finite elements on evolving surfaces” [2006]

Our approach is in addition based on:

R. Eymard, T. Gallouët, R. Herbin ”Finite Volume Method” [1997]
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Problem Formulation

Γ(t) : Family of 2-d smooth
surfaces

Φ(·, t) : Sufficiently smooth
map, Φ(Γ(0), t) = Γ(t)

u(a, t) : density of a scalar
quantity on Γ(t)

e1e3

e2

Γ(0)=Γ0

Γ(t)
Φ(a, t) u(a, 0)

u(a, t)

Find u(·, t) such that

u̇+ u∇Γ(t) · v −∇Γ(t) ·
(
D0∇Γ(t)u

)
= g on Γ(t)

u(·, 0) = u0(·) on Γ0

+BC

v(·, t) : Velocity field on Γ(t), g : source term
D0 : Symmetric elliptic diffusion tensor on the tangent plane
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Recall: Finite Volumes Method on Flat and Fixed Domain

R.Eymard,T.Gallouët and R.Herbin,Finite Volume Methods [1997]

Find u(·, t) such that

u̇−∇ · (D0∇u) = g on Γ0

u(·, 0) = u0(·) on Γ0

+BC

Γ0
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R.Eymard,T.Gallouët and R.Herbin,Finite Volume Methods [1997]

Find u(·, t) such that

u̇−∇ · (D0∇u) = g on Γ0

u(·, 0) = u0(·) on Γ0

+BC

Γ0

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces



Recall: Finite Volumes Method on Flat and Fixed Domain
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Recall: Finite Volumes Method on Flat and Fixed Domain

R.Eymard,T.Gallouët and R.Herbin,Finite Volume Methods [1997]

Find u(·, t) such that

u̇−∇ · (D0∇u) = g on Γ0

u(·, 0) = u0(·) on Γ0

+BC

Zoom
L, DL =

1

m(L)

∫
L

D0

S, DS =
1

m(S)

∫
S

D0
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Find u(·, t) such that
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Zoom

S, scalar product: (DS)−1

Xσ2

Xσ1

Xσ4

XS

Xσ3

XS|L

XL

L, scalar product: (DL)−1

∫
S

∫ tk+1

tk

u̇ -

∫
S

∫ tk+1

tk

∇ · (D0∇u) =
∫
S

∫ tk+1

tk

g
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Zoom

Xσ2

XL

XS

Xσ4

σ4

µS|σ4

XS|L

S, DS, s.p.: (DS)−1

Xσ1

L, DL, s.p.: (DL)−1

Xσ3

∫
S

∫ tk+1

tk

u̇ -

∫
S

∫ tk+1

tk

∇ · (D0∇u) =
∫
S

∫ tk+1

tk

g

∫
S

∫ tk+1

tk

u̇ ≈ m(S)
(
uk+1

S − ukS
)
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Find u(·, t) such that

u̇−∇ · (D0∇u) = g on Γ0

u(·, 0) = u0(·) on Γ0

+BC

Zoom

Xσ2

XL

XS

Xσ4

σ4

µS|σ4

XS|L

S, DS, s.p.: (DS)−1

Xσ1

L, DL, s.p.: (DL)−1

Xσ3

-

∫
S

∫ tk+1

tk

∇ · (D0∇u)︸ ︷︷ ︸
≈

- τ
∑
σi⊂∂S

m(σi) ‖ DSµS|σi ‖
uk+1
σi − u

k+1

S

‖
−−−−→
XS Xσi ‖
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k+1
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≈
=⇒ Using flux balance at interfaces

- τ
∑
σi⊂∂S

m(σi)
‖ DSµS|σi ‖‖ DLiµLi|σi ‖ ·

(
uk+1
Li
− uk+1

S

)
‖ DLiµLi|σi ‖ ‖

−−−−−→
XS Xσi ‖+ ‖ DSµS|σi ‖ ‖

−−−−−→
XLi Xσi ‖
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Xσ1

L, DL, s.p.: (DL)−1

Xσ3

Find u(·, t) such that

m(S) (uk+1
S − ukS)

+τ
∑
σi⊂∂S

m(σi)
‖ DSµS|σi ‖‖ DLiµLi|σi ‖ ·

(
uk+1
Li
− uk+1

S

)
‖ DLiµLi|σi ‖ ‖

−−−−−→
XS Xσi ‖+ ‖ DSµS|σi ‖ ‖

−−−−−→
XLi Xσi ‖

= m(S)τgk+1
S
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Finite Volumes Method on Evolving Surfaces (Discretization)

1

1
cf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization)

1

Φ(·, ·)

x(t) = a(t)− d(a(t))ν(a(t))

1
cf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization)

Zoom of two cells at tk

For the simplicity, we assume D = Id∫ tk+1

tk

∫
Sl(t)

(
u̇ + u∇Γ(t) · v

)
-

∫ tk+1

tk

∫
Sl(t)

∇ · (D0∇u)

=
∫ tk+1

tk

∫
Sl(t)

g
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∑

σi⊂∂S(tk+1)

m(σi)
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S
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=⇒ Using flux balance at interfaces

τ
∑
σi⊂∂S

m(σi)
1

‖
−−−−−−−→
Xk+1
S Xk+1

σi ‖ + ‖
−−−−−−−→
Xk+1
Li

Xk+1
σi ‖

·
(
uk+1
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− uk+1

S

)
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Finite Volumes Method on Evolving Surfaces (Discretization)

Zoom of two cells at tk

Find
n
uk+1
S

o
S, k

such that:

m(S(tk+1))uk+1
S
−m(S(tk))ukS

− τ
X

σi⊂∂S
m(σi)

1

‖
−−−−−−−−−→
Xk+1
S

Xk+1
σi

‖ + ‖
−−−−−−−−−→
Xk+1
Li

Xk+1
σi

‖
·

·
“
uk+1
Li
− uk+1

S

”
= τm(S(tk+1))g

k+1
S
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Finite Volumes Method on Evolving Surfaces (Discretization)
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‖
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·
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uk+1
Li
− uk+1

S
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= τm(S(tk+1))g
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S

Interpretation: uk = {ukS } ≡
∑
S

ukSχS(
ul
)k =

{(
ul
)k
S

}
≡
∑
S

(
ul
)k
S
χ
S

where ul (a, tk) =
(
ul
)k
S

= ukS on Sl(tk)
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Finite Volumes Method on Evolving Surfaces (Uniqueness of a Solution)

Theorem: The above system has a unique solution

Sketch of proof:

Induction

Assume g ≡ 0

Assume uk ≡ 0

For ”k + 1”, multiply equations by corresponding uk+1
S ,

(S ⊂ Γh(tk+1) )

Sum the result over the Ss ⊂ Γh(tk+1)

Recall scheme:

Find
n
uk+1
S

o
S, k

such that:

m(S(tk+1))uk+1
S
−m(S(tk))ukS

− τ
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σi⊂∂S
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‖
·
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S

”
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Finite Volumes Method on Evolving Surfaces (Uniqueness of a Solution)

Theorem: The above system has a unique solution

Sketch of proof:

Induction

Sum the result over the Ss ⊂ Γh(tk+1)

One obtains
‖ uk+1 ‖2L2(Γk+1

h ) +τ ‖ uk+1 ‖21,Γh(tk+1) = 0 =⇒ uk+1 ≡ 0

where

‖ uk ‖21,Γh(tk) =
∑

σi=S(tk)|L(tk)

m(σi)
1

‖
−−−−−→
Xk

S X
k
σi ‖ + ‖

−−−−−→
Xk

LX
k

σi ‖
· (ukL − ukS)2

Recall scheme:

Find {uk+1
S }S, k such that:

m(S(tk+1))uk+1
S −m(S(tk))ukS

− τ
∑
σi⊂∂S

m(σi)
1

‖
−−−−−−−→
Xk+1
S Xk+1

σi ‖ + ‖
−−−−−−−→
Xk+1
Li

Xk+1
σi ‖

·
(
uk+1
Li
− uk+1

S

)
= τm(S(tk+1))gk+1

S
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Finite Volumes Method on Evolving Surfaces (Stability)

Proposition 1: ( Stability, L∞( L ) and L2( H1
0 ) )

{uk}, solution of the above system with the dirichlet condition u = 0 on ∂Γ(t), ∃ C ∈ R such that

supk ‖ uk+1 ‖2
L2(Γk+1

h ) +
∑
k

τ
(
‖ uk+1 ‖1,Γk+1

h

)2
≤ C

(
‖ u0 ‖2L2(Γ0

h)
+τ
∑
k

‖ gk+1 ‖2L2(Γk+1
h )

)

Sketch of proof:

For ”k + 1”, multiply equations by corresponding uk+1
S ,

(S ⊂ Γh(tk+1) )

Sum the result over the Sk+1 ⊂ Γh(tk+1)

Use Cauchy-Schwarz inequality

Recall scheme:
Find

{
uk+1

S

}
S, k

such that:

m(S(tk+1))uk+1

S −m(S(tk))ukS

− τ
∑
σi⊂∂S

m(σi)
1

‖
−−−−−−−→
Xk+1

S Xk+1
σi ‖ + ‖

−−−−−−−→
Xk+1

Li
Xk+1
σi ‖

·
(
uk+1

Li
− uk+1

S

)
= τm(S(tk+1))gk+1

S
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Finite Volumes Method on Evolving Surfaces (Stability)

Proposition 1: ( Stability, L∞( L ) and L2( H1
0 ) )
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‖ u0 ‖2L2(Γ0

h)
+τ
∑
k

‖ gk+1 ‖2L2(Γk+1
h )

)

Sketch of proof:
One obtains

1
2 ‖u

j‖2
L2(Γj

h
)

+ τ
X

k=1···j
‖uk‖2

1, Γkh

≤ 1
2

0@‖u0‖2
L2(Γ0

h)
+ τ

X
k=1···kmax

‖gk‖2
L2(Γkh)

1A + 1
2 (δ(h, τ) + 1) τ

X
k=1···j

‖uk‖2
L2(Γkh)

δ(h, τ) =

(
m(S(tk))
m(S(tk+1))−1

τ

)
is bounded

Discrete version of Gronwall leads to the result.
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Finite Volumes Method on Evolving Surfaces (Stability)

Proposition 2: ( Stablity, L2( L2 ) for ∂tu, L∞( H1
0 ) for u )

{uk}, solution of the above system with the dirichlet condition u = 0 on ∂Γ(t), ∃ C ∈ R such that∑
k

τ ‖ u
k+1 − uk

τ
‖2L2(Γk+1

h ) + supk
(
‖ uk+1 ‖1,Γk+1

h

)2
≤ C

(
‖ u0 ‖2L2(Γ0

h)
+ ‖ u0 ‖2

1,Γ0
h

+τ
∑
k

‖ gk+1 ‖2L2(Γk+1
h )

)
Assumption: τ ≤ τ ∀ k

Sketch of proof:

For ”k + 1”, multiply equations by corresponding(
uk+1 − uk

τ

)∣∣∣∣
Sk+1

, (Sk+1 ⊂ Γh(tk+1) )

Sum the result over the Sk+1 ⊂ Γh(tk+1)

Recall scheme:

Find {uk+1
S }S, k such that:
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∑
σi⊂∂S
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−−−−−−−→
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−−−−−−−→
Xk+1
Li

Xk+1
σi ‖

·
(
uk+1
Li
− uk+1

S

)
= τm(S(tk+1))gk+1

S
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Finite Volumes Method on Evolving Surfaces (Stability)

Proposition 2: ( Stablity, L2( L2 ) for ∂tu, L∞( H1
0 ) for u )

{uk}, solution of the above system with the dirichlet condition u = 0 on ∂Γ(t), ∃ C ∈ R such that∑
k

τ ‖ u
k+1 − uk

τ
‖2L2(Γk+1

h ) + supk
(
‖ uk+1 ‖1,Γk+1

h

)2
≤ C

(
‖ u0 ‖2L2(Γ0

h)
+ ‖ u0 ‖2

1,Γ0
h

+τ
∑
k

‖ gk+1 ‖2L2(Γk+1
h )

)
Assumption: τ ≤ τ ∀ k

Sketch of proof:

Use Cauchy-Schwarz inequality

Use the previous result to obtain the solution

Recall scheme:

Find {uk+1
S }S, k such that:
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S −m(S(tk))ukS
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Finite Volumes Method on Evolving Surfaces (Error estimate)

Theorem:
u: Real solution on Γ(t),
uk: Discrete solution on Γh(tk)

Ek =
∑
S

(
u−l (Xk

S , tk) − ukS
)
χ
S

‖ Ek ‖L2(Γh(tk))≤ C (h + τ)

τ = τ
x(t) = a(t)− d(a(t))ν(a(t))

Sketch of proof

Consistency of the geometry approximation.

Consistency of the approximation of differential opperators and
integrals.

Obtaintion of discrete equations with Ek+1 as unknown.

multiplication of each equation by Ek+1
S , and partial summation in

Sk+1
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Finite Volumes Method on Evolving Surfaces (Error estimate)

Theorem:
u: Real solution on Γ(t),
uk: Discrete solution on Γh(tk)

Ek =
∑
S

(
u−l (Xk

S , tk) − ukS
)
χ
S

‖ Ek ‖L2(Γh(tk))≤ C (h + τ)

τ = τ
x(t) = a(t)− d(a(t))ν(a(t))

Sketch of proof

Cauchy-Schwarz inequality separates terms; One obtains
1
2
‖ Ek+1 ‖2

L2(Γk+1
h )

+τ
1
2
‖ Ek+1 ‖2

1,Γk+1
h

≤ 1
2
‖ Ek ‖2L2(Γkh) +

1
2
δ(h, τ)τ ‖ Ek+1 ‖2

L2(Γk+1
h )

+
√
m (Γk+1

h )Cτ(τ + h) ‖ Ek+1 ‖L2(Γk+1
h ) +Cτh2

Bound the sequence appearing on the right side to obtain the
result.
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Numerical Results: Heat equation on evolving sphere
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Numerical Results: Heat equation on evolving sphere

D0 = Id
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Numerical Results: Heat equation on rotative torus
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Numerical Results: Heat equation on rotative torus

Time indepentent source term Periodic source term
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Numerical Results: Heat equation on rotative torus

Time indepentent source term Periodic source term
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Numerical Results: Advection-diffusion equation
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Numerical Results: Advection-diffusion equation
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Numerical Results: Advection-diffusion equation
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Finite Volumes Method on Evolving Surfaces (Error estimate)

Remark: 1) dAh: Discrete measure on Γh(t)
dA: Discrete measure on Γ(t)

h = supSdiam(S), δh, δh dAh = dA =⇒ supt supΓ(t) |1− δh| ≤ c h
2

2) u ∈ χ (Γh(t)) , and ul its lift

‖ u ‖2L2(Γh(t))
≤

1

inft infΓ(t) δh
‖ ul ‖2L2(Γ(t))

‖ ul ‖2L2(Γ(t))
≤ supt supΓ(t) δh ‖ u ‖

2
L2(Γh(t))
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