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Partial differential equation on surfaces
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Aim: Finite volume approximation for advection
dominated flow on evolving surfaces.

cf.:

G. Dziuk, C. M. Elliott " Finite elements on evolving surfaces” [2006]

Our approach is in addition based on:

R. Eymard, T. Gallouét, R. Herbin "Finite Volume Method"” [1997]
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a Problem Formulation —4

u(a, t)

/ \
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a Problem Formulation —4

I'(t): Family of 2-d smooth Jufa )
surfaces

®(-,t): Sufficiently smooth CD((H)/ /-~
map, ®(I'(0),¢) = T'(?)

u(a, t) : density of a scalar
quantity on I'(¢)
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: Problem Formulation

I'(t) Family of 2-d smooth
surfaces

O(-,t) Sufficiently smooth
map, ®(T'(0), ) = T'(¢)

u(a, t) : density of a scalar

quantity on I'(¢)

Find w(-, t) such that

un \'versitétbonnl

(I)(n. f)/ ’ )
*'Lkwp“

es €1

U+ UVF(t) ‘U — Vp(t) : (D()Vp(t)u) =g onTI(¢)

u(:, 0) = uo()
+BC

v(+, t) : Velocity field on I'(t), g¢:

on I,

source term

Dy : Symmetric elliptic diffusion tensor on the tangent plane
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= Recall: Finite Volumes Method on Flat and Fixed Domain sy

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]
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= Recall: Finite Volumes Method on Flat and Fixed Domain sy

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]
Find u(-, t) such that
4—V-(DyVu)=g onT,
u(-, 0) = uo(+) onT,
+BC
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétﬂ

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find w(-, t) such that T,
4—V-(DyVu)=g onT,

u(-, 0) = uo(+) onT,

+BC
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= Recall: Finite Volumes Method on Flat and Fixed Domain sy

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find w(-, t) such that T,
4—V-(DyVu) =g onT,

u(-, 0) = ug(-) onT,

+BC
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= Recall: Finite Volumes Method on Flat and Fixed Domain sy

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find w(-, t) such that T,
4—V-(DyVu) =g onT,
u(-, 0) = ug(-) onT,
— Zoom
+BC
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétﬂ

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find u(:, t) such that Zoom I
Ww—V - (DyVu) =g onT,
u(-, 0) = ug(-) onT,
+BC
S
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétm

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find (-, t) such that Zoom | p _ (1L> / D,
m

Ww—V - (DyVu) =g onT, L

u(-, 0) = ug(-) onT,

+BC

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces



| 8
= Recall: Finite Volumes Method on Flat and Fixed Domain sy

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find w(-, t) such that Zoom L, scalar product: (Dp)™
4—V-(DyVu) =g onT,

u(-, 0) = ug(-) onT,

+BC

KXoy
S, scalar product: (Dg)™
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétm

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find w(-, t) such that Zoom L, scalar product: (Dp)™
4—V-(DyVu) =g onT,

u(-, 0) = ug(-) onT,

+BC

S, scalar product: (Dg)™

tkt1 tk+1 trt1
L - L v = [
S th S Jt,
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétm

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find (-, t) such that Zoom L, Dy, sp.: (Dg)?!

4—V-(DyVu) =g onT, 1sio,
u(-, 0) = ug(-) onT, N
+BC

S, Dg, s.p.: (Dg)™

tr41 tet1 tet1
LA e = [
S Jtg S Jty ti
et k+1 k
// u o~ m(S) (ug" — uf)
S Jtg
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétm

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find (-, t) such that Zoom L, Dy, sp.: (Dg)?!

4—V-(DyVu) =g onT, 1sio,
u(-, 0) = ug(-) onT, N
+BC

S, Dg, s.p.: (Dg)™

tk+1
/ / DOVu)
t

k+1 —

S
-7 Y m(oy) | Dsusm | ==+
| Xonz I

0, COS
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= Recall: Finite Volumes Method on Flat and Fixed Domain sy

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find u(:, t) such that Zoom L, Dy, sp.: (Dg)™
4—V-(DyVu) =g onT, Hsio,

u(-, 0) = ug(-) onT, N

+BC

S, Dg, s.p.: (Dg)™

k+1 _ ulgrl
-7 Y m(oy) || Dspsio |
0;COS || XS XUz
— Using flux balance at interfaces
. Z || DSMS|0'L || DL HL;|o; (UE_H Ufg“)
B
0:COS H Dy pir o, || | X5 Xo, |+ || Dspisio, || | Xz, Xo,
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a Recall:  Finite Volumes Method on Flat and Fixed Domain w-ve,sitétﬂ

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Find (-, t) such that Zoom L, Dy, sp.: (Dg)?!

4—V-(DyVu) =g onT, 1sio,
u(-, 0) = ug(-) onT, N
+BC
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Recall: Finite Volumes Method on Flat and Fixed Domain universimm

R.Eymard, T.Gallouét and R.Herbin, Finite Volume Methods [1997]

Zoom L, Dy, sp. (DL)71

HS|oy

a1
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Finite Volumes Method on Evolving Surfaces (Discretization) universitétm

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) universitétm

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

P(a,,t,)

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

P(ae,t,)

H EEEEERN
=

lcf. G. Dziuk ans C. M. Elliott, Finite Element on evolving surfaces [2006]
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", pt

Zoom of two cells at ¢,
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

", pt

Zoom of two cells at ¢,

For the simplicity, we assume D = Z,
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

Zoom of two cells at ¢,

For the simplicity, we assume D = Z,

tk+1 tk+1
/ / (u I ’LLVF(t) . ”U) - / / V - (DoVu)
tr Sl(t) tr Sl(t)

tr41
A
tr SL(t)
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

For the simplicity, we assume D = 17,

tht1 tht1
/ / (u + uVrgy) - v) - / V - (DoVu)
ti SU(E) ti SL(t)

tht1
A
tr Sl(t)
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

Zoom of two cells at ¢,

For the simplicity, we assume D = 17,

tk+1/ ( ) tkt1
U+ uV - v = / —/ u
o Si(t) i e At Jsi
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

Zoom of two cells at ¢,

For the simplicity, we assume D = 17,

tri1

[ ) = [
U+ uV - v = / — u
th Si(t) £ e dt St(t)
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Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

Zoom of two cells at ¢,

For the simplicity, we assume D = 17,

trt1
/ V- (DoVu)
ty St (t) J

~
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Zoom of two cells at ¢,

For the simplicity, we assume D = 17,

trt1
/ V- (DoVu)
ty St (t) J

4

ultt — it
T Z m(o;) ———2— S;
O’icas(tk+1) || X§+1 X(IJC‘:—l ||
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Finite Volumes Method

Zoom of two cells at ¢,

on Evolving Surfaces (Discretization)

For the simplicity, we assume D = 17,

=

T Z m(o;)
o;COS
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uktt — L
T Z m(ai)%
0:CO8(txt1) | Xg™ Xo |l

~

Using flux balance at interfaces

1
_— _ :
I X Xor I+ 1 X Xo |

Finite Volumes Method on Evolving Surfaces

universitétbonnl




Finite Volumes Method on Evolving Surfaces (Discretization) umversitétm

Zoom of two cells at ¢,

tht+1
/ / g~ (S(ten)gs”
tr Sl(t)
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Finite Volumes Method on Evolving Surfaces (Discretization) universimm

L', p}

Zoom of two cells at ¢,
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Finite Volumes Method on Evolving Surfaces (Discretization) universimm

Interpretation: u* = {u}} = Zu’gxs
s

(@) = {5} z;wl)’;xs

where u'(a, t,) = (u!) = uf on S'(t,)
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Finite Volumes Method on Evolving Surfaces (Uniqueness of a Solutioq}]iversitétm

Theorem: The above system has a unique solution

Sketch of proof:

Recall scheme:
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a Finite Volumes Method on Evolving Surfaces (Uniqueness of a SO|Utioq)ﬂversitétm

Theorem: The above system has a unique solution

Sketch of proof:

Induction

m Assume g =0
m Assume u* =0

m For "k + 1", multiply equations by corresponding u™,
(S c Fh(tk+1))

m Sum the result over the Ss C T (¢,41)

Recall scheme:
Find { u§+1 }Sy B such that:
m(S(tpg1) uEtt — m(S(te)) ul

1
-7 g m(o;) . (uk+1 — uk+1) = 7-m(S(tk+1))gk+1
‘ PES R Bl x kil Li o o
0iC0S I XEFL B ) 4 xEF xEH
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a Finite Volumes Method on Evolving Surfaces (Uniqueness of a SO|Utioq)ﬂversitétm

Theorem: The above system has a unique solution

Sketch of proof:
Induction

m Sum the result over the Ss C Ty, (t441)

m One obtains

k41 k41 _ k41 —
| w || L2(rk+) + || w12 Th(thtr) — 0 = uw=0
where
1 )
(RO (tr) — Z m(o;) - (uf, — uf)
s oi=S(t0)| L(te) | X5 X5, | + 1l X; Xz, |
Recall scheme:
Find {ug™ }4 ; such that:
m(S(tes1)) U’é“ m(S(t)) us
1
Ty m S - = TS (tn))e

5:COS XE“ Xo I+ X XaH i
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Finite Volumes Method on Evolving Surfaces (Stability) universimm

Proposition 1: ( Stability, L>°(L) and L?(H}) )

{u"}, solution of the above system with the dirichlet condition u =0 on dI'(t), 3 C € R such that

2
k 0|12 k+1 12
sup [ By + 307 (= 1y ) s0<llu Iaey) 73 N nv(rzﬂ)>

Sketch of proof:

Recall scheme:
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Proposition 1: ( Stability, L>°(L) and L%(Hj) )

{u"}, solution of the above system with the dirichlet condition u =0 on dI'(t), 3 C € R such that

2
Sup; H (s ”]L7 FA+1 + Z (H utt ”1,1“’;“) <C (H U HLZ I‘O +TZ H gk+1 HM(I k+1>>
Sketch of proof:

m For "k + 1", multiply equations by corresponding u™,
(S CThltesa))

m Sum the result over the S**1 C T'y,(¢,.,)

m Use Cauchy-Schwarz inequality

Recall scheme:
Find {uk“ }S . such that:
m(S(tm))U’?1 m(S(ty)) u§

1 ( k+1 k+1 k+1
—r (up =) (S (b))
PR e ey XE X |
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Proposition 1: ( Stability, L>°(L) and L%(Hj) )

{u"}, solution of the above system with the dirichlet condition u =0 on dI'(t), 3 C € R such that

2
N = k- b
sup. |05 Iy + o7 (147 g sc(u @ ey +7 3 119+ sz(lm)

Sketch of proof:

One obtains

J
B0 g, +7 30 IR

IA
vl

<|\u Huﬁ(r‘)) + 7 > Hgkl\iz(rﬁJ + L@+ Z Hu HLZ(Fk)

k=1-kmaz k=1...j

Recall scheme:
Find {ug™ }4 , such that:
m(S (try1)) u ’é“ m(S(t)) u

1
- T . (ulitl _ ugﬂ) = Tm(s(tk+1))gg+l
ags X§“ X+ 1 X Xl
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Proposition 1: ( Stability, L>°(L) and L%(Hj) )

{u"}, solution of the above system with the dirichlet condition u =0 on dI'(t), 3 C € R such that

2
N - E :
sup, | ut+ ”]L? ey + Z (H bt Hl,l"’;“) <C (H u® H]?AZ(I‘?L) +T2k: g HAL Hiz@:ﬂ))

Sketch of proof:

One obtains

B0 g, +7 30 IR

< 3 (Hu Huﬁ(r‘)) + 7 > Hgkﬂiz(rﬁ)) + L@+ Z Hu HLZ(Fk)
k=1 kmaz k=1---j
n a<h.f):<"’"7’ is bounded

m Discrete version of Gronwall leads to the result.

Recall scheme:
Find {ug™ }4 , such that:
m(S(tm))U’é“ m(S(t)) u

1
- T . (ulitl _ ugﬂ) = Tm(s(tk+1))gg+l
azcz;s X§“ X+ 1 X Xl
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Finite Volumes Method on Evolving Surfaces (Stability)

universitdtbonn:

Proposition 2: ( Stablity, L2(L?) for dyu, L>°(H} ) for u )
{u*}, solution of the above system with the dirichlet condition u =0 on dT'(t), 3 C €R such that

utt =t k1 2 012 02 k1 )12
2 gy + sum (1 M) < € (160 By + 1 0 47 3208 By

k
Assumption: 7 <7 VYV k

Sketch of proof:

Recall scheme:
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Proposition 2: ( Stablity, L?(L?) for dyu, L=(H}) for u )

{u"}, solution of the above system with the dirichlet condition u =0 on dT'(t), 3 C € R such that

uttt —ut k41 2 0 |12 0 (|2 k1 |2
Xk: ™| = H]Lz(ri:+1) + sup; (H ut Hl.l",ﬁ*') <C|fu le(rm + || Hl_r‘i[{ +72k: I g"* HLz(rl'»’H)

Assumption: 7 <7 VYV k

Sketch of proof:

m For "k + 1", multiply equations by corresponding
uktt — y*
( | (8 CThfter)

T Sh+1

m Sum the result over the S*™ C T'y,(t,11)

Recall scheme:
Find {ug™ }4 , such that:
m(S(tm))U’é“ m(S(t)) u

1
- T . (ulitl _ ugﬂ) = Tm(s(tk+1))gg+l
azcz;s X§“ X+ X Xl
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Proposition 2: ( Stablity, L?(L?) for dyu, L=(H}) for u )

{u"}, solution of the above system with the dirichlet condition u =0 on dT'(t), 3 C € R such that

uttt —ut k41 2 0 |12 0 (|2 k1 |2
Xk: ™| = H]Lz(ri:+1) + sup; (H ut Hl.l",ﬁ*') <C|fu le(rm + || Hl_r‘i[{ +72k: I g"* HLz(rl'»’H)

Assumption: 7 <7 VYV k

Sketch of proof:

m Use Cauchy-Schwarz inequality

m Use the previous result to obtain the solution

Recall scheme:
Find {ug™ }g ; such that:
m(S(tes1)) U'é“ m(S(t)) ug

1
— 7 . (u'i“ — u’g“) = 7m(S(ts1))g5™
azcz;S \ | Xs™ X5 + || Xz Xa | ,

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces



Finite Volumes Method on Evolving Surfaces (Error estimate) umversitétm

Theorem:
u: Real solution on T'(t),
u”: Discrete solution on T'y(t,)

E* = Z (uil (ng, tk) - ug‘) Xs

S|
H E* H]L2(Fh(tk)) < C(h‘ + 7—)

T=T
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Theorem:
u: Real solution on T'(t),
u”: Discrete solution on T'y(t,)

E* = (w7t (X5, t) — ub) xe

S
| E* lLzrp o)) < C(h + 7)

T=T

Sketch of proof

m Consistency of the geometry approximation.

m Consistency of the approximation of differential opperators and
integrals.

m Obtaintion of discrete equations with E**' as unknown.

m multiplication of each equation by E¢"", and partial summation in
Sk+l
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Finite Volumes Method on Evolving Surfaces (Error estimate) umversitétm

Theorem:
u: Real solution on T'(t),
u”: Discrete solution on T'y(t,)

E* = (w7t (X5, t) — ub) xe

S|
H E* H]Lz(l—‘h(tk)) < C(h =+ 7-)

T=T

Sketch of proof

m Cauchy-Schwarz inequality separates terms; One obtains

1 2 1 3 2 1 k (12 1 k+1
5 | B*+ HLQ(F:H) +r§ | E=+ Hl,rtf,“ < - |E HLZ(FQ) +§5(h, )7 || B¥ |

2
LQ(F:-H)

+ /m@;)Cr(r + h) || EF? HLz(F:+1) +C1h?

m Bound the sequence appearing on the right side to obtain the
result.
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Numerical Results: Heat equation on rotative torus N "
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Numerical Results: Heat equation on rotative torus N "
u universitdtbonn:

Time indepentent source term Periodic source term
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Remark: 1) dAp,: Discrete measure on I'y, (t)
dA: Discrete measure on I'(t)
h = supgdiam(S), &y, &pdAp =dA = sup, SUPT () [1—6p] < ch?

2)  wex(Th(t)), and ul its lift
1
2 1 e
I W2 oy, )= inf, infpgy o | IL2C()
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