
The Sub-Mesh Penalty Method

Low-order methods
Model scalar problem with a Dirichlet boundary condition on the interface Σ:

• L2-penalty term added in the equation
• Magnitude of penalty term depending on the media
•.Volume Penalty Method (VPM) [Khadra et al. IJNMF 00] and the references therein :

• For , we have                                          [Angot M2AS 99] 
• Advantages : -only one set of equations for all the media

-easy implementation, no need to change the FV discretization schemes

Spatial convergence of 1st order due to the rough interface 
projection on the Eulerian structured grid [Ramière et al. JCP 07]
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Objectives
To design a fictitious domain method for flow/obstacles interactions with :
• Simple implementation in an existing structured CFD library using the augmented 
Lagrangian method
• Management of moving and/or deformable obstacles of complex shape
• Numerical treatment of the object with automatic and cheap reconstruction of approximate 
interfaces (Eulerian/Lagrangian grid coupling)
• High-order precision : at least second order in space

High-order method :
the SMP Method
• Principle : Use Q1 or P1 interpolations to enhance the accuracy of
penalty terms and penalize a given value on some points of the real
interface with [Sarthou et al. IJNMF 08]

• 1D method
Here,                                                               is added in the equation

discretized at the auxiliary point xi+1 ( line i+1 of the matrix) 

• Impact on solvers
For some interpolation coefficients, the matrix is no more diagonal dominant (only for the

lines related to the auxiliary unknowns)

• Troubleshootings with somes solvers [Tseng et al. JCP 03]

• Does not impact on resolution with BiCGStab and ILU preconditioning

• Generalization in 2D, 3D
Penalty term defined according to the number of fluid neighbors of each solid point

• Vector problems : Navier-Stokes equations
• Algorithm performed for each velocity component

• Compatible with the augmented Lagrangian method :

• No correction step to penalize (contrary to projection methods)

Second order is obtained by penalizing the boundary
condition on a suitable approximate interface 

• Symmetrized version
• Penalization algorithm carried out symmetrically on

both sides of the interface

• Auxiliary points/unknowns created on both sides

• Algebraic elimination of auxiliary unknowns
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Fluid Solid

Fluid point

Solid point

Intersection point between
Eulerian/Lagrangian grids
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Validation of SMPM
Scalar Laplacian problem

Cylindrical Couette flow 2D flow past a cylinder

3D flow past a sphere at Re=100

Numerical domain

DBC u=20
with SMP

DBC u=0

R1=1

R2=2,82

L=4
VPM
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Navier-Stokes
equations SMPM

VPM

VPM       SMPM

Spatial convergence of 2nd order

Applications and prospects

• Extension of the method to immersed interface problems with
jump transmission conditions : Embedded Boundary Conditions
model [Angot, CRAS 05]

• Theoretical analysis of the SMP method

• Treatment of moving and deformable obstacles (fluid-structure
interaction)

• Coupling with boundary layer models and AMR [Delage et al.
JCAM 2006] [Ramière et al. JCP 07]

Presentation of the scalar problem Error convergence with SMPM                              Comparison of isoline u=20

Error convergence with SPMP for cylindrical Couette flow.
Approximate interface can be located with the geometric intersection(GI)

or using a Level-Set funcion (LS)

Convergence of recirculation length
flow past a cylinder, Re=40

120x100x100 mesh Streamlines in plane XZ L/d=0.75 in good
agreement with [Johnson et al. JFM 99]

Isosurface V=0
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Strealines for Couette flow

Obstacle localization
• A fast Ray-Casting method gives the indicator of objects in the Eulerian grid

• A Level-Set function can be computed and used to determine intersections between 
Eulerian and Lagrangian grids ( faster but less accurate than a geometric intersection)

Even number of intersection :
fluid medium

Odd number of intersection : 
solid medium

Ray-Casting                             Level-Set
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Applications
Complex industrial cases

Prospects

Ex : hydroplaning of a rotating tire


