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Aim and plan of the presentation

Aim of the presentation

In this talk, we briefly present the Bingham fluids and their properties.
We consider a simple Bingham Flow type equation in a Cylinder.
We establish a finite volume scheme approximating this problem and prove its
convergence.
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Introduction on the Physical Problem Non-Newtonian fluids

Non-Newtonian fluids
As well known, the classical form of Navier Stokes equation is restricted to
fluids whose stress-strain relationship is linear. This category of fluids is called
Newtonian fluids and they have a simple molecular structure (e.g. water, air, and
alcohol).
To study more complex fluids, such as molten plastics, biological fluids, paints,
and greases, etc., it is necessary to consider a generalized Navier Stokes system
that models the behavior of fluids whose viscosity depends on the rate of
deformation (i.e., non-Newtonian fluids).
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Introduction on the Physical Problem Bingham rheology

This complex behavior is translated into a mathematical complexity which gives rise
to complex stress-strain laws, such as the Carreau-Yasuda, Bingham, power law,
Cross, Casson, Herschel-Bulkley, etc..

Figure: Examples of Non-Newtonian fluid models.
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Introduction on the Physical Problem Bingham rheology

Among the various classes of non-Newtonian materials, those exhibiting
viscoplastic properties are particularly interesting by their ability to strain only if
the stress rate exceeds a minimum value.
The most commonly used model to account for this particular behavior is the
Bingham model.

Figure: Bingham viscosity.
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Mathematical models Bingham Navier Stokes system

Bingham Navier Stokes equations

Let Ω be a smooth domain in IRd and ΩT the open set Ω× (0,T), where T > 0 is the
final time.

 ∂tu + (u · ∇)u −∇ · (τ(Du)) +∇p = f in ΩT ,

∇ · u = 0 in ΩT ·
(1)

Here u is the velocity vector, p is the pressure, and τ is the stress tensor where the
strain tensor is defined as

Du =
1
2
(∇u +∇ut),

and f : ΩT → IRd represents the external forces (such as gravity).
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Mathematical models Bingham Navier Stokes system

The system [1] is equipped with the following initial condition

u(·, 0) = u0 in Ω, (2)

and the homogeneous Dirichlet boundary condition

u = 0 on ∂Ω× (0,T)· (3)

The Bingham stress strain constitutive law is defined as
τ(Du) = 2µDu +

√
2g Du

|Du| if | τ |> g,

Du = 0 if | τ |≤ g·
(4)

Here µ is the viscosity, g is the yield stress and | A |2= A : A where the inner product

is defined as A : B =
∑

i,j

AijBij.
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Mathematical models Bingham flow in cylinders (Equation to be solved)

Axial flow in infinitely cylinder

Let us consider the following simplified Bingham flow in cylinders introduced in
Glowinski et al. (2007):

ρut(x, t)− µ∆u(x, t)− g∇ ·
(

∇u
|∇u|

)
(x, t) = C(x, t), (x, t) ∈ Ω× (0,T), (5)

with initial and Dirichlet boundary conditions:

u(x, 0) = u0(x), x ∈ Ω and u(x, t) = 0, (x, t) ∈ ∂Ω× (0,T). (6)
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Mathematical models Bingham flow in cylinders (Equation to be solved)

Regularization problem

As we can see that there is no sense to the previous equation when ∇u = 0. A
regularize problem can be given by, for (x, t) ∈ Ω× (0,T)

ρ∂tuε(x, t)− µ∆uε(x, t)− g∇ ·

(
∇uε√

ε2 + |∇uε|2

)
(x, t) = C(x, t), (7)

where

uε(x, 0) = u0(x), x ∈ Ω and uε(x, t) = 0, (x, t) ∈ ∂Ω× (0,T). (8)

The parameters µ and g denote respectively the viscosity and plasticity.
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Mathematical models Bingham flow in cylinders (Equation to be solved)

Existence and uniqueness of the regularization problem

It is proved in Glowinski et al. [3] that the regularization problem can be written in
the following variational inequation formulation: u(t) ∈ H1

0(Ω), for a.e. t ∈ (0, 1), for
all v ∈ H1

0(Ω):

ρ

∫
Ω

∂tu(x, t)(v(x)− u(x, t))dx + µ

∫
Ω

∇u(x, t)(∇v(x)−∇u(x, t))dx

+ g(j(v)− j(u)) ≥ C
∫
Ω

(v(x)− u(x, t))dx, (9)

with

u(0) = u0 and j(v) =
∫
Ω

|∇v|(x)dx. (10)

Error estimate betwwen the original problem and its regularization

∥u(t)− uε(t)∥L2(Ω) ≤

√
gm(Ω)

µλ0

(
1 − exp

(
−2µλ0

ρ
t
)) 1

2 √
ε. (11)
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Mathematical models Bingham flow in cylinders (Equation to be solved)

A simplified problem

A simplified problem

Equation

ut(x, t)−α∆u(x, t)−∇·F(∇u)(x, t) = G(x, t), (x, t) ∈ Ω× (0,T), (12)

where Ω is an open bounded polyhedral subset in IRd, with d ∈ IN⋆ = IN \ {0},
T > 0, F is a function defined on IRd into IRd, and G is a real function defined on
Ω× (0,T).
Initial condition is given by, for a given function u0 defined on Ω

u(0) = u0. (13)

Homogeneous Dirichlet boundary conditions are given by

u(x, t) = 0, (x, t) ∈ ∂Ω× (0,T). (14)
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Mathematical models Bingham flow in cylinders (Equation to be solved)

Assumptions on the data

Assumptions on the data

The function F is assumed to satisfy:
F ∈ C1(IRd). We set F = (F1, . . . ,Fd), we assume that, for some M > 0,

F1, . . . ,Fd and their first derivatives are bounded by M. (15)

For all θ1, θ2 ∈ IRd

(F(θ1)−F(θ2), θ1 − θ2)L2(Ω)d ≥ 0. (16)
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

Principles of Finite Volume methods

Principles of Finite Volume methods

Subdivision of the spatial domain into subsets called Control Volumes.

Integration of the equation to be solved over the Control Volumes.

Approximation of the derivatives appearing after integration.
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

Nonconforming mesh

Definition (New mesh of Eymard et al., IMAJNA 2010):

Figure: Notations for two neighbouring control volumes in d = 2
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

Nonconforming mesh

Main properties of this new mesh:
1 (mesh defined at any space dimension): Ω ⊂ IRd, d ∈ IN

2 (orthogonality property is not required): the classical orthogonality property is
not required in this new mesh. But, additional discrete unknowns are required.

3 (convexity): the classical admissible mesh should satisfy that the control volumes
are convex, whereas the convexity property is not required in this new mesh.
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

SUSHI scheme for Poisson equation

Principles of discretization for Poisson’s equation:
1 Discrete unknowns: the space of solution as well as the space of test functions

are in

XD,0 = {
(
(vK)K∈M , (vσ)σ∈E

)
, vK , vσ ∈ IR, vσ = 0, ∀σ ∈ Eext}

2 Discretization of the gradient: the discretization of ∇ can be performed using a
stabilized discrete gradient denoted by ∇D, see Eymard et al. (IMAJNA, 2010):

1 The discrete gradient ∇D is stable

2 The discrete gradient ∇D is consistent.
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

SUSHI scheme for Poisson equation

Discrete gradient

For u ∈ XD, we define, for all K ∈ M

∇Du(x) = ∇K u+

( √
d

dK,σ
(uσ − uK −∇Ku · (xσ − xK))

)
nK,σ, a.e. x ∈ DK,σ,

(17)

where ∇Ku =
1

m(K)

∑
σ∈EK

m(σ) (uσ − uK)nK,σ .
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

SUSHI scheme for Poisson equation

Weak formulation for Poisson’s equation:
Find u ∈ H1

0(Ω) such that

∫
Ω

∇u(x) · ∇v(x)dx =

∫
Ω

f (x)v(x)dx, ∀v ∈ H1
0(Ω). (18)

SUSHI (Scheme Using stabilized Hybrid Interfaces) for Poisson’s equation:
Find uD ∈ XD,0 such that

∫
Ω

∇DuD(x) · ∇Dv(x)dx =

∫
Ω

f (x)v(x)dx, ∀v ∈ XD,0. (19)
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

SUSHI scheme for Poisson equation

Theorem

Assume that the exact solution u satisfies u ∈ C2(Ω). Then the following convergence
result hold:

1 H1
0-error estimate

∥∇u −∇DuD∥L2(Ω)d ≤ Ch∥u∥2,Ω. (20)

2 L2-error estimate:

∥u −ΠMuD∥L2(Ω) ≤ Ch∥u∥2,Ω. (21)
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

Assumptions on the unknowns of the edges

Assumptions on the unknowns of the edges

We associate any σ ∈ Eint with a family of real numbers
(
βK
σ

)
K∈M (this family

contains in general at most d + 1 nonzero elements) such that

1 =
∑

K∈M
βK
σ and xσ =

∑
K∈M

βK
σxK . (22)

We then use the finite volume space HD ⊂ L2(Ω) of functions which are
constant on each control volume K of M.
Then, for any u ∈ HD , we set

uσ =
∑

K∈M
βK
σuK ∀σ ∈ Eint and uσ = 0 ∀σ ∈ Eext.
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Finite volume methods on Nonconforming meshes (SUSHI scheme)

Temporal mesh

Temporal mesh

The time discretization is performed with a uniform mesh with constant step

k =
T

N + 1
with N ∈ IN \ {0}. We denote the mesh points by tn = nk, for

n ∈ J0,N + 1K. We denote by ∂1 the discrete first time derivative given by

∂1vj+1 =
vj+1 − vj

k
.
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Formulation and convergence analysis of the scheme

Formulation of the scheme

Formulation of the scheme.
1. Approximation of initial condition (13). The discretization of initial condition

(13) can be performed as: Find u0
D ∈ HD such that for all v ∈ HD(

∇Du0
D,∇Dv

)
= −

(
∆u0, v

)
L2(Ω)

. (23)

2. Approximation of (12). For any n ∈ J0,NK, find un+1
D ∈ HD such that, for all

v ∈ HD(
∂1un+1

D , v
)
L2(Ω)

+ α
(
∇Dun+1

D ,∇Dv
)

+
(
F(∇Dun+1

D ),∇Dv
)
L2(Ω)d = (G(tn+1), v )L2(Ω) . (24)
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Formulation and convergence analysis of the scheme Convergence of the scheme

Main results

Theorem 1
There exists a unique solution to (23)–(24) and the following error estimates hold:

L∞(L2)–error estimate:

n=N+1
max
n=0

∥u(tn)− un
D∥L2(Ω) ≤ C(k + h). (25)

L2(H1)–error estimate:(
n=N+1∑

n=0

k∥∇u(tn)−∇Dun
D∥2

L2(Ω)d

) 1
2

≤ C(k + h). (26)
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Formulation and convergence analysis of the scheme Convergence of the scheme

Outline of the proof

Theorem 1
The proof is based on a well developed a priori estimate.
The proof will be detailed in the Full Paper Proceedings.
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Conclusion and perspectives

Conclusion and perspectives

Conclusion
We considered a nonlinear cell centered finite volume scheme (the unknowns are
located on the centers of the control volumes) for a simple Bingham Flow Type
equation. This equation is a nonlinear parabolic. The space discretization is
performed using SUSHI (Scheme using Stabilization and Hybrid Interfaces) whereas
the time discretization is uniform. We first proved the existence and uniqueness of the
approximate solution and we proved optimal error estimates, under assumption that
the exact solution is smooth, in the discrete norms of L∞(L2) and L2(H1).

Perspectives

Consider a linearized scheme version for the one considered here.
Extend this work to a thixotropic Bingham model.
Study other non-Newtonian models as Herschel–Bulkley and Casson.
Use Crank-Nicolson scheme to improve the order in time
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Thank you for your attention
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