Overview on the approaches of MFEMs DMFEMs for Elliptic Equations DMFEMs for Parabolic Equations Wave Equation Preparatior

Some Convergence Results in Mixed Finite Elements Methods

Abdallah Bradji'*
l Department of Mathematics, University of Annaba—Algeria
2 Visiting Professor to LAGA-USPN-Paris
Based on joint works with Fayssal Benkhaldoun

Séminaire de Modélisation et Calcul Scientifique
Laboratoire LAGA-University of Paris Nord
November 6th-2023, Paris-France

1/49



Aim... Plan MEEM:s for Elliptic Equations DMFEMs for Parabolic Equation
. )

Aim of the presentation

We first give an overview on the approaches of MFEMs (Mixed Finite Element
Methods): Primal and Dual MFEMs. We review some known convergence results of
MFEMs for Elliptic and Parabolic. We then present some new convergence results of
MFEMs for Parabolic and Hyperbolique equations. We also give some new obtained
results on the super-convergence phenomenon of MFEMs applied to one dimensional
Parabolic equations. We finally sketch some interesting perspectives.
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Plan of this presentation

Overview on the approaches of MFEMs
Primal MFEMs

Dual MFEMs

Some known convergence results for Dual MFEMs for Elliptic Equations

Some known convergence results Dual MFEMs for Parabolic Equations.

New (recent) convergence results for Dual MFEMs for Parabolic Equations.
New convergence results Dual MFEMs for Second Order Hyperbolic Equations.
Some Super-convergence results.

Conclusion and Perspectives
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Primal MFEMs

Model Equation: Poisson Equation

Heat equation:

— Au(x) =f(x), x € Q, (1)

where Q C IRY is an open domain of IR?, f is given function.

Homogeneous Dirichlet boundary

u(x) =0, x € 9. 6)
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General principles of MFEMs

General principles of MFEM

First step: Writing the problem as:

p=—Vu. 3)

divp =f. (4)

Second step: Weak formulation for [3]—[4]

‘We have at least two possible weak formulations:

A Primal Weak Formulation.

A\ Dual (or also Primal Dual) Weak Formulation
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General principles of MFEMs

Primal Weak Formulation

Weak Formulation of Primal MFEMs
Find (p,u) € Lz(Q)d x Hy(9) such that

d
(0, My + (Vit, Ty =0, V7 € L3(9) )

and

=W = V)@, WE Hy (). (6)
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General principles of MFEMs

Dual Weak Formulation

Weak Formulation of Dual MFEMs
Find (p, u) € Hai,(Q) x L*(2) such that

(P7¢)L2(Q) — (u, din)LZ(Q) =0, VY € Huv ()

and

(divp, ©) 2y = FrP)r2iy» Vo € LA(9),

Haiv(92) is the space defined by

o

d

Han(Q) = {g € (LQ(Q)) dive € LZ(Q)} .

@)

®
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Dual MFEM for Elliptic Equations

Finite Element spaces

Finite Element spaces

Let Vfl"v C Haiv(2) and W), C Lz(Q) be two finite dimensional spaces such that:

m Compatibility condition (also known as the inf — sup-condition). There exists
B* > 0 independent of 4 such that, for all g € W,

1 . *
sup 7/ q(x)divw(x)dx > 3 ||q\|Lz(Q). 9)
weviv\ {0} [Wllaay @) Jo
m The subspace G, of Vo given by
Gr={wev": / q(x)divw(x)dx = 0, Vg € W,} satisfies (This condition
Q

can be weakened.)

ﬁ w € G, implies that divw = 0. (10) =<
A ;
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Dual MFEM; for Elliptic Equations

An example of Finite Element spaces: IRT; (Raviart-Thomas) finite Element
spaces

Example of space discretization: RT; MFE

We define the Raviart-Thomas Mixed FE spaces, for [ € IN:

Vi¥ = {v€EHa(Q): vx€D, VKETi}, (11)
where 7j, is a family of triangulations of 2 with d-simplex and

Wi={pel’Q): plkeP, VKET} (12)

where [P, is the space of d-variate polynomials on K having degree less than or equal
to [ and

ﬂ D = (B) & xP.
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Dual MFEM; for Elliptic Equations

Nice property of IRT,;

Nice property of R’

One of the main properties of the spaces IRT; is that

divVi¥ C W,
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Dual MFEM; for Elliptic Equations

DMEE (Dual Mixed Finite Element) scheme for the Poisson equation

Formulation of the DMFE scheme for the Poisson equation

Find (ps, un) € Vi x Wy such that

(P )2 () — (ns divep) 2 (o) =0, Vb € V3™ (13)

and

(diVPha W)LZ(Q) = (fa ‘P)LZ(Q) , Vo € Wy (14)
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Dual MFEM; for Elliptic Equations

Well-Posedness and convergence result for the DMFES for the Poisson
equation

Theorem (cf. Quarteroni and Valli, 2008)

m The well-posedness result:

1PNl ) + llnll ) < Clifllz(e)- (15)
m Error estimate:
Vi + pallag, ) + 14— unll2q) < CEA(=Vu,u), (16)
where Ky, is the error given by

Eq(P,U) = 1P = $llugy @) + inf 11U = @ll2g0)- (17)

inf
peviy
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Problem to be solved

Problem to be solved

Heat equation

u(x,t) — Au(x, 1) = f(x,1), (x,7) € Qx (0,T). (18)

Initial and Dirichlet boundary conditions

u(x,0) =u’(x), x€Q and u(x,r) =0, (x,1) € N x (0,7T). (19)
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Space and time discretizations

Space and time discretizations

Space discretization

The FE spaces Vi C Hai (Q) and Wj, C L*() satisfy the hypotheses (9) and (10).

Time discretization

. T .
Constant time step k = Nil where N € IN*. The mesh points are t, = nk.

N +
m Discrete temporal derivative

1 1 v
vt =

m Arithmetic mean value (it serves when we use Crank-Nicolson method):

1
n+% vn+ + vn

14 = )

> >
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Formulation of a DMFE scheme for Heat equation

Formulation of a MFE scheme for the Heat Equation

|
The unknowns of this scheme are the set of the couples

{(pZ,uZ) € ViV x Wisn € [O,N + 1]]}.

These unknowns are expected to approximate the set of the unknowns

{(=Vu(ty),u(t.)); ne[0,N+1]}.
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Formulation of a DMFE scheme for Heat equation

Formulation of a DMFE scheme for the Heat Equation (Suite)

m For any n € [0, N] and for all ¢ € Wj, :
1 n+1 . n+1 _
(8 Uy 7W)L2(Q) + (v Ph 7(p)L2(Q) (f(t"+1)7 @)Lz(ﬂ) ) (20)
m Foranyn € [O,N + 1]:
(pZaw)LZ(Q)d = (MZ, V. w)LZ(Q) ) Vw S V/(lﬁva (21)

where

(V -pg, <p) = (—Auo, @)Lz(m , Yo € W 22)

@)
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Formulation of a DMFE scheme for Heat equation

Known convergence result for the DMFES for the Heat Equation, cf. Johnson

and Thomee 1981

Theorem (L (L*(Q)?) x L>(L*(Q))—error estimate, Johnson and Thomé 1981)
Foralln € [0,N + 1]

Vu(ts) + pillizye + llu(ta) — uhll2(0)

J€{0,1} n=j

< C ( max max By (—Vu(ty), du(t)) + k) , (23)

where I, is the error given by (17).
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Formulation of a DMFE scheme for Heat equation

Principal and nice remark

Principal and nice remark

The error estimate (23) of Theorem 2 does not include the divergence of the velocity
p(t,) whereas this divergence is present in the Elliptic case.

Our aim...

Our aim is to prove error estimates which include the divergence of the velocity p(z,)
for:

m Heat Equation (as model of Parabolic Equations): Done

m Superconvergence of MFEMs for Parabolic equations: Some Done and other in
Progress

m Wave Equation (as model of Second Order Hyperbolic Equations). In Progress

m The Evolutionary Stokes Equations. In Progress

23/49



Aimr Plan 3 ew on the approaches of ) )\ MFEN Elliptic Equations DMFEMs for Parabolic Equations  Wave Equation

000000

Formulation of a DMFE scheme for Heat equation

New convergence result, cf. Benkhaldoun and Bradji 2021

Theorem
L% (Haiy () x L (L*(Q))—error estimate, cf. Benkhaldoun and Bradji 2021

N1 n N1 .
TEX IVu(ta) + Phllig, (2 + max [u () — 0"yl 2 (s

< c< max r’ﬁ&Eh(—vafu(zn),afu(zn))+k). (24)
Jj€{0,1,2} n=j
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Formulation of a DMFE scheme for Heat equation

Idea on the proof of Theorem 3

Lemma (New a priori estimate)

Assume that ((np)nN+()l , (ﬁ%)f"'ol) € (V,‘,“V)NJr2 x WYt such that 7, = 0 and for
any n € [0, N], for all o € W,

817n+17 ) (d n+l7 ) _ (Sn-H7 ) 7 25
( v L2(Q) tdv e L2(Q) v L2() (25)
where 8" € L*(Q) is given and for any n € [0,N + 1]

(s ¥)i2apa = (s dived) 2y » Vb € Vi

Then, the following L* (Haiv)—a priori estimate holds:

N+1 o N n+1
ﬁ max [divr 20y < Cmiax[|S"l2(0)- @26) .-
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Formulation of a DMFE scheme using Crank Nicolson method

Formulation of a MFE scheme using Crank-Nicolson method (Suite)

m For any n € [0, N] and for all p € Wj, :

n nt1 Iy 1y
(aluh+l’<p) + <V 'Ph+2790) — (M»S@) ;
2(9) 2(9) 2 12(9)

27
m Foranyn € [O,N + 1]:

(pZaw)LZ(Q)d = (MZ, V. qp)LZ(Q) ) Wﬁ S V;l]iva (28)

where

V-O,) :(—AO,) . Yo Wi
ﬁ ( phwu(ﬂ) e 2(Q) ® E

26/49



for Elliptic Equations DMFEM s for Parabolic Equations Wave Equation

Formulation of a DMFE scheme using Crank Nicolson method

New convergence result, cf. Benkhaldoun and Bradji 2023

Theorem (New error estimate for scheme (27)—(29))

The following L* (Haiv)—error estimate holds:

el
i [[divp, 2 + Au(t, 1)ll2@) < COF + ). (30)
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Super-convergence of DMFEM: for Parabolic Equations

Definition of Super-convergence, refer to Zlamal-1977

Assume that 7 is an approximation of u using Finite Differences or Finite Element
Methods on a physical domain 2. Assume in addition that

[ — ul| < CH', 31)

where /£ is the mesh size of the discretization of w.
We assume that there exists interpolation operator II such that, for some o > 0

& — Mu|| < Ch™, (32)

where Ilu is a some interpolation of u.
The estimate (32) means that the convergence is better on the points in which u
concides with its interpolation. This is called a Super-convergence phenomenon.

28/49



Overview on the approaches of MFEMs DMFE for Elliptic Equations DMFEM s for Parabolic Equations Wave Equation

Super-convergence of DMFEM: for Parabolic Equations

How the Super-convergence can serve us?

Super—convergence SErves us...

Super-convergence serves us to improve the convergence order using a Local Post
Processing for the approximate solution # (as in Durdn-1999), or also using an
iteration of approximations (using the original matrix that was used in the begining)
as in Defect Correction (as in Bradji and Chibi 2007) .
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Super-convergence of DMFEM: for Parabolic Equations

Introduction: Super-convergence in Piece-wise Linear FE in 1D.

Consider the one dimensional stationary equation
— e (x) +u(x) =f(x), x€lI=(0,1) and u(0)=u(l)=0. (33)

The mesh points of I are denoted by 0 = xp < x1... < xy+1 = 1, with

M € N\ {0}, and the constant step is given by h = x;y1 —x; = 1 /(M + 1). We
consider the sub-intervals I; = (x;,;+1), for i € [0, M]. Let V" be the Piece-Linear
FE, i.e.

Vi={vecO:vel,eP,vic[0,M] and v(0)=v(1)=0}. (34

Define the approximate FE solution by: Find " € V" such that

ﬁ /1 (e e)veoe) + ' e)v(e) ) e = /1 Fevx)dr, W e V',
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Super-convergence of DMFEM: for Parabolic Equations

Introduction: Super-convergence in Piece-wise Linear FE in 1D (suite).

Error es %

Assume that u € H*(I), we have the following error estimate

llu— ||y < Ch. (36)

Superconvergence result.

ITTu — ||y < CI2, (37)

where IT is the piece-wise linear interpolation over V.
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Super-convergence of DMFEM: for Parabolic Equations

Introduction: Super-convergence in Piece-wise Linear FE in 1D (suite).

Superconvergence result.

The super-convergence estimate can be written as

i u(xipr) —u(x) i —ui\’ :
Zh< l+1h i) z+1h l) SCh27 (38)

where u; are the components of u" in the usual basis of V",

Usefulness of this Superconvergence result.

As stated before, the super-convergence estimate can help us to derive a high order
(> 2) approximation; we refer for instance to Duran-1990, Bradji and Chibi-2007,
and Bradji-Thesis-2005.
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Super-convergence for MFEMs applied to 1D-Elliptic equation

Super-convergence for MFEMs applied to 1D-Elliptic equation; cf.

Benkhadloun and Bradji-2023.

Comment.

The super-convergence of MFEMs applied to 1D-Elliptic equation is not stated
explicitly but it can be deduced from some known a priori estimates in Quarteroni
and Valli-2008.
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Super-convergence for MFEMs applied to 1D-Elliptic equation

Super-convergence for MFEMs applied to 1D-Elliptic equation (Suite).

Let us consider the following second order elliptic equation in 1D:

1D Elliptic model

—ww(x) =F(x), x€l=(0,1) and w(0)=w(l)=0. 39)

Mixed Formulation for (39)

Find (p,w) € Haiv(I) x L*(I) such that, for all (¢, 1) € L*(I) X Haiv (1)
(Pe; )y = (F, @)y and  (p, )y = (W, %)y - (40)

ﬂ The space Hgy (1) in the case of 1D is given by the Sobolev space Hgiy (I) = H'(I).
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Super-convergence for MFEMs applied to 1D-Elliptic equation

MFEMs for 1D-Elliptic equation (Suite).

Definition of RT(-MFEs. First step: Mesh

I=(0,1)ismeshedby 0 =xp < x;... <xy41 = 1, with M € IN'\ {0}, and the
constant step is givenby & = 1 /(M + 1). We setI; = (x;, Xiq1).

Definition of RT(-MFEs. Second step: Discrete spaces

Vi ={veHw): v €Po ®xP, Viel[o,M]} 1)
and

Wy ={uecL*I): ul,ecPo, Viel[o,M]}, 42)

AN The space Vi (resp. W;) is the set of continuous functions (resp. functions of L*(I)) AN
AN which are linear (resp. constant) over each I;. &
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Super-convergence for MFEMs applied to 1D-Elliptic equation

MFEMs for 1D-Elliptic equation (Suite)

Definition of RT(-MFEs. Third step: Formulation of scheme
Find (ps, ws) € Vi x Wy such that, for all (o, ) € Wj, x Vi

((ph)x ’ SO)LZ(]) = (F7 QD)LZ(I) and (pha 1/))1‘2(1) = (whv wx)LZ(I) : (43)

Error estimate of scheme; see Quarteroni and Valli-2008

llpn + w1 + [l — wll2) < Ch. (44)
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Super-convergence for MFEMs applied to 1D-Elliptic equation

MFEMs for 1D-Elliptic equation (Suite)

Superconvergence of RT. First step: Interpolation operator; see Yang and Shi-2020

m The usual linear interpolation operator IT, over Vi,

m The interpolation operator J; over W, of w:

thi = Jiw = f/w(x)dx. (45)
I

i

Superconvergence of RTy-MFEs. Second step: Superconvergence estimate

A lpa + Wyt ||11 + [Jwn — Thw|l 2y < Ch. (46)
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Super-convergence for MFEMs applied to 1D-parabolic equations

Super-convergence for MFEMs applied to 1D-Heat equation: Problem to be
solved.

1D Heat model

u’(x7t)_uxx(xvl) :f(x7t)7 (x7t) EI: (071) X (07T)7 (47)
This equation is equipped with an initial condition and Dirichlet boundary conditions:

u(©0)=u’ and u(0,7) =u(l,t)=0, te (0,T). (48)
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Super-convergence for MFEMs applied to 1D-parabolic equations

Super-convergence for MFEMs applied to 1D-Heat equation: Mixed
Formulation

A “formal” mixed formulation:
For each t € (0, T), find (p(¢), u(t)) € Haw (1)) x L*(I) such that, for all
(0, %) € L*(1) x Hav (I)

(ue(2), SO)LZ([) + (¢, din(t))L2(1) = (‘Pvf(t))LZ(l) )

(va(t))LZ(l) = (divyy, ”(t))LZ(l) )

and

u(0) = u°.

ﬁ In 1D, Hgiv(T) = H' ().

(49)

(50)
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Super-convergence for MFEMs applied to 1D-parabolic equations

Super-convergence for MFEMs applied to 1D-Heat equation: Meshes

Meshes
m Uniform Mesh in time:
O=t<th=k<t=2k...tp=nk<...tnyi=N+0Dk=T
m Descretization in space: as above using RTo-MFEs.

m Descrete spaces: as above using RTy-MFEs
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Super-convergence for MFEMs applied to 1D-parabolic equations

Super-convergence for MFEMs applied to 1D-Heat equation: MFE Scheme

MFE Scheme:
Find (p}, u}) € Vi x W, such that:
m For any n € [0, N] and for all p € W:

1 ntl n+3
= 2
(8 up ’(P)LZ(I) + ((ph )x 5 @)LZ(I) (f([n+%)7 (p)LZ(I) B (5 )

m Foranyn € [O,N + 1]:

G = Wh¥)pq, VW EV, (53)

ﬁ where pf) = —II, (u),.
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Super-convergence for MFEMs applied to 1D-parabolic equations

Super-convergence for MFEMs applied to 1D-Heat equation: known error

estimate; Benkhaldoun and Bradji (2023)

n error estimate.

e 1l
e us(t, ) 425 iy < € (h+#). (54)
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Super-convergence for MFEMs applied to 1D-parabolic equations

Super-convergence for of RTy applied to 1D-Heat equation:

Superconvergence result; Benkhaldoun and Bradji-FVCA-2023

New super-convergence result.

2

ol—

< C(h+ k). (55)

al nt1
Zk Hhux(t,H,%)J'_plz :

n=0 1,1
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Problem to be solved

DMFEMs for the Wave Equation

Wave equation

un(x,1) — Au(x, 1) = f(x,1), (x,1) € Qx(0,7). (56)

Initial and Dirichlet boundary conditions

(u(0), u,(0)) = (u°,u') and u(x,r) =0, (x,1) € dQ x (0, 7). (57)

44749



Overview on the approaches of MFEMs  DMFEMs for Elliptic Equations DMFEM:s for Parabolic Equations Wave Equation Preparatior

Formulation of a DMFE scheme for the Wave Equation

Formulation of a DMFE scheme for the Wave Equation

m For any n € [0, N] and for all ¢ € W, :

2 n+1 n+1 _
(8 u, 7<P)L2<Q) + (V D ’W)LZ(Q) = (f(fn+1)7€0)L2(Q) ) (58)

m Foranyn € [O,N + 1]:

P W2y = W V- )y, VD EVY, (59)
where, for p € W,
0 _(_A,0
(VPhe) ey = (-2 0) L (60)

v',) = (—xad! 0,) :
ﬁ ( ) ) Ao 12(2)
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Formulation of another DMFE scheme for the Wave Equation: using Newmark’s method

Formulation of another DMFE scheme for the Wave Equation: using

Newmark’s method

Definition of the main scheme
For any n € [0, N] and for all ¢ € W, :

n—1

1
o n+17 ) 1 (V- n+-1 : )
( U, ¢ 2@) + ) Ph +ph ) 2@)

1
= 2 (f (tnt1) +f (tn—1), SO)LZ(Q) . (62)
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Formulation of another DMFE scheme for the Wave Equation: using

Newmark’s method

Definition of the main scheme
For any n € [0, N] and for all ¢ € W, :

n—1

1
o n+17 ) 1 (V- n+-1 : )
( U, ¢ 2@) + ) Ph +ph ) 2@)

1
= 2 (f (tnt1) +f (tn—1), ‘P)LZ(Q) . (62)

Discrete initial conditions
The discrete initial conditions should be chosen carefully to get second order time

AN accurate.
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First work

Extend the Superconvergence, obtained in 1D, to Multi-dimensional Parabolic
equations.
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Ainr Plan

Works, related to the subject, under preparation

First work
Extend the Superconvergence, obtained in 1D, to Multi-dimensional Parabolic
equations.

Second work
What about the Superconvergence for time derivative u; of Pressure ?

Third work
Proof the convergence in L°° (Haiy) without assumption that the exact solution is
smooth and without a need to obtain a convergence rate.
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Fourth work
DMEE for the Wave Equation
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Works, related to the subject, under preparation (Suite)

Fourth work
DMEE for the Wave Equation

Fifth work
DMEE for the Evolutionary Stokes Equations.

Sixth work
DMEE for the Time Fractional Diffusion Equations.
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Works, related to the subject, under preparation (Suite)

Seventh work

Extension to Non-Uniform temporal mesh..
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