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Aim of the presentation

The aim of this talk is to establish a finite volume scheme along with a convergence
analysis for a Second Order Hyperbolic Equation with a Several Time Independent
Delays.
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Problem to be solved

Equation

Second Order Hyperbolic Equation with several time Independent delays, see
Nicaise et al. (SIAM J. Control Optim. 45/5, 2006 ) and Parhi-Kirane (1994),
(x,1) € 2 x (0,T):
un(x,1) — Au(x, 1) + aou(x, 1) + cru(x,t — 71) + cou(x, 1 — 1)
+  Pou(x, 1) + Pru(x,t — 73) + Bau(x,t — 1) = f(x,1), (1)
where € is an open polygonal bounded subset in R, f is a given function defined on
Q% (0,T),and T > 0, avo, a1, 2, Bo, B, B2 > 0, 71, 72, 73, 74 > 0 are given. ﬁ

The positive values 7; called the delays.
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Plan Equation to be solved
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u(x,0) =u’(x) and w(x,1) = u'(x,1), xe, —-7<t<0, 2)
where u° and u' are two given functions defined respectively on  and Q x (—,0)
with

T = max{7i, 72, T3, T4 }.

Homogeneous Dirichlet boundary

u(x, 1) =0, (x,1) € 9Q x (0, 7). 3)
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What about Delay Differential Equations?

What about Delay differential equations?

Some physi

Delay differential equations occur in many applications such as ecology and biology.
They have long played important roles in the literature of theoretical population
dynamics, and they have been continuing to serve as useful models.

LSSC2021 Talk of Benkhaldoun, Bradji, and Ghoudi, June 10th-2021

Finite volumes for Delay equations



\inr Plan Equation to be solvec ferences i Formulation of a suitable scheme for the delayec ( ence analysi Conclusior

RE DS

m Bellen, A., Zennaro, M.: Numerical Methods for Delay Differential Equations.
Numerical Mathematics and Scientific Computation. Oxford University Press
(2003).

m Benkhaldoun, F,, Bradji, A.: Note on the convergence of a finite volume scheme
for a second order hyperbolic equation with a time delay in any space
dimension. Finite volumes for complex applications IX-Methods, Theoretical
Aspects, Examples, 285-293, Springer Proc. Math. Stat., 323, Springer, Cham,
2020.

m Eymard, R., Gallouét, T., Herbin, R.: Discretization of heterogeneous and A
anisotropic diffusion problems on general nonconforming meshes. IMA J. .L\ A
Numer. Anal. 30/4, 1009-1043 (2010).

Talk of Benkhaldoun, Bradji, and Ghoudi, June 10th-2021

lay equations



\in Plan...  Equation to be solvec ferences Y Formulation of a suitable scheme for the delayec [ ence analysi

Conclusior

References (Suite)

m Nicaise, S., Pignotti, C.: Stability and instability results of the wave equation
with a delay term in the boundary or internal feedbacks. SIAM J. Control
Optim. 45/5, 1561-1585 (2006).

m Parhi, N., Kirane, M.: Oscillatory behaviour of solutions of coupled hyperbolic
differential equations. Analysis 14/1, 43-56 (1994).

Talk of Benkhaldoun, Bradji, and Ghoudi, June 10th-2021

lay equations



Introduction 1 of a suitable scheme for the delayec

Introduction: Finite Volume from Admissible meshes to Nonconforming
meshes

Finite volume methods are numerical methods approximating different types of
Partial Differential Equations (PDEs). They are based on three principle ideas:

m Subdivision of the spatial domain into subsets called Control Volumes.
m Integration of the equation to be solved over the Control Volumes.

m Approximation of the derivatives appearing after integration.
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Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by two steps:
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Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by two steps:

First step

Finite Volume methods using Admissible meshes.
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Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by two steps:

First step

Finite Volume methods using Admissible meshes.

Second step

SUSHI method.
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Introduction (suite): Finite Volume methods on admissible meshes

Definition
Let 7 be an Admissible Mesh in the sense of Eymard et al. (Handbook, 2000).

K € T are the control volumes and o are the edges of the control volumes K.

T =My e t A

mg. L
dk,1.

Figure: transmissivity between K and L: To = Tk =
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Introduction (suite): Finite Volume methods on admissible meshes

Main properties of Admissible mesh:

Convexity of the Control Volumes.

The orthogonality property: the (xxx.) is orthogonal to the common edge o
between the control volumes K and L.
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Model to be solved:

—Au(x) =f(x), x€Q and u(x)=0, x € 0Q. 4)

Principles of Finite Volume scheme:

Integration on each control volume K :— / Au(x)dx = / fx)dx,
K K

Integration by Parts gives :— Vu(x) - n(x)dy(x) = /f(x)dx
oK K

Summing on the lines of K: — Z Vu(x) -n(x)dy(x) = [ f(x)dx AA
S A ~
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Approximate Finite Volume Solution u7

B /K Fx)d. 5)

d
o€k Kz
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Introduction (suite): Finite Volume methods on admissible meshes

Approximate Finite Volume Solution u7

B /K Fx)d. 5)

d
o€k Kz
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Introduction (suite): Finite Volume methods on admissible meshes

Theorem

Let X(T): functions which are constant on each control volume K. Let e € X(T)
be defined by ex = u(xg) — ug for any K € T. Assume that the exact solution u
satisfies u € CZ(Q). Then the following convergence results hold:

Hé -error estimate

le7|l,7 < Chllull, 0, ©)

where || - |

: m(o
1,7 is the HY-norm ||e7||] 7 = Z ; )(uL — ug)>.

o=K|LEE

o) 0
L~ -error estimate.

lleTllz2(a) < Chllullyg-
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Introduction (suite): Finite Volume methods using nonconforming grids,

SUSHI scheme

Definition (New mesh of Eymard et al., IMAJNA

Figure: Notations for two neighbouring control volumes in d = 2
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Finite Volume methods using nonconform rids, SUSHI scheme

Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Main properties of this new mesh:

B (mesh defined at any space dimension): @ C RY, d € N

(orthogonality property is not required): the orthogonality property is not
required in this new mesh. But, additional discrete unknowns are required.

(convexity): the classical admissible mesh should satisfy that the control
volumes are convex, whereas the convexity property is not required in this new
mesh.
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Finite Volume methods using nonconform rids, SUSHI scheme

Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Principles of discretization for Poisson’s equation:

Discrete unknowns: the space of solution as well as the space of test functions
are in

Xpo = {((VK)KEM , (vg)geg) , Vky,Vo ER, vo =0, Vo € Eex}

Discretization of the gradient: the discretization of V can be performed using a
stabilized discrete gradient denoted by Vp, see Eymard et al. (IMAJNA, 2010):

The discrete gradient Vp is stable L A
The discrete gradient Vp is consistent. A A
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[e]e]e}
Finite Volume methods using nonconforming grids, SUSHI scheme

Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI

Weak formulation for Poisson’s equation: Find u € H} () such that

/Vu - Vy(x dx—/f x)dx, VVGHO(Q) (8)

SUSHI (Scheme Using stabilized Hybrid Interfaces) for Poisson’s equation: Find
up € Xp o such that

/vpup - Vpy(x)dx = /f ¥)dx, ¥ € Xpp. ol AWA
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Introduction (suite): Finite Volume methods using nonconforming grids,

SUSHI

corcm

Assume that the exact solution u satisfies u € C* (Q). Then the following convergence
result hold:

Hé-error estimate
|V~ Voupllz < Chllul, - (10)
L*-error estimate:

lu = aup |20y < Chljull, o (In
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Principles of the discretization

Definition of a discretization in time and its parameters

m The time discretization is performed with a constrained time step-size k such
that % € IN. We set then k = %, where M € IN \ {0}. We denote by d' the

AR

—

m The discrete second time derivative 9V "' = 8'(8'v1").

discrete first time derivative given by oVt =

m Denote by N the integer part of %, ie. N = [%} .
m We shall denote #, = nk, forn € [-M, N].

Advantages of this time discretization

Conclusion

The point = 0 is a mesh point which is suitable since we have equation (1) defined
for ¢ € (0, T) and initial condition (2) defined for 7 € (—7,0).
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Principles of the discretization (suite)

Discretization in space

‘We use SUSHI scheme
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Formulation of scheme
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Formulation of a suitable scheme for the delayed problem
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Formulation of scheme

The set of unknowns

The unknowns of this scheme are {up;n € [—M,N]}.

The set of unknowns

These unknowns are expected to approximate the unknowns {u(z,);n € [—M, N] }.
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Formulation of scheme

The set of unknowns

The unknowns of this scheme are {up;n € [—M,N]}.

The set of unknowns

These unknowns are expected to approximate the unknowns {u(z,);n € [—M, N] }.

Approximation of initial conditions (2)

Find u; for n € [—M, 0] such that forall v € Xp o, foralln € [-M + 1, 0]

0 _ 0
(up,v)r = (Au 7HMV)]LZ(Q) (12)

and

(0", v)F = — (Aul(t,,),HMV) 13)

L2(Q)
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Formulation of scheme (Suite)

Approximation

For any n € [0, N — 1], find u’g'l € Xp, such that, forall v € Xp

(821'1 W T ) S VY E + ag (a Ty, HMV>

L2(€) L2(Q)

+ o (81HMMILD+17M],HMV) =+ an (31HMM;D+17M2,HMV)

L2(Q) 12(Q)

+ ﬁo (HMM HMV> —1—51 (HMurle+17M3,HMV)

L2()

+ B (Maady ™, )

L2(2)

12(0) = (f(tn+1)7HMV)]L2(Q) ) (14)

where, fori € {1,2,3,4}, M; = [%]
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Useful Assumption

on on the time step k)

k < min{7, 72, 73,74} (15)

This implies that M; > 1, for all i € {1,2,3,4}.
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Statement of the convergence results
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Convergence analysis
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Conclusion

Theorem (Error estimat

We assume that u is sufficiently smooth.
m 1L°°(Hy)-estimate. For alln € [—M,N]|

IVpup — Vu(t)|l2() < C(k+ hp).

m W2 (IL?)—estimate.

N 5 2
1 n
( > k‘ e (tn) — T uip L2(0)> < C(k+ hp).

n=—M+1
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Idea on the proof

The proof is manly based on two facts:

m Comparison with an optimal scheme : for any n € [0, N + 1], find &}, € Xp o
such that

(Vpilp, Vo v)(LZ(Q) -> VK/ Au(x, t,)dx, Yv € Xpy.  (18)
Kem

m A convenient a priori estimate.
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Conclusion

1t obtained

We developed a new finite volume scheme for a second hyperbolic equation with
several time independent delays. These delays are involved in both the the exact
solution and its time derivative.
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Conclusion

First result obtained

We developed a new finite volume scheme for a second hyperbolic equation with
several time independent delays. These delays are involved in both the the exact
solution and its time derivative.

Second result obtained

The order is proved to be one in time and one in space.
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Conclusion

First result obtained

We developed a new finite volume scheme for a second hyperbolic equation with
several time independent delays. These delays are involved in both the the exact
solution and its time derivative.

Second result obtained

The order is proved to be one in time and one in space.

The third result obtained

The analysis is performed in several discrete norms.
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Perspectives

First perspective

The use of Crank Nicolson method in order to improve the order in time.
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Perspectives

Second perspective

Extension to the the case when the right hand side involves the exact solution and its
gradient

June
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Perspectives

Second perspective

Extension to the the case when the right hand side involves the exact solution and its
gradient

Third perspective

Delays are not numbers but functions depending on ¢ (time dependent delays).
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