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Introduction Formulation of the

Aim of the presentation

The aim of this talk is to provide a convergence rate for a finite volume scheme
approximating a time fractional partial differential equation.
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Plan of this presentation

Equation to be solved

A Introduction: Finite Volume methods from Admissible to Nonconforming
meshes (SUSHI scheme)
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Finite Volume scheme for a time fractional partial differential equation

=

Convergence rate of the numerical scheme
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Perspectives
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Equation to be solved

Equation
We consider the following time fractional diffusion equation:
Fulx,1) — Au(x, 1) = f(x,1), (x,1) €2 x(0,T), €9)

where Q@ c R is an open domain of RY,T > 0, and f is a given function. Here the
operator 9" is the Caputo derivative defined by:

8;1u(x,t) = ﬁ/o(lfs)iawds, 0<a<l. (2)

Initial condition o

u(x,0) = u’(x), x € Q.

Homogeneous Dirichlet boundary

u(x,r) =0, (x,1) € 92 x (0,T).




Equation to be solved
[ ]

‘What about time fractional diffusion equation?

What about time fractional diffusion equation?

Some physics

Fractional differential equations have been successfully used in the modeling of
many different processes and systems. They are used, for instance, to describe
anomalous transport in disordered semiconductors, penetration of light beam through
a turbulent medium, transport of resonance radiation in plasma, blinking fluorescence
of quantum dots, penetration and acceleration of cosmic ray in the Galaxy, and
large-scale statistical Cosmography. We refer to the monograph Uchaikin (Fractional
Derivatives for Physicists and Engineers, Springer-Verlag Heidelberg, 2013) where
we find many details.
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Introduction: Finite Volume from Admissible meshes to Nonconforming
meshes

Finite volume methods are numerical methods approximating different types of
Partial Differential Equations (PDEs). They are based on three principle ideas:

m Subdivision of the spatial domain into subsets called Control Volumes.
m Integration of the equation to be solved over the Control Volumes.

m Approximation of the derivatives appearing after integration.

'We mean here the “pure” finite volume methods and not finite volume-element methods

ji and Fuhrmann, June 17t




Equation to be solved : Formulation of the

Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by three steps:
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Equation to b ] Formulation of the

Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by three steps:

tep

Finite Volume methods using Admissible meshes.
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Equation to b ] Formulation of the

Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by three steps:

First step

Finite Volume methods using Admissible meshes.

Second step

SUSHI method.
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Equation to b ] Formulation of the

Introduction (suite): Finite Volume from Admissible meshes to
Nonconforming meshes

Finite Volume methods passed by three steps:

First step

Finite Volume methods using Admissible meshes.

Second step

SUSHI method.

Third step

Gradient schemes.
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Definition
Let 7 be an Admissible Mesh in the sense of Eymard et al. (Handbook, 2000).

K € T are the control volumes and o are the edges of the control volumes K.

Ty =My /i,

mg L
dg.L

Figure : transmissivity between K and L: To = Tg|L =

ji and Fuhrmann, June




Equation to be solve

Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Main properties of Admissible mesh:

Convexity of the Control Volumes.

The orthogonality property: the (xxx.) is orthogonal to the common edge o
between the control volumes K and L.
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Model to be solved:

—Au(x) =f(x), x€Q and u(x)=0, x € 0.

Principles of Finite Volume scheme:

Integration on each control volume K :— / Au(x)dx = / f(x)dx,
K K

Integration by Parts gives :— Vu(x) - n(x)dvy(x) = /f(x)dx
oK

K
Summing on the lines of K: — Z Vu(x) - n(x)dy(x) = /f(x)dx
K

oe&g v
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Approximate Finite Volume Solution w7
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes
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Finite Volume methods on admissible meshes

Introduction (suite): Finite Volume methods on admissible meshes

Theorem

Let X(T): functions which are constant on each control volume K. Let e € X(T)
be defined by ex = u(xx) — ug for any K € T. Assume that the exact solution u
satisfies u € CZ(Q). Then the following convergence results hold:

1 .
Hy-error estimate

lerlli,7 < Chllull, g, )
: m(o
where || - ||1,7 is the HY-norm ||ler||; + = Z (5 )(uL —ug)’
o=K|LEE  °
L*-error estimate:
lleTllz2(a) < Chllullg- ©)
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Finite Volume methods using nonconforming grids, SUSHI scheme

Introduction (suite): Finite Volume methods using nonconforming grids,

SUSHI scheme

Definition (New mesh of Eymard et al., IMAJN

Figure : Notations for two neighbouring control volumes in d = 2
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Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Main properties of this new mesh:

(mesh defined at any space dimension): Q@ C RY,d € N

(orthogonality property is not required): the orthogonality property is not
required in this new mesh. But, additional discrete unknowns are required.

(convexity): the classical admissible mesh should satisty that the control
volumes are convex, whereas the convexity property is not required in this new
mesh.
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Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Principles of discretization for Poisson’s equation:

Discrete unknowns: the space of solution as well as the space of test functions
are in

Xpo = {((V}()KGM , (VU)Ugg) , VK, Ve ER, vo =0, Vo € Eex}

Discretization of the gradient: the discretization of V can be performed using a
stabilized discrete gradient denoted by Vp, see Eymard et al. (IMAJNA, 2010):

The discrete gradient Vo is stable

The discrete gradient Vp is consistent.
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Finite Volume methods using nonconforming grids, SUSHI scheme

Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI

Weak formulation for Poisson’s equation: Find u € H{ () such that

/vu - Vv(x dx—/f x)dx, Vv € Hy(Q). )

SUSHI (Scheme Using stabilized Hybrid Interfaces) for Poisson’s equation: Find
up € Xp, such that

/ VDMD VDV dx /f dx Vv € X’Do
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Finite Volume methods using nonconforming grids, SUSHI scheme

Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI

Theorem

Assume that the exact solution u satisfies u € C*(Q). Then the following convergence
result hold:

H(l)-error estimate
IVu = Voup||;2(qy < Chllull, 5- €))

L*-error estimate:

[l — aup |20y < Chljully o (10)




Equation to be solved Formulation of the scheme Convergence result

Principles of the discretization

Discretization in time
We definek = T/(M + 1).

1

o ni1
TZ—a) > dadu(x, tijir) + TH (), (1D

J=0

O u(x, tat1) =

where 8 is the following discrete derivative of order o

o o
5%+ _ V’kiav’ and djo = (j+1)17% —ji=® (12)
and
n (&3 —a g
T+ < mkz l ulle2(0,7; ey (13)‘




Formulation of the scheme

Principles of the discretization (suite)

Discretization in space

We use SUSHI scheme




Equation to be solve 0 f the scheme

Formulation of scheme

The finite volume scheme can then be defined as:

m Discretization of initial condition: Find uOD € Xp, such that

(VD ), Vo v) = (AMO,HMV)L o VY E X0 (4)

(L2(@)*

2(

m Discretization of the factional heat equation: and for any n € [0, M], find
u’g'l € Xp o such that, forall v € Xp o

1 - o
— " N4 (a s, ) (v ol g )
r'2-—a) ; ’ T L2(Q) * 2w DY (L2

= (f(tt1), Vo) -
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Convergence result

Theorem (An L (L?)-error estimate)

. CTI*OL « 22—«
n) — < '
lu(t) — Hatip iz < C (F(Z —a) ho + 6r(1 — Oz)k ) (o
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Perspectives

First perspective

Convergence analysis in other discrete norms
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Perspectives

First perspective

Convergence analysis in other discrete norms

Second perspective

Gradient schemes framework for time fractional diffusion equations
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Perspectives

First perspective

Convergence analysis in other discrete norms

Second perspective

Gradient schemes framework for time fractional diffusion equations

Third perspective

Gradient schemes framework for space fractional diffusion equations
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