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Aim of the presentation

The aim of this talk is to establish a second order time accurate finite volume scheme
for a time fractional diffusion equation. The discretization in space is performed
using SUSHI (Scheme Using Stabilization and Hybrid Interfaces) developed recently.
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Plan of this presentation

Problem to be solved

References
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Discretization in time
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Discretization in space, SUSHI method (Eymard et al., IMAINA 2010).

Formulation of a second order time accurate Finite Volume scheme for a time
fractional diffusion equation

=

Conclusion and Perspectives

Statement of the Convergence Rate of the numerical scheme
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Equation to be solved

Equation

‘We consider the following time fractional diffusion equation:

O ulx, 1) — Aux,1) = f(x,1), (x,1) € Q x (0,T), ()
where € an open polygonal bounded subset in R?. The operator 9 is the Caputo
derivative:

(et ! —« 8“(x7 S)
(9, M(x,t)—m/o(l_s) Tds, O<Oé<17 (2)

Initial condition

Initial condition is given by u(x,0) = u’(x), x € Q

Homogeneous Dirichlet boundary

ulx,r) =0, (x,1) € 92 x (0,T).
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‘What about time fractional diffusion equation?

What about time fractional diffusion equation?

Some physics

Fractional differential equations have been successfully used in the modeling of
many different processes and systems. They are used, for instance, to describe
anomalous transport in disordered semiconductors, penetration of light beam through
a turbulent medium, transport of resonance radiation in plasma, blinking fluorescence
of quantum dots, penetration and acceleration of cosmic ray in the Galaxy, and
large-scale statistical Cosmography.

We refer to the monograph Uchaikin (Fractional Derivatives for Physicists and
Engineers, Springer-Verlag Heidelberg, 2013) where we find many details.
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Principles of the time discretization

Principles of the time discretization

Steps of Discretization in time

m First step: Definition of mesh points. We define k = T/(M + 1) and mesh
points #, = nk. We denote by ' and & the discrete first time derivative and
discrete second time derivative given respectively by

A

gyt ==Y

R A Vi
. —_—

and 9°V1' =98'(0'V) = 2
m Second step: Equation to be solved on the mesh points. Writing (1) with
t=two = (n+ o)k =t,+ ok with0 < o < 1 will be chosen later:

a,au(t,H_g) — AM([;H-J) :f([11+0')- 3




Equation to be solved Reference Discretization in time Discretization in space Convergence results  Conclusion and Perspectives
5 oo o 5

Principles of the time discretization

Principles of the time discretization (Suite)

Steps of Discretiza n time (Suite)

m Third step: Principle idea of a second order approximation 97 u(t,+. ) (Idea of
Alikhanov and Gao et al.). We write 0 u(t,+1) as

n

1 n fj . . .

T1-a) > / (tnyo — )" “us(s)ds + / (tiro — )" “us(s) | ds.
j=1 7 li—1 1,

“)

For each j € [1,N + 1], let I, ju be the quadratic interpolation defined on
(t—1, 1) on the points #;_1, #;, t;+1 of u. An explicit expansion for IT, ju’ yields:

0'u(ti1) + O u(tis1) (S - f_,ﬁ) = 0'u(t)) + O u(tir) (s - f,-_%) - ®
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Principles of the time discretization

Principles of the time discretization (Suite)

Steps of Discretization in time (Suite)

m Fifth step: Computation of a second order approximation for O u(t,+. ). When
approximating the terms of the sum (resp. the last term) using quadratic
interpolations (resp. a linear interpolation) in (4) of 97 u(fy+ ), we have to
compute the following integrals:

1. First set of integrals:

1j Ca k27o¢ -
/t (S — t],%) (trro — )" %ds = mbn—_h (6)
li—1
where
(o _ 1 2—a 2—«
b = m((l+a+1) (I+0) )
1 l—a l—a
E((1+a+1) +(+o0) ) )
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Principles of the time discretization

Principles of the time discretization (Suite)

Steps of Discretization in time (Suite)

m Fifth step: Computation of a second order approximation for 9 u(#,+.) (Suite).
2. Second set of integrals:
1 kl—a
thtoc — S 7adS: —— lnto—j,a 8
/t,_,( + ) o dmto—i (3)
with, for all s > 0, d;,, is given by
ds,o = (s + l)l_a =g, )

3. Third set of integrals:

Int-o kl—a
/ (taro —8) " %ds = ol (10
1

n




Equation

Formulation of a second order approximation for fractional derivative

Formulation of a second order approximation for Ofu(,+)

Formulation of a second order approximation for 9 u(#,+o )

We then obtained approximation for the fractional derivative 0 u(#,+o ) using
(4)—(10). This approximation is of order two if

a:l—%. (11)

This approximation is given by

j=1"7%

l—a

l — «

-
/ (trro — 8) "% (o u(s)) ds + o' "0 u(ter)
j—1

= > kX0 u(ti). (12)

Jj=0

n
Let us denote A, ou = Z kX0 u(tign).

j=0
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Formulation of a second order approximation for fractional derivative

Properties of the time approximation

Properties of the time approximation, cf. Alikhanov (2015)

Recall that

Anore = kN0 u(ti11) ~ 0 u(tur o). (13)

=0

1. Properties of )\;’+1.

n+1 1 n+1 T17
Zk/\JrfF ZkA*fr( )

and

1
2T°T(1—a)’

NS A > > AT > A =
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Formulation of a second order approximation for fractional derivative

Properties of the time approximation (Suite)

Properties of the time approximation (Suite)

- A\ VT N2 )
2. Stability result. For all ( 3 € R, forany n € [0,N + 1]:

j=0
(o8 + 1= ") AT =) 2 5 32 (07 - ).

3. Consistency result. For any ¢ € C* ([0, T]):

[0%p(tato) = Antop] < cK e

(3)‘ (14)
c([0,7])
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L]
A second order approximation for the equation on the time mesh points

Formulation of a suitable approximation for 0% u(t,4-) — Au(tyts) = f(tnto)

Formulation of a suitable approximation for 0 u(ty+o) — Au(tnto) = f(fnto)-

m First fact. As justified before

ulturo) = Y kN0 u(ti1) + O ). (15)

Jj=0
m Second fact. Using a Taylor expansion yields
Au(tnso) = oAu(tarr) + (1 — o) Au(ty) + O(K). (16)
From (15) and (16), we deduce that

D kX0 utinr) — o Aulterr) + (1 — 0)Auts) = f(tto) + OK).  (17)

j=0
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Discretization in space

Discretization in space

We use SUSHI scheme

Main properties of this new mesh:

(mesh defined at any space dimension): Q@ C R?, d € N

(orthogonality property is not required): the orthogonality property is not
required in this new mesh. But, additional discrete unknowns are required.

(convexity): the classical admissible mesh should satisty that the control
volumes are convex, whereas the convexity property is not required in this new
mesh.
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Discretization in space

Discrete unknowns: the space of solution as well as the space of test functions
are in

XD,O = {((VK)KGM 5 (VU)UEE) , VK, Vo €ER, vy =0, Vo € gext}

Discretization of the gradient: the discretization of V can be performed using a
stabilized discrete gradient denoted by Vp, see Eymard et al. (IMAJNA, 2010):

The discrete gradient Vo is stable

The discrete gradient Vp is consistent.
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Formulation of a finite volume scheme

Formulation of scheme

The finite volume scheme can then be defined as:

m Discretization of initial condition: Find uOD € X'p,o such that

(Voub, Vo) L= (8 Ty V>u<n>  VveEXpy,  (I8)

()

m Discretization of the time factional diffusion equation. For any n € [0, N], find
u'g Le Xp o such that, for all v € Xp o

n

>N (Malulg! = i), Taav)

=0
= (f(tato)s HM")LZ(Q) ) (19)

where v"* denotes the two-point barycentric element given by

n+o R
L2 F (VDMD ,VDL)LZ(Q)

P = o4 (1= o) (20)
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Convergence result

Theorem (An error estimate for the gradient)

m L>°(L?)-estimate. For alln € [0,N + 1]
[[u(tn) — Tz o) < C(kz + hD)||”Hc3([o,T];c2(§))‘ @

m L°°(Hy)-estimate. For all n € [0, N]

1
n 2 n+o n+o
(X)) IV = Vol ey < CO + ho) [l gs (0,1, 2
(22
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Idea on the proof

Idea on the proof

Comparison with an auxiliary scheme: for any n € [0, N + 1], find #p € Xp o
such that

(Vpiip, VDV)(LZ(Q))d = — (Au(ty), I pm V)LZ(Q) , Yve Xpy. (23)

A discrete a priori estimate

Other technical details can be found in Proceedings NMA2018.
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A remark on the convergence rate for the gradient approximation

A remark on the convergence rate for the gradient approximation
Convergence order in L°° (IL?) is optimal, i.e. k* 4 hp.

Convergence order in L°° (Hj)) seems NOT optimal. Indeed, using (22) and the
fact that A} ™' = O(k™ )

Ve — Vol |2y = O (k‘% (& + hD)) : 4)

Which is a conditional convergence.
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Conclusion

Conclusion

Conclusion

‘We established a second order time accurate finite volume scheme for a time
fractional diffusion equation in any space dimension.
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Perspectives

Perspectives

First perspective

We work on a new a priori estimate which serves to derive optimal error estimate in
IL>°(Hj), see estimate (24).
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Perspectives

Perspectives

First perspective

We work on a new a priori estimate which serves to derive optimal error estimate in
IL>°(Hj), see estimate (24).

Second perspective

Writing the present results in a general setting where o is depending on n.
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