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Problem to be solved Properties of the approximation of the Caputo derivative

Time Fractional Diffusion Equation: » Decreasing property:
ofu(x,t) — V- (kVu)(x,t) = f(x, 1), (x,t) € 2x (0, T), NV
where I+ J 0
» Q is an open polyhedral bounded subset in R,
» [ >0,0<a<1aregiven.
> « satisfies k € C1(Q) and k(x) > kg > 0. n
» f is a given smooth function. (6™ +(1=0)8") Y
» The operator 9} is the Caputo derivative defined by: J=0

(D) - 1_@) /O (t — s)"uy(s)ds.

» Initial condition is given by
u(x,0) =0, x € (.
» Homogeneous Dirichlet boundary conditions are given by |
ux,t)=0, (x,1)€dQx(0,T). - D — (10)

—2Ter(1 - a)

Formulation of a Gradient Scheme

Application...

Fractional differential equations have been successfully used in

theory and they appear in many areas of application, see [1].
» Error estimate in the discrete norm of L=(H])

Discretization in space: GDM framework introduced in [8] nﬁ{\aln? |Vu(ty) — Vpup||rziq) < C(k®+FE
N—

where E (U) = MaXjc{0,1} MaXne[j,N+1] 4j@(ajU(tn)) and

Let Q be an open domain of R, with d € IN*. An approximate gradient Ep(U) = max (CpWp(kVT) + (Cp + 1)Sp(U), Wp(kVT) + 25p(1)) . (12)

discretization IS given by D = (Xp,0, ”1_% VD_)s. whe_re | » This results improves the one of [5] which dealt with only I.°>°(L?)—Error
1. The set of discrete unknowns Xp g Is a finite dimensional vector estimate

space on IR. L .
. . | 5/ : . » The convergence order in time of the GS (10) is better than the one of [3]
2. The linear mapping lNp : Xpo — L(Q2) is the reconstruction of the which dealt with a SUSHI scheme of only order k2 in time .

approximate function.

3. The gradient reconstruction Vp : Xpo — L?(Q)? is a linear mapping
which reconstructs, from an element of Xp o, a “gradient” (vector-valued Main ideas on the proof
function) over 2. The gradient reconstruction must be chosen such that

VD - ||12()0 IS @ NOrm on Xpo. Let us define the bi-linear form (-, -)p .

given by » We introduce an approximation for the operator —V(xV-) similar to the
(U, V)p.,. = / k(X)Vpu(X) - Vpv(X)dx, Y(u,v) € Xpo x Xpo. (5) discrete Laplace operator introduced in [8].
Q2

| » A well-developed discrete a priori estimate..
In order to analyse the convergence of the gradient schemes, we

consider the following parameters related to the mesh D:
1. The coercivity of the discretization is measured via the constant Cp In Progress
given by

C MoV || 2
D — maxX .

veXpo\{0} || VD V|| 12(q)d
This yields the Poincaré inequality: |[MpV|[;2q) < Cop||VpV||12(q)e-
2. The consistency is measured through the interpolation error
function Sp : H}(Q2) — [0, +o0) defined by, for all ¢ € H}(Q) References

Extension to GDM without the stated assumption on ||lp - || ;2(q).
work is the subject of [2].
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