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Problem to be solved

Time Fractional Diffusion Equation:
∂αt u(x, t)−∇ · (κ∇u)(x, t) = f (x, t), (x, t) ∈ Ω× (0, T ), (1)

where
IΩ is an open polyhedral bounded subset in IRd,
IT > 0, 0 < α < 1 are given.
I κ satisfies κ ∈ C1(Ω) and κ(x) > κ0 > 0.
I f is a given smooth function.
IThe operator ∂αt is the Caputo derivative defined by:

∂αt u(t) =
1

Γ(1− α)

∫ t

0
(t − s)−αut(s)ds. (2)

I Initial condition is given by
u(x, 0) = 0, x ∈ Ω. (3)

IHomogeneous Dirichlet boundary conditions are given by
u(x, t) = 0, (x, t) ∈ ∂Ω× (0, T ). (4)

Application...

Fractional differential equations have been successfully used in
theory and they appear in many areas of application, see [1].

Discretization in space: GDM framework introduced in [8]

Let Ω be an open domain of IRd, with d ∈ IN?. An approximate gradient
discretization is given by D = (XD,0, ΠD,∇D), where
1. The set of discrete unknowns XD,0 is a finite dimensional vector
space on IR.
2. The linear mapping ΠD : XD,0→ L2(Ω) is the reconstruction of the
approximate function.
3. The gradient reconstruction ∇D : XD,0→ L2(Ω)d is a linear mapping
which reconstructs, from an element of XD,0, a “gradient” (vector-valued
function) over Ω. The gradient reconstruction must be chosen such that
‖∇D · ‖L2(Ω)d is a norm on XD,0. Let us define the bi-linear form 〈·, ·〉D,κ
given by

〈u, v〉D,κ =

∫
Ω

κ(x)∇Du(x) · ∇Dv(x)dx, ∀(u, v) ∈ XD,0 × XD,0. (5)

In order to analyse the convergence of the gradient schemes, we
consider the following parameters related to the mesh D:
1. The coercivity of the discretization is measured via the constant CD
given by

CD = max
v∈XD,0\{0}

‖ΠDv‖L2(Ω)

‖∇Dv‖L2(Ω)d
.

This yields the Poincaré inequality: ‖ΠDv‖L2(Ω) ≤ CD‖∇Dv‖L2(Ω)d.
2. The consistency is measured through the interpolation error
function SD : H1

0(Ω)→ [0, +∞) defined by, for all ϕ ∈ H1
0(Ω)

SD(ϕ) = min
v∈XD,0

(
‖ΠDv − ϕ‖2

L2(Ω) + ‖∇Dv −∇ϕ‖2
L2(Ω)d

)1
2
.

3. The limit-conformity is measured through the conformity error
function WD : Hdiv(Ω)→ [0, +∞) defined by, for all ϕ ∈ Hdiv(Ω)

WD(ϕ) = max
u∈XD,0\{0}

1
‖∇Du‖L2(Ω)d

∣∣∣∣∫
Ω

(∇Du(x) · ϕ(x) + ΠDu(x)divϕ(x)) dx
∣∣∣∣ .

Additional assumption on ‖ΠD · ‖L2(Ω)

We assume, in addition, that the generic mesh D = (XD,0, ΠD,∇D) is
chosen such that ‖ΠD · ‖L2(Ω) is a norm on XD,0. This includes, for
instance, Conforming FEMs, Cell-Centered SUSHI, and MFEMs.

Time discretization and discrete temporal derivative

The discretization of [0, T ] is performed with a constant time step

k =
T

N + 1
,

where N ∈ IN?. Mesh points in time: tn = nk ,∀n ∈ J0, N + 1K. The

discrete temporal derivative given by ∂1vn =
vn − vn−1

k
.

Approximation of the Caputo derivative, see [1]

∂αt u(tn+σ) =
n∑

j=0

kλn+1
j ∂1u(tj+1) + Tn+1

1 (u), (6)

where σ = 1− α/2, λn+1
j are developed in [1], and

|Tn+1
1 (u)| ≤ Ck3−α. (7)

Properties of the approximation of the Caputo derivative

IDecreasing property:

λn+1
j+1 > λn+1

j > λ0 =
1

2T αΓ(1− α)
and

n∑
j=0

kλn+1
j ≤ T 1−α

Γ(2− α)
(8)

IStability: For all
(
β j
)N+1

j=0 ∈ IRN+2 and for all n ∈ J0, NK:(
σβn+1 + (1− σ)βn) n∑

j=0

λn+1
j (β j+1 − β j) ≥ 1

2

n∑
j=0

λn+1
j

(
(β j+1)2 − (β j)2

)
. (9)

Formulation of a Gradient Scheme

n∑
j=0

kλn+1
j

(
∂1uj+1

D , v
)

L2(Ω)
+
(
∇Dun+σ

D ,∇Dv
)

L2(Ω)
= (f (tn+σ), v)L2(Ω) , (10)

where u0
D is defined using a discrete projection.

New L∞(H1
0)–Error estimate for the Scheme (10)

IError estimate in the discrete norm of L∞(H1
0)

n=N+1
max
n=0

‖∇u(tn)−∇Dun
D‖L2(Ω) ≤ C(k2 + Ek

D(u)), (11)

where Ek
D(u) = maxj∈{0,1}maxn∈Jj ,N+1K ED(∂ ju(tn)) and

ED(u) = max (CDWD(κ∇u) + (CD + 1)SD(u), WD(κ∇u) + 2SD(u)) . (12)
IThis results improves the one of [5] which dealt with only L∞(L2)–Error

estimate.
IThe convergence order in time of the GS (10) is better than the one of [3]

which dealt with a SUSHI scheme of only order k2−α in time .

Main ideas on the proof

IWe introduce an approximation for the operator −∇(κ∇·) similar to the
discrete Laplace operator introduced in [8].

IA well-developed discrete a priori estimate..

In Progress

Extension to GDM without the stated assumption on ‖ΠD · ‖L2(Ω). This
work is the subject of [2].
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