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Model of oblique derivative boundary value problem

Consider the following problem with oblique boundary condition
— Au(X) = f(X), X € £,
where Q is an open bounded polygonal connected subset of IR? and
Un(X) + alyX) = 0, x € 09,

where x = (x, y) is the current point of R, u, = Vu-nand u; = Vu - t,
with n = (ny, n))’ (resp. t = (—ny, ny)’) is the normal vector to the
boundary 02 and outward to 2 (resp. is a tangential derivative), and « is
a given constant. We will assume that o > 0.

We add the following condition to get the uniqueness for (1)—(2)

/ u(x)dx = 0. (3)
Q2

Why oblique derivative boundary value problem ?

» Unusual boundary condition

» It appears in the modeling of some mechanical problems, but perhaps not
directly under the form (1)—(2), see [4] and references therein.

» Extension of the previous work [1].

Finite volume mesh

The finite volume mesh considered is the one used in [3]. Among the
properties of this mesh, we quote

» This new generic mesh Is a generalization of the one introduced in [2].
» The control volumes are not necessary convexes.
» No orthogonality is required.

» The discrete unknowns are located at the centers of the control volumes and
at their interfaces.

Figure: Two adjacent control volumes in 2D

Discrete Gradient

We define the space Xp as the set of all (Vi) (s (Vo),ee), Where
vk, V. € R forall K e M andforall o € £.
For u = ((Uk)kenss (Us),ee) € Xp, We define, for all K € M

Vpu(x)=Vk,U, a. e. X € Dg,,
where Dy , is the cone with vertex xx and basis ¢ and

Vd

(U — Uk —ViU- (X, — XK))) NK

where Vi u = » m(o) (U, — Uk) Nk, and d is the space

dimension.

Useful notations

The following definition will help us to define the finite volume scheme
we shall present and to prove its convergence:

Let 0 € & and n be the normal vector to o, outward to Q2. Recall that

t = (—ny,,n,)" where n = (ny, n, ), then

c=(ab)={sa+ (1 —s)b,s<[0,1]} where a, b are chosen such that
|b— alt = b— a. We denote by o~ (resp. ¢") the element of &, such that
ais in the closure of o~ (resp. bis in the closure of o) and o~ # o (resp.
o # o). We also set 0o = band o, = a (so that |oe — op|t = g — 0p).

Finite volume scheme for (1)—(3)

We define the finite volume approximation for (1)—(3) as
Up = ((Uk)kenss (Us),ee) € Xp such that

(Up, V)F + o Z(ug— Uy )Wo = (£, V)12, VYV E Xp

o) Egext

KeM
where (u, vV)r = / Vpu(x)-Vpv(x)dx.
(2
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Convergence order of volume scheme (6)—(7)

The following convergence result is proved:

| Vo up — V Ullrz) < Civ/ hol| Ul ez,
where the size hp is the mesh size.

A comparison with our previous work [1]

The convergence result (8) provides an error estimate for the the
approximation of the gradient, whereas the convergence result of [1] is
only provided in a discrete H}-norm.

Some results of error estimate (8)

» The convergence result (8) yields a discrete Hy-estimate (thanks to a result in

[3]).
» Thanks to the techniques of [2], the stated discrete H;-estimate in the
previous item yields an L2-estimate

Stability and Consistency results from [3] for the Discrete Gradient

» Stability result:
Co|Vix < ||[Vp V|l1eq) < Ca|V|x, Vv € Xp,
where

2 ~  m(o) 2
‘V‘X:>4 >’d (Vo — vk)©.
KeM oelk Ko

» Consistency result:
| Vo u—V Uullaq) < Cahpl| Ul|c2q)-

Idea on the Proof of error estimate (8)

Using the techniques of [1] combined with [3] leads to

(ep, VIF+a Y Vo(€—6e )= Y » (Vk— Vo)Rk.(U)

0EEext

(11)

(12)

< Cshpl| Ullczm), (13)

| 1| < Cem(o)|| U1 q)- (14)
Taking v = ep In (11), using the stability result (9) and consistency result
(10) yields the desired estimate (8). m

In Progress

We consider the same model of [4]: non-stationary Heat equation with
non-linear oblique boundary condition.
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