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Problem to be solved

We consider the following one dimensional wave problem:
Un(X,t) — Ux(Xx, t) = f(x, 1), (x,1) el x (0, T),

wherel = (0,1), T > 0, and f is a given function.
Initial conditions are defined by, for given functions «° and u':

u(x,0) = u°(x) and wy(x,0) = u'(x), x €1,
Homogeneous Dirichlet boundary conditions are given by
u0,t)=u(1,t)=0, te (0, T).

Definition of the meshes

» [ime discretization: The time discretization is performed with a constant time
step k = 4, where M € IN'\ {0}, and we shall denote t, = nk, for
ne [0, M+ 11.

» Space discretization: The spatial domain | is discretized using the admissible
one—dimensional mesh of [2] which we recall here for the sake of
completeness. An admissible mesh 7 of I = (0, 1) is given by a family
{K;; i € [1, N]}, N € IN* of control volumes, such that K; = (x,-_%, x,-+%) and a
family {x;; i € [0, N + 1]} such that

xo:x%:0<x1<x%<---<x,_%<x,-<x,-+%<---<xN<xN+%:xN+1:1
and, for / € [1, Nj:

hi=m(Kj)) =x,1—X_1, h: =Xi— X

+ .
4] i1 and h = X1 — X;

I—|—§

We set h,-+% = Xi+1 — Xj, for all i/ € [0, N], and h = maxXicp1 ny hi.

Notations and definitions

» Finite volume space: Define X(7) as the set of functions from | to R which
are constant on each control volume K;, i € |1, NJ, of the mesh. We shall
sometime identify X(7) with R". For each u € X(7), we define the discrete

1
Hy—norm by
N—1 )

Cn — [ 2 2
Jullor = (3 e th 0 Ly

I
= h hy 1
=1 I+3 > N+3

where u; denotes the value taken by u € X(7) on the control volume

Ki = (Xi_1s Xi11)-

» Interpolation operator: For all function ¢ € C(I), we denote by My € X(T)
the function defined by Mryo(x) = ¢(X;), for a.e. x € K, for all i € [1, N].

~ Numerical flux: For u = (u)Y, € X(T), we define :

u. - u.
IF,-JF%(U) = IH. - and ID>i+%( ) =F,

A first order scheme: old scheme of [1]

» Discretization of equation (1): For all n € 1, M), find u"*! = (u,”),.’i1 e X(T)
such that

h.82un+1 ) (un) 1 (1
I i i+

:R nk

with ug = uy,,; = 0, for all n € [0, M + 1]

)k
/ f(x,t)dxdt, Vie][l,N],
K;

» Discretization of initial conditions (2): Forall /1 € [1, N]
~ D, 1(L°) = — / (U)xx(x)dx and — D, 1(0'u") = — / (U e (Xx)dx.
° K ; K

where 0! denotes the discrete temporal derivative:

Vn L Vn—1
ol v = pa—

and 92 denotes the discrete second temporal derivative
0° v =0'(0'v").
It is proved in [1] that scheme (5)—(6) is of first order. This
contribution deals with a new second order finite volume

approximation for problem (1)—(3). This second order
approximation can be computed using the same scheme (5)—(6).

An auxiliary helpful term

Let us consider the expression

hi — hT . - h-, — h' h- — h'
d’' = —hi— 5 LT — k%z,”— k%sf '+12 Lo 5
where

» ' IS an approximation for uyy

» Z{' IS an approximation for Uy
» [ Is an approximation for Uy

» S/’ IS an approximation for uy
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dimension

How to compute d" given by (7)?

» o't approximation for uyy. Since uyy is a second time integration of Uy, we
are able to derive an approximation for uy, using a discrete second time
Integration of Uyyg.

» Approximation of uy:. We have thanks (1) Uyt = fux + Uxxxx- S0, an approximation for Uyyxx
yields an approximation for uyy;. To derive an approximation for Uy, we remark that
© = Uxxxx 1S Satistying
Pt — Pxx = Foooes (8)
o(x,0) = (U”)xx(X) and @i(x,0) = (U")xx(X), X €1, (9)

(0, 1) = —fx(0,1) — f(0,t) and ©(1,1) = —Ffx(1,t) — f(1, 1). (10)
The problem (8)—(10) is similar to the problem (1)—(3) satisfied by u. Hence ¢ = uy can

be approximated using the same scheme (5)—(6). Let " = (907+1)ili1 c X(T) denote this
application.

An approximation "1 = (" 1),’11 € X(T) for ux can be defined as ¢ = fi(X;, th) + 7.
» A convenient approximation for v = uy,. One remarks that the unknown function v = u,, is
a second integration in time of ¢» = ux, ONe can attempt to look for an approximation for

V = Uy Using a second numerical integration in time for " = (1¥")ic1,a; Which is an

approximation for ¢ = Uy Let (a”)neoms1) € (X(T))* be defined as 92a" = ¢, for all
nel[2, M+ 1]. Some computations lead to, for / € [2, M + 1]

I
o = K2y > "+ ti0'a’ + o, (11)

j=2 n=2

where we choose af = (U°),(x;) and o] = k(u")xx(x;) + (U®)xx(X;), for all i € [ 1, N].

» Z{"» approximation for uyy. The unknown uyy; is the time derivative of ux,. We
are able then to derive an approximation for uy,; using the discrete time
derivative 9! of the approximation o of Uyy. 2" = dlal*

The approximations /" and s/’ can be computed the same techniques
used to compute the approximation o' of uyy.

Definition of a new second order approximation

We define the new approximation u™' = (u™");c1.ny, for any

ne[0,M+ 1] as

un+1,1 _
(W) =% |

with ug”' = ugil, =0 forall n € [0, M+ 1] and, for any i € [1, N]

1 1 (n+1
h,' 82uf+ =D

i+3

)k
/f(x, faxat+d”, Vied,N (12)
K

1

L (1) = = [ (@b = 501 (g = Aaly). (13)
| 1

(uh) = - /K (U + KO ) X)0x = 501 (g = B)agiy) . (14)

where U' = u' + £(f(0) + (u%)xx) @nd 61V = v; — V1.

Statement of Convergence results

Le us the error by e7'(x) = u(x;, t,) — u™', fora.e. x € Kj, for all K; € T
» Discrete 1.°(0, T; Hj(l))—estimate: for all n € [0, M + 1]

| €' 117 < C(h+ K)?|| ull eagio, 71, coqpy- (15)
» W1(0, T:1L2(l))—estimate: forall n € [1, M + 1]
| 0" €} (|rzqy < C(h+ K)2[l Ulloago, 7. ey (16)

Idea on the Proof of Statement of (15)—(16)

» Convergence of o of uyy
» An a priori estimate for the discrete problem

Numerical tests

We u(x, t) = sin(w x)cos(w t), (x,t) € (0,1) x (0,1). We set h; = hfor
even I, hj = h/2 for odd /, and x; = (x,_% +- x,-+%)/2, fori e [1,N]. The
step is taken as kK = h/2. The following table shows that the order of
scheme (12)—(14) is two:

h Error in W'>°(L#) Error in L>(H,)
Error Order Error Order
1/225/0.0000946 ——0.0000770 ——
1/300/ 0.0000533 1.9942888 0.0000434 1.9929847
1/375/0.0000341 2.0015768 0.0000278 1.9961295
1/450/0.0000237 1.9954982 0.0000193 2.0015786
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