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Aim of the presentation

The aim of this presentation is to present some results related to the convergence
order of Gradient Schemes for time dependent partial differential equations.
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Plan of this presentation

References on the subject
Introduction: Finite Volume from Admissible meshes to Gradient Schemes
Definition of the approximate gradient discretization

Some examples of the approximate gradient discretization

Gradient schemes for some known models:
Linear Heat equation (as a model for Parabolic equations)

=

Linear Wave equation (as a model for Second Order Hyperbolic equations)

=

Semi-Linear Heat equation

[+

Semi-Linear Wave equation

]

Gradient schemes for a Joule Heating system Work under preparation-Possible joint
work with WIAS

Conclusion and perspectives
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Introduction: Finite Volume from Admissible meshes to Gradient Schemes

Finite volume methods are numerical methods approximating different types of
Partial Differential Equations (PDEs). They are based on three principle ideas:

m Subdivision of the spatial domain into subsets called Control Volumes.
m Integration of the equation to be solved over the Control Volumes.

m Approximation of the derivatives appearing after integration.

'We mean here the “pure” finite volume methods and not finite volume-element methods
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Introduction (suite): Finite Volume from Admissible meshes to Gradient
Schemes

Finite Volume methods passed by three steps:

ne 14th, 2016
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Introduction (suite): Finite Volume from Admissible meshes to Gradient
Schemes

Finite Volume methods passed by three steps:

First step

Finite Volume methods using Admissible meshes.

S’s Talk of Bradji, June 14th, 2016

ent schemes
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Introduction (suite): Finite Volume from Admissible meshes to Gradient
Schemes

Finite Volume methods passed by three steps:

First step

Finite Volume methods using Admissible meshes.

SUSHI method.

S’s Talk of Bradji, June 14th, 2016
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Introduction (suite): Finite Volume from Admissible meshes to Gradient
Schemes

Finite Volume methods passed by three steps:

First step

Finite Volume methods using Admissible meshes.

Second step

SUSHI method.

Third step

Gradient schemes.

ne 14th, 2016
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Introduction (suite): Finite Volume methods on admissible meshes

Definition
Let 7 be an Admissible Mesh in the sense of Eymard et al. (Handbook, 2000).

K € T are the control volumes and o are the edges of the control volumes K.

Ty =My 1 i,

mg L

dg L C.

Figure : transmissivity between K and L: 7o = Tg|L =

ne 14th, 2016
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Introduction (suite): Finite Volume methods on admissible meshes

Main properties of Admissible mesh:

Convexity of the Control Volumes.

The orthogonality property: the (xxx.) is orthogonal to the common edge o
between the control volumes K and L.

ne 14th, 2016
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Introduction (suite): Finite Volume methods on admissible meshes

Model to be solved:

—Au(x) =f(x), x€Q and u(x) =0, x € 90. (1)

Principles of Finite Volume scheme:

Integration on each control volume K :— / Au(x)dx = / f(x)dx,
K K

Integration by Parts gives :— Vu(x) - n(x)dy(x) = /f(x)dx
oK K

Summing on the lines of K: — Z /Vu(x) -n(x)dy(x) = /Kf(x)dx

oc&x V7

ne 14th, 2016
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Introduction (suite): Finite Volume methods on admissible meshes
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Introduction (suite): Finite Volume methods on admissible meshes

Approximate Finite Volume Solution w7

-y (0 P /K F(x)dx. @)

d
o€&k KlL
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Introduction (suite): Finite Volume methods on admissible meshes

Approximate Finite Volume Solution w7

= Z m(o) (ur — ux) = /f(x)dx. )

d
ledSTore Kz

Matrix Form

ATuT =fr.
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Introduction (suite): Finite Volume methods on admissible meshes

Theorem

Let X (T): functions which are constant on each control volume K. Let e € X (T)
be defined by ex = u(xx) — ug for any K € T. Assume that the exact solution u
satisfies u € CZ(Q). Then the following convergence results hold:

Hj-error estimate
ezl 7 < Chljull, g, 3)

m(o)

where || - ||y, 7 is the H{-norm ||eT|[} 7 = Z

o=K|LEE

(ML — MK)Z.
(ed

L*-error estimate:

leTllr20) < Chllull,q- )
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Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Definition (New mesh of Eymard et al., IMAJNA 2010)

Figure : Notations for two neighbouring control volumes in d = 2

ne 14th, 2016
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Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Main properties of this new mesh:

(mesh defined at any space dimension): Q C RY,d € N

(orthogonality property is not required): the orthogonality property is not
required in this new mesh. But, additional discrete unknowns are required.

(convexity): the classical admissible mesh should satisty that the control
volumes are convex, whereas the convexity property is not required in this new
mesh.

ne 14th, 2016
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Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI scheme

Principles of discretization for Poisson’s equation:

Discrete unknowns: the space of solution as well as the space of test functions
are in

Xpo = {((VK)KeM , (VU)UGS) , vk, Ve ER, vy =0, Vo € Eex}

Discretization of the gradient: the discretization of V can be performed using a
stabilized discrete gradient denoted by Vp, see Eymard et al. (IMAJNA, 2010):

The discrete gradient Vp is stable

The discrete gradient Vp is consistent.

ne 14th, 2016
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Introduction (suite): Finite Volume methods using nonconforming grids,
SUSHI

Weak formulation for Poisson’s equation: Find u € H} () such that

/ Vu(x) - Vv(x)dx = / flx)v(x)dx, Vv e Hy(Q). )
Q Q

SUSHI (Scheme Using stabilized Hybrid Interfaces) for Poisson’s equation: Find
up € Xp o such that

/ Voup (x) . VDv(x)alx = /f(x)v(x)dx, Vv € X'D,(). (6)
Q Q

ne 14th, 2016
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Introduction (suite): Finite Volume methods using nonconforming grids,

SUSHI

Theorem

Assume that the exact solution u satisfies u € C*(Q). Then the following convergence
result hold:

H,-error estimate
IVu = Voup||p2 gy < Chllull, - Q)
L2-error estimate:

[lu = Taup |20y < Chljully o ®)
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Definition (D iscretization, Droniou et al.
(M2AS, 2013))

Let © be an open domain of R, where d € IN \ {0}. An approximate gradient
discretization D is defined by D = (Xp.0, hp, IIp, Vp), where

The set of discrete unknowns X'p  is a finite dimensional vector space on RR.
The space step hp € (0, +00) is a positive real number.

The linear mapping IIp : Xpo — LZ(Q) is the reconstruction of the
approximate function.

The mapping Vp : Xpo — L*(Q)? is the reconstruction of the gradient of the
function; it must be chosen such that ||[Vp - ||;2(q)« is a norm on Xp 0.
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Additional hypotheses on the approximate gradient discretization

Definition (Additional hypotheses on the approximate gradient discretization)

m The coercivity of the discretization is measured through the the constant Cp
given by:

IIpv
S | 1Y o

veXp o\{0} ||VDV||L2<Q)d '

m The strong consistency: Sp : Hy(2) — [0, +00) defined by, for all € Hj ()
1
so(e) = min (Iov = ellixa) + Vo = Velizay) - (10)

veEXD

m The dual consistency: For all ¢ € Haiv(€2), Wp () is given by

/Q (Vpu(x) - o(x) + Ipu(x)dive(x)) dx

1
max T
uexp o\ {0} || Vpull20y

ne 14th, 2016
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First example on the approximate gradient discretization: Conforming finite element method

First example on the approximate gradient discretization: Conforming finite
element method

Let {74; h > 0} be a family of shape regular and quasi-uniform triangulations of the
domain Q. Let V" be the standard finite element space of continuous, piecewise
polynomial functions of degree less or equal / € IN'\ {0} and we denote by

V¢ = V"N H(Q). Assume that V] is spanned by the usual basis functions

©1, - .., pum. The space X'p o can be R and for any (ui,...,un) € Xp,, we define
Hpu =" wp € Vi C Hy(Q) and Vpu = -7 u;Vp = VIIpu. Using the
Poincaré inequality, we have for all u € Xp o, [|[Tlpulli2q) < C(Q)IVoulli2(q)-

Therefore, the assumption (9) of Definition 5 holds with constant Cp only depending
on 2. In addition to this, we have Wp (@) = 0, for all ¢ € Hgiv(2), and Sp (i) is
bounded above by (up to a multiplicative constant independent of the mesh)

R )it1,0, for all p € HT(Q).

une 14th, 2016
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Other examples on GS

Other example on the approximate gradient discretization: SUSHI method
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Other examples on GS

Other example on the approximate gradient discretization: SUSHI method

Second example

SUSHI method, cf. Eymard et al. (IMAJNA, 2010).

ne 14th, 2016
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Other examples on GS

Other example on the approximate gradient discretization: SUSHI method

Second example

SUSHI method, cf. Eymard et al. (IMAJNA, 2010).

Third example

Mimetic Finite Difference methods, cf. Brezzi et al. (Math. Models Methods Appl.
Sci., 2005).
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Other examples on GS

Other example on the approximate gradient discretization: SUSHI method

Second example

SUSHI method, cf. Eymard et al. (IMAJNA, 2010).

Third example

Mimetic Finite Difference methods, cf. Brezzi et al. (Math. Models Methods Appl.
Sci., 2005).

Fourth example

Mixed Finite Volume method, cf. Droniou et al. (Numer. Math., 2006).
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Other examples on GS

Other example on the approximate gradient discretization: SUSHI method

Second example

SUSHI method, cf. Eymard et al. (IMAJNA, 2010).

Third example

Mimetic Finite Difference methods, cf. Brezzi et al. (Math. Models Methods Appl.
Sci., 2005).

Fourth example

Mixed Finite Volume method, cf. Droniou et al. (Numer. Math., 2006).

It is shown in Droniou et al. (Math. Models Methods Appl. Sci., 2010) that the
Second example—Fourth example mentioned can be identified to each other. &

ne 14th, 2016
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How to use GS: an example of application

How to use GS: an example of application
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How to use GS: an example of application

Weak formulatio isson’s equation

Find u € Hy(Q) such that

/ Vu(x) - Vv(x)dx = / f)v(x)dx, Vv e Hy(Q). an
Q Q
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How to use GS: an example of application

Weak formulation fo

Find u € H)(2) such that

/Vu - Vv(x dx—/f x)dx, Vv € Hy(Q). (11)

GS for Poisson’s equation

Find up € &Xp o such that

Vopup(x) - Vpv(x)dx = /f x)dx, Yv €€ Xp. (12)
Q

ne 14th, 2016
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oce

How to use GS: an example of application

Control of the error, cf. Eymard, Guichard, and R. Herbin (M2AN, 2012)

Theorem

Assume that u € H*(Q). The following convergence results hold:

Hé -error estimate
IVu — VDM’D”LZ(Q)(I < Wp(Vu) + 2Sp(u). (13)
L*-error estimate:

|| — HDM'D”LZ(Q) < CpWp(Vu) + (Cp + 1)Sp(u). (14)

ne 14th, 2016

ent schemes



Aim.. Plan References Introduction Definition of the gradient discretization ~Some examples on the GS G

GS for parabolic equations

Gradient schemes for linear parabolic equations

Model to be solved:

m Equation:
u,(x,t) - Au(xvt) :f(x7t)7 (x7t) €N x (Oa T)7

where, Q C RY, with d € N*.

m Initial condition:
u(x,0) = u’(x), x € Q.

m Dirichlet boundary conditions:

u(x,1) =0, (x,1) € 0Q x (0, T),

where, 99 = Q2 \  the boundary of .

ne 14th, 2016

hemes for some known models  Perspective

(15)

(16)

A7)
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GS for parabolic equations

About Heat equation?

(some physics): Heat equation u, — A u is typically used in different
applications, such as fluid mechanics, heat and mass transfer.,...

(existence and uniqueness): existence and uniqueness of a weak solution of heat
equation, with (16) (initial condition) and (17) ( Dirichlet boundary condition)
can be formulated using Bochner spaces; see for instance Evans book of partial
differential equation
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GS for parabolic equations

Discretization of the domain 2 and time interval (0, T')

Spatial domain 2 C R?, d € N, is discretized using the GS.
The time interval (0, T') constant step k = T/(N + 1), N € IN.
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GS for parabolic equations

Principles of scheme

Principles of scheme:

discretization of heat equation: the discretization of u; — A u = f stems from
weak formulation (like in finite element method)

/Qu,(x, t)v(x)dxf/QVu(x7 t) - Vv(x)dx = /Qf(x,t)v(x)dx7 Vv € Hy(2).

(discretization of initial condition u(x, 0) = u’(x)): using a suitable discrete
projection

(discretization of boundary condition u(x,#) = 0,x € 9Q and t € (0, T)): will
be in the definition of discrete space

The time interval (0, T') constant step k = T/(N + 1), N € IN.
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GS for parabolic equa

Formulation of GS for Heat equation
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GS for parabolic equations

Formulation of GS for Heat equation

Weak Formulation

/u,(x,t)v(x)dx—/ Vu(x,t) - Vv(x)dx = /f(x, Hv(x)dx, Vv e Hy(Q).
Q Q Q
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GS for parabolic equations

Formulation of GS for Heat equation

Weak Formulation

/u,(x,t)v(x)dx—/ Vu(x,t) - Vv(x)dx = /f(x, Hv(x)dx, Vv e Hy(Q).
Q Q Q

GS for Heat equation

For any n € [0, N], find «5™" € Xp o such that

1 n+1 n+1 _
(3 puy ,1p V)LZ(Q)+(VDMD ,VDV) @) = (f(ln+1),V)]Lz(Q) , (18)

1. . . . .
where O is a discrete time derivative.
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GS for parabolic equa

Formulation of GS for Heat equation (suite)
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GS for parabolic equations

Formulation of GS for Heat equation (suite)

GS for Heat equation: discrete equation

For any n € [0, N], find «’5™" € Xp o such that

1 n+1 n+1 _
(a i, Ip V)LZ(Q)JF(VDMD ,Vm) L (Pt Vg » (19)

1. . . . .
where O is a discrete time derivative.
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GS for parabolic equations

Formulation of GS for Heat equation (suite)

GS for Heat equation: discrete equation

For any n € [0, N], find 5" € Xp o such that

(aIHDu;’;‘,HD v) )+(VDM';3+1,VDV) = (1), V) 2y » (19)

L2(Q (L2(@)*

1. . . . .
where O is a discrete time derivative.

GS for Heat equation: discrete initial condition u(x,0) = u’(x) is an orthogonal
projection

Find u}, € Xp o such that
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Definition of the gradient discretization

Some examples ¢
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GS for parabolic equations

Error estimates for the GS for Heat equation, cf. Bradji and Fuhrmann
(AM-Praha, 2013)

Theorem (Error estimates)

m Control of the error in the gradient approximation: For alln € [0,N + 1]

IV — V(i) lliaaye < Cexp (€Ch) (Klulleaeay + Eb(w))
m W-(0, T; L*(Q))—estimate: Foralln € [1,N + 1]
(1) = &' T2y < € (14 Coexp (€5)) (Kllulleacea) + Eb ()

where we denote by, for any function u € C([0, T]; H*())

EX = ma max Ep(du(t,
(1) o p(0'u(tn))

ED(E) = max (W’D(Vﬁ) + ZSD(L_t), CDWD(VIZ) + (CD a4 I)S'D(ﬁ)) . &

ne 14th, 2016
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GS for parabolic equations

Error estimates for the GS for Heat equation, cf. Bradji and Fuhrmann
(AM-Praha, 2013)

Theorem (Error estimates (Suite))

m L>(0, T; L*(Q))—estimate: For alln € [0,N + 1]

Ipiity — u(tn)llizey < €1+ Coexp (€Ch)) (Klulleaeay +Eb (),

ne 14th, 2016
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GS for parabolic equations

Remarks on error estimates for the GS for Heat equation
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GS for parabolic equations

Remarks on error estimates for the GS for Heat equation

Approximation of u and its first derivatives

Error estimates obtained do not allow to approximate the exact solution for the Heat
equation but also its first derivatives both temporal and spatial.
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GS for parabolic equations

Remarks on error estimates for the GS for Heat equation

Approximation of u and its first derivatives

Error estimates obtained do not allow to approximate the exact solution for the Heat
equation but also its first derivatives both temporal and spatial.

Possibility to improve the order in time

The convergence order in time of the suggested scheme is one. But it is possible to
construct another scheme using the Crank-Nicolson method whose the order in time
is two.
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GS for the Wave equation

Gradient schemes for linear Second Order Hyerbolic equations

Model to be solved:

m Equation:
un(x,t) — Au(x, 1) = f(x,1), (x,1) € Qx (0,7), 21

where, Q@ C RY with d € N*.

m Initial conditions:
u(x,0) = u’(x) and w(x,0) = u'(x), x € Q. (22)

m Dirichlet boundary conditions:

u(x,t) =0, (x,t) € 02 x (0,T). (23)

ne 14th, 2016
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GS for the Wave equation

About Wave equation

(some physics): The wave equation occur in physics such as sound waves, light
waves and water waves. It arises in fields like acoustics, electromagnetics, and
fluid dynamics, ...

(as model): The wave equation is an important model of second-order
hyperbolic equations

(existence and uniqueness): existence and uniqueness of a weak solution of
wave equation (21), with (22) (initial conditions) and (23) (Dirichlet boundary
condition) can be formulated using Bochner spaces; see for instance Evans book
of partial differential equation
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GS for the Wave equation

Discretization of the domain 2 and time interval (0, T')

Spatial domain 2 C R?, d € N, is discretized using the GS.
The time interval (0, T') constant step k = T/(N + 1), N € IN.
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GS for the Wave equation

Principles of scheme

Principles of scheme:

discretization of heat equation: the discretization of u; — A u = f stems from
weak formulation (like in finite element method)

/u,,(x,t)v(x)dxf/ Vu(x,t)-Vv(x)dx:/f(x,t)v(x)dx, VvEHé(Q).
Q Q Q

(discretization of initial conditions u(x, 0) = u®(x) and u,(x,0) = u'(x)): using
a suitable discrete projection

(discretization of boundary condition u(x,#) = 0,x € 9Q and t € (0, T)): will
be in the definition of discrete space

The time interval (0, T') constant step k = T/(N + 1), N € IN.

ne 14th, 2016
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GS for the equation

Formulation of GS for Wave equation
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GS for the Wave equation

Formulation of GS for Wave equation

Weak Formulation

/u,,(x,t)v(x)dx—/ Vu(x, t)-Vv(x)dx:/f(x,t)v(x)dx, Wy € Hy(Q).
Q Q Q




s Introduction  Definition of the gradient discretization ~Some examples on the GS  Gradient schemes for some known models [

0000@0000

Formulation of GS for Wave equation

Weak Formulation

/u,,(x,t)v(x)dx—/ Vu(x, t)-Vv(x)dx:/f(x,t)v(x)dx, Wy € Hy(Q).
Q Q Q

GS for Wave equation

For any n € [1,N], find us" € Xp o such that

2 n+1 n+1 _
(3 puy ,1p V)LZ(Q)+(VDMD ,VDV) @) = (f(ln+1),V)]Lz(Q) , (24)

2 . N . . .
where O° is a discrete second time derivative.
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Formulation of GS for Wave equation (suite)

Discrete initial conditions u u®(x) and u,(x, 0) (x) are orthogonal
projections

Find u, € Xp o and ub € Xp o such that

(vpu%,vp v) —_ (AMO,HDV)LZ(Q) , Vv E Xpy, 25)

@)

(vDalulv, Vo v) —_ (Aul,HDv) oy V¥ € XD0, (26)

(L2(2)*

L2(
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GS for the Wave equation

Error estimates for the GS for Wave equation, Bradji (NMPDE, 2013)

Theorem (Error estimates)

m Control of the error in the gradient approximation: For alln € [0,N + 1]

IV — Vultn)llizay < Cexp (€Ch) (Klulleaeay + Eb(w))

m Wh°(0, T; L*(Q))—estimate: Foralln € [1,N + 1]

() — 0 Tpiép |z < € (1+ Coexp (b)) (Klulleaeay + Eb(w))

where we denote by, for any function u € C([0, T]; H*(Q))

ES (u) = En(&ult
D (1) L o (0u(t))

Ep(#) = max (Wp (Vi) + 2Sp (), CoWp (Vi) + (Cp + 1)Sp()) . &)

ne 14th, 2016
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GS for the Wave equation

Error estimates for the GS for Wave equation, cf. Bradji (NMPDE, 2013)

Theorem (Error estimates (Suite))

m L>(0, T; L*(Q))—estimate: For alln € [0,N + 1]

oty — u(t) ) < €1+ Coexp (CCh)) (Klulleaz) + Eb (W)

ne 14th, 2016
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Remarks on error estimates for the GS for Wave equation
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GS for the Wave equation

Remarks on error estimates for the GS for Wave equation

u and its first derivatives

Error estimates obtained do not allow to approximate the exact solution for the Wave
equation but also its first derivatives both temporal and spatial.
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Remarks on error estimates for the GS for Wave equation

Approximation of « and its first derivatives

Error estimates obtained do not allow to approximate the exact solution for the Wave
equation but also its first derivatives both temporal and spatial.

Possibility to improve the order in time

The convergence order in time of the suggested scheme is one. But it is possible to
construct another scheme using the Newmark method whose the order in time is two.
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GS for Semi-linear parabolic equations

Gradient schemes for Semi-linear parabolic equations

Model to be solved:

m Equation:

u(x, 1) — Au(x, 1) = f(x, t,u(x,1), (x,1) € Qx (0,T). 27)
m Initial condition:

u(x,0) = u’(x), x € Q. (28)

m Dirichlet boundary conditions:

u(x,t) =0, (x,t) € 9002 x (0,7), 29)

ne 14th, 2016
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GS for Semi-linear parabolic equations

Formulation of GS for Semi-linear Heat equation

Weak Formulation

/u,(x,t)v(x)dx—/Vu(x,t)-Vv(x)alx:/f(x,t,u(x,t))v(x)dx, VveHé(Q).
Q Q Q
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GS for Semi-linear parabolic equations

Formulation of GS for Semi-linear Heat equation

Weak Formulation

/Qu,(x,t)v(x)dxf/ﬂVu(x,t)-Vv(x)alx:/Qf(x,t,u(x,t))v(x)dx, VveHé(Q).

GS for Semi-linear Heat equation

For any n € [0, N], find 5" € X'p o such that

(a'HDu"D“,HD v) o " (vpu';;l,vpv)
L2 (2

= (f(tn+17HDu"D+l(t,,+1)),v)

+1(

(@)’

; (30)
L2(Q)

ta11)) represents the function x — f(x, fu41, Hpuy ' (x)). &)

where f (ty41, u"
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GS for Semi-linear parabolic equations

Formulation of GS for Semi-linear Heat equation (suite)

r Semi-linear Heat equation: discrete initial conditi

Discrete initial condition can be defined as done for the linear case.
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GS for Semi-linear parabolic equations

Error estimates for GS for Semi-linear Heat equation

Error estimates for for i-linear Heat equation

Assume that the source function (x, 7, s) — f(x, t,s) is Lipschitz continuous with
respect to s with a constant  independent of (x,7) € Q x (0,7), i.e.

[F(x, 1, 5) = FCx,1,7)| < kls—7l, V(s,r) € RXR, V(x,1) € 2% (0,T). B1)

Then, we obtain convergence results similar to those obtained for the linear case.
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GS for Semi-linear second order hyperbolic equations

Gradient schemes for Semi-linear second order hyperbolic equations

Model to be solved:

m Equation:

uy(x, 1) — Au(x,t) = f(x,t,u(x,1)), (x,1) € Q2 x(0,7). (32)
m Initial condition:

u(x,0) = u’(x) and w(x,0) =u'(x), x € Q. (33)

m Dirichlet boundary conditions:

u(x,t) =0, (x,t) € 9002 x (0,7), 34)

ne 14th, 2016
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GS for Semi-linear second order hyperbolic equations

Formulation of GS for Semi-linear Wave equation
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GS for Semi-linear second order hyperbolic equations

Formulation of GS for Semi-linear Wave equation

Weak Formulation

/u,,(x,t)v(x)dx—/ Vu(x,t)-Vv(x)dx:/f(x,t,u(x,t))v(x)dx, VveHé(Q).
Q Q Q
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GS for Semi-linear second order hyperbolic equations

Formulation of GS for Semi-linear Wave equation

Weak Formulation

/Qu,,(x,t)v(x)dxf/nVu(x,t)-Vv(x)alx:/Qf(x,t,u(x,t))v(x)dx, VveHé(Q).

GS for Semi-linear Wave equation

For any n € [1,N], find #5™' € X'p o such that

aZHDun+l ,p v aF VDM"+1 , Vpv
D 120) D

= (f(tn+17HDu"D+l(t,,+1)),v)

+1(

(@)’

; (35)
L2(Q)

ta11)) represents the function x — f(x, fu41, Hpuy ' (x)). &)

where f (ty41, u"
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GS for Semi-linear second order hyperbolic equations

Formulation of GS for Semi-linear Wave equation (suite)

r Semi-linear Wave equation: discrete initial conditions

Discrete initial conditions can be defined as done for the linear case.
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GS for Semi-linear second order hyperbolic equations

Error estimates for GS for Semi-linear Wave equation

Error estimate

Assume that the source function (x, 7, s) — f(x, t,s) is Lipschitz continuous with
respect to s with a constant  independent of (x,7) € Q x (0,7), i.e.

[F(x, 1, 5) = FCx,1,7)| < kls—7l, V(s,r) € RXR, V(x,1) € Q% (0,T). (36)

Then, we obtain convergence results similar to those obtained for the linear case.
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GS for a Time Dependent Joule Heating system

Problem to be solved: Time Dependent Joule Heating system (TDJAS)

Model to be solved: We seek a couple of real valued functions (u, ¢) defined on
Q x [0, T] and satisfying:

Temperature equation:

w(x,1) — Au(x, 1) = r(u(x,0) Vol (x,1), (x,1) € Qx(0,T), (37
Electric potential equation:

— V- (k(ulx,)Vy) (x,1) =0, (x,7) € Qx(0,T), (38)
An initial condition is given by:

u(x,0) = u’(x), x € Q, (39)
Dirichlet boundary conditions:

u(x,t) =0 and o(x,1) = g(x,1), (x,1) € O x (0,T). “0) &)

une 14th, 2016
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GS for a Time Dependent Joule Heati:

Some physics on TDJHS

Some physics on TDJHS

The nonlinear system models electric heating of a conducting body, where u is the
temperature, ¢ is the electric potential.
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GS for a Time Dependent Joule Heati:

An assumption

sumption on the function

We assume that the function « is satisfying x € C*(IR) and that for some two positive
constants K; and K;, we have for all s € R

Ki < k(s) + |&'(s)] + | (5)] < Ka. 41)
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GS for a Time Dependent Joule Heating system

Some literature

Bradji, A., Herbin, R.: Discretization of coupled heat and electrical diffusion
problems by finite—element and finite-volume methods. IMA J. Numer. Anal.
28/3, 469-495 (2008).

Elliott, Ch.M., Larsson, S.: A finite element model for the time-dependent Joule
heating problem. Math. Comput. 64/112, 1433-1453 (1995).

Glitzky, A., Gértner, K.: Energy estimates for continuous and discretized
electro-reaction-diffusion systems. Nonlinear Anal. 70, 788—805 (2009).

Li, B., Sun, W.: Error analysis of linearized semi implicit Galerkin finite
element methods for non linear parabolic equations. International Journal of
Numerical Analysis and Modeling. 10/3 622-633 (2013).
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GS for a Time Dependent Joule Heati:

GS for TDJHS

A formulation for the GS can constructed as for semilinear heat equation. However,
the convergence order is not yet well proved
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Perspectives related to the subject of GS for PDEs
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Perspectives related to the subject of GS for PDEs

Proof of the convergence rate for TDJHS.
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Perspectives related to the subject of GS for PDEs

Proof of the convergence rate for TDJHS.

GS for p(x)-Laplacian —V - (|Vu(x)|"™ 7>Vu(x)) = f(x): joint work with WIAS.

une 14th, 2016
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Vielen Dank...

Danke fiir Ihre Aufmerksamkeit
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