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Aim of this note

The aim of this note is to prove a necessary condition for the uniform convergence of the series of functions. This necessary

condition is similar to that known for the convergence of numerical series.

1 Introduction and some preliminaries

Let >, <o Un be a series with the general term Up. It is known that if the series >, <, Un converges then

nhﬁmoo Un =0. (1)

Let us now consider a series of function ) < fn(x). Assume that the series of function Z fn(x) convergences point-wise

n>0
oo (oo}
on D to a limit denoted by S = Z fn(x). We say that Z fn(x) convergences uniformly to Z fn(x) on the subset
n=0 n>0 n=0

D' c Dif
lim sup Y fr(@) = > fu(x)| =0. 2)
k=0 k=0

n—00 pcp’

The condition can be written in the following form:

lim sup Z fr(z)| = 0. (3)

n—oo zeD’ k=nt1
We justify in this note that a necessary condition to get the uniform convergence is that
lim | fallpr =0, )
n—o0

where ||¢||ps denotes, as usual, the following norm:

: ()

llellpr = sup |p(x)
xeD’

1. First Proof. This proof is based on the use of Cauchy criterion. The uniform convergence can be written as:

For any € > 0, there exists N € N such that for allp > ¢ > N

oo (oo}
D= ful| <e (6)
k=q k=p D’
Which is
p—1
S| <e (7)
k=q D’
Let us take in particular ¢ = p — 1. This gives for all ¢ > N

Ifallpr < e (8)

Which is the lim ||fn]|pr = 0.
n— oo
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2. Second Proof. For simplicity of notation, let us set

Sn(z) = fi(@) (9)
k=0
and -
S(@) =" ful@). (10)
k=0

Uniform convergence (or also ) can be written as

nll}moO [|Sn — S|lpr = 0. (11)

On another hand, using the triangle inequality, we have

anHD’ HSH+1 - STL”D’
= |ISn+1=Slp + 1S = Snllpr- (12)
Which implies that, thanks to
lim | fnlpr = 0. (13)
n—oo
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