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§1. Introduction

Imagine a one-dimensional monochromatic film, infinitely extended along a straight line, and a one-point
signal emitter attached to an infinite rail running parallel to the film, which sends light signals to the film.
An emitted signal is recorded on the film, and we may think of the result as a real-valued Borel measurable
function on the line. The recording process is assumed reversible, in the sense that if a signal is received, and
afterwards the opposite signal is received, the net result is zero. We may move the emitter freely along the
rail, and there is a volume dial on the emitter, which permits us to vary the amplitude of the signal, and even
reverse it. Suppose the emitter is equipped with a single signal. A natural question is what kind of images can
be obtained if the emitter is placed in several positions along the rail and the signal, modified by adjusting
the volume dial, is emitted from each of these positions. An interesting subquestion is that of determining
which signals may be used to approximate every conceivable image.

When we translate this model to a mathematical setting, we need to define the distance between recorded
images. The usual way would be to take the square root of the integral along the film of the square modulus of
the difference of the two images, that is, the L? metric. Should the sensitivity of the film not be homogeneous,
a weight function can be used to express the degree of inhomogeneity.

The above described model is a physical interpretation of translation invariance in function spaces on the
real line. This area was initiated in the early 1930s by Norbert Wiener, Arne Beurling, Izrail Gel’fand, and
Laurent Schwartz, and a multitude of beautiful papers were produced by them and their followers between
1930 and, say, 1960. A number of difficult problems remained. In this paper, we solve one of them. To
give the flavor of results obtained in the time period 1930-1960, we describe the contents of Theorems A and
B stated below. They are concerned with the spaces of (equivalence classes of) square Lebesgue integrable
complex-valued functions on the real line R, L*(R), and on the half-line Ry = [0, +oo[, L*(R;.). First, we
need some terminology. The translation operator T}, : L?(R) — L?(R) associated with the real number z is
defined by the formula

T, f(t) = f(t — ), teR

We consider L?(R;.) to be the norm closed subspace of L?(R) of functions equal to 0 on the negative half-axis
R_ =] — 00,0[. The right translation operators T,, * € R}, then act on the space L?(R; ), which makes it
natural to study the closed subspaces of L?(R, ) that are invariant with respect to all of them. The Fourier
transform of an L?(R) function f is given by the formula

+oo
(1.1) 5/ () :/ TR, zER

—00

with the usual convention of how to interpret this integral in case it is not absolutely convergent; by the
Plancherel theorem, §f € L?(R). The Fourier image of L?(R,) is known as H?(C_), which can also be
described as the subspace of L?(R) consisting of those functions whose harmonic extensions to the lower half
plane C_ via the Poisson integral formula are holomorphic. One frequently thinks of the elements of the space
H?(C_) as being holomorphic functions on C_ rather than square integrable functions on R.
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Theorem A. (Wiener [30], Ditkin [7]) Every closed translation invariant subspace of L*(R) is determined
by a Lebesgue measurable set E C R, in the sense that the subspace coincides with the set of all functions
whose Fourier transforms vanish on E.

An inner function on C_ is a bounded analytic function on C_ whose (nontangential) boundary values on
R have modulus 1 almost everywhere. The inner functions on C_ are isometric multipliers on H?(C_).

Theorem B. (Beurling [3], Lax [23]) Every closed right translation invariant subspace of L*(R, ) is either
the {0} subspace, or determined by an inner function q on the lower half plane C_, in the sense that the
subspace coincides with the set of all functions whose Fourier transforms belong to ¢H?*(C_).

Theorem A incorporates, among other things, the L? analog of Wiener’s classical theorem on the complete-
ness of translates of a given collection of functions in the space L' (R). Theorem B, or perhaps more accurately,
the corresponding statement for the unit disk, has been vital to the development of operator theory. Theorem
B easily answers the question of when the right translates of a given collection of functions in L?(Ry ) span
a dense subspace of L2(Ry ). The L' analog of this question was solved by Bertil Nyman in his 1950 thesis
[25]. We note that for f € L'(R,), its Fourier transform §f, as given by the formula

+0o0
(1.2) gf(z):/o e~ f(t)dt, weC.,

is continuous and bounded throughout C_, holomorphic in the interior C_, and vanishes at infinity.

Theorem C. (Nyman) Let & be a collection of functions in L'(Ry). Then the right translates T, f, with
0<z and f € &, span a dense subspace of L*(R.) if and only if

(a) for each z € C_, there exists an f € & with Ff(z) #0, and

(b) there is no interval [0,€], 0 < &, such that all functions in & vanish (almost everywhere) on it.

Let us say that w : Ry = [0, +00[—]0, +00[ is a weight function on Ry if w is continuous, the function logw
is concave on Ry, and
logw(t) = o(t), as t — 4o0.

With this definition, every weight function w has t — w(t + z)/w(t) bounded on Ry, for each x € R;. In fact
(Proposition 4.3), one can show that

(1.3) w(0)w(s + 1) < w(s)w(t), s,t € Ry.

The above property implies that right translation is a bounded operation on the weighted L? spaces L? (R, ,w)
which we are about to introduce. For weight functions w on R, , and for a real parameter p with 1 < p < 400,
the space LP(R;,w) consists of all (equivalence classes of) complex-valued Lebesgue measurable functions f
on Ry for which

+0o0 1/p
||f||Lp(w)=(/0 If(t)l”w(t)”dt> < +o00;

here, || - | L7 (.) defines a norm on LP(R,,w) which makes it a Banach space, and for p = 2, a Hilbert space.
Observe that since 0 < w(0) < w(t) on Ry, LP(Ry,w) is a subspace of LP(Ry ), and as a matter of fact, the
imbedding L”(R;,w) — LP(Ry) is continuous. The space LP(Ry,w) is a subspace of L!(R) automatically
for p =1, and for 1 < p < 400, this is so provided that

+oo
(1.4) / w(t) P dt < +o0,
0
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where p' is the conjugate exponent to p (1/p+ 1/p' = 1), by using Holder’s inequality. The reason why
this question is of interest is that the condition that LP(R,,w) be contained in L'(R,) assures us that
the Fourier image of a function in LP(R, ,w), as defined by (1.2), is continuous and bounded on C_, and
vanishes at infinity. It is clear without any additional condition that §f is holomorphic in the interior C_ for
f e LP(Ry,w).

A key interest of Beurling was the notion of quasi-analyticity, in the many shapes this concept took following
the initial work of Arnaud Denjoy and Torsten Carleman. According to Beurling’s classification, a weight
function w on Ry is said to be non-quasianalytic if

dt < +o0,

/+°° log w(t)
0 142

and quasianalytic if the above integral diverges. The relevance of the concept of quasianalyticity is better
understood in the context of weighted LP spaces on the whole real line. Let @ be the symmetric extension
to R of the weight function w, so that &(t) = w(|t]) for all ¢ € R, and consider the space LP(R,&) of all
(equivalence classes of) complex-valued Lebesgue measurable functions f on R for which

+oo 1/p
iy = ([ 1sar) < oo

— 0o

The Fourier transform on this space is given by formula (1.1).

Theorem D. (Paley-Wiener [26]) (1 < p < 400) Let w be a weight function on Ry satisfying (1.4) if
1 < p < +oo, with symmetric extension @ to all of R. Then the space LP(R,&J) contains a nonzero element
having Fourier transform with compact support if and only if w is non-quasianalytic.

For a simple proof of the above result in the case p = 1, which easily carries over to general p, we refer
to Garth Dales’ and Walter Hayman’s paper [6, p. 143]. Theorem D is the key element in the standard
proof of the following extension of Wiener’s completeness theorem, Theorem E(a). We note that by (1.3), the
spaces L' (R, ,w) and L'(R,&) are Banach algebras when supplied with convolution multiplication, and that
the same holds true for general p, 1 < p < 400, if we add some slight regularity conditions on w. Let us say
that a collection of functions & in L'(R) has the Wiener property if for each = € R there exists an f € &
with Ff(z) # 0. Moreover, let us say that a collection of functions & in EP(R, o) is translation complete in
LP(R, &) if the translates T, f, with x € R and f € &, span a dense subspace of LP(R,&).

Theorem E. (1 < p < +00) Fix a weight function w on Ry, meeting condition (1.4) for 1 < p < +o0.
(a) (Beurling [2]) (p = 1) If w is non-quasianalytic, then each collection & in L'(R,&) which has the Wiener
property is translation complete in L'(R, o).
(b) (Domar [9]) If w is quasianalytic, then there exists a collection & in LP(R,&) with the Wiener property
which is not translation complete in LP(R,©).

There is another way to prove Theorem E(a) which does not explicitly use Theorem D, but instead employs
a function-theoretic device, known as the ’log-log’ theorem; see for instance [17, pp. 142-143]. The log-log
theorem seems not to be well-known to a wide audience, so we present here a version of it. Evsei Dyn’kin
showed in [12] that it should be thought of as a dual formulation of Theorem D. An account of who did what
pertaining to the log-log theorem can be found in [10].

Theorem F. (Carleman, Levinson, Sjoberg, Wolf, Beurling, Domar) Let M :]0, 1] — [e, +o0[ be a continuous
decreasing function, and suppose f is a holomorphic function in the strip

Yoy ={2€C: -1< Imz < 1},
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which there obeys the growth control
(a) |f(2)| < M(JImz]),  z€ X1

If the function M satisfies
1
/ loglog M (t) dt < +o0,
0

then the function f must be bounded throughout ¥(_, 1y. If, on the other hand, the above integral diverges,
then there exists an f, satisfying (a), which is unbounded on ¥(_; 1.

In a paper from 1964, Vladimir Gurarii and Boris Levin ([16], see also [14]) extended Bertil Nyman’s
theorem (Theorem C) to the context of L'(R;,w), where w is non-quasianalytic. The result is described
below.

Theorem G. (Gurarii-Levin) Let w be a non-quasianalytic weight function on Ry, and suppose & is a
collection of functions in L'(Ry,w). Then the right translates T, f, with 0 < x and f € &, span a dense
subspace of L*(Ry,w) if and only if

(a) for each z € C_, there exists an f € & with Ff(z) #0, and

(b) there is no interval [0,€], 0 < &, such that all functions in & vanish (almost everywhere) on it.

The main technical vehicle for proving Theorem G, the way Gurarii and Levin did it, is the log-log theorem
(Theorem F). It comes in naturally at a particular stage of the proof, where a certain function

+oo
M, (z) = / e “tw(t)dt, 0 <z < +o0,
0

appears, and one uses heavily the fact that the integrals

+oo ] t
/ ogw(t) gt
0

1+ 2

and .
/ loglog M, (t) dt
0

converge simultaneously. So, for a while, it seemed reasonable to suppose that the natural extension of Theo-
rem G to quasianalytic w should be false, just as Beurling’s theorem (Theorem E(a)) failed for quasianalytic
weights w. But the apparent need of the log-log theorem to control the growth of analytic functions was an
illusion, as shown by the theorem below, the proof of which constitutes the bulk of this paper. We note that
the regularity condition imposed on w entails that LP(R, ,w) C L*(R,).

The function é(p) appearing in the theorem is defined as follows: #(p) = 3 —1/pfor 1 < p < 2 and
2<p<+o00,0(2)=1/2,and 6(1) = 3.

Main Theorem. (1 <p < +00) Let w be a weight function on Ry, such that logw(t) — (8(p) + ) log(1 + t)
is concave, for some fivred €, 0 < €. Let & be a collection of functions in LP(Ry,w). Then the right translates
T.f, with0 <z and f € &, span a dense subspace of LP(Ry ,w) if and only if

(a) for each z € C_, there exists an f € & with Ff(z) #0, and

(b) there is no interval [0,0], 0 < 6, such that all functions in & vanish (almost everywhere) on it.

The smaller you can get (p), the less regularity is required of w; thus, the sharpest result is obtained for
p=2.



One of the basic ingredients in the proof of the Main Theorem is the fact that we are able to successfully
model the Fourier image of LP(R;.,w) as a fairly concrete space of asymptotically holomorphic functions (see
Sections 2 and 3). The term asymptotically holomorphic function is used here to mean a function of a complex
variable whose @ derivative is controlled (by some kind of weight function), and frequently quite small, near
a prescribed set. The concept of asymptotically holomorphic functions originates with Dyn’kin [11] (see also
[12]). We should like to mention at this point that in the works of Sergei Bernshtein and Beurling one can
trace ideas closely linked to the notion of asymptotic holomorphicity.

In [15], Gurarii conjectured that our Main Theorem should hold for p = 1.

The organization of the paper is as follows. In Section 2, we assume 1 < p < +oo, and identify the
Fourier image of LP(R, ,w) with the space QP(C_, o) of Cauchy transforms of elements of a space of densities
£P(X,0). We explain the details in the special case p = 2. The elements of the space £2(X, o) are Borel
measurable complex-valued functions ¢ in the strip ¥ = Rx]0, 1[, subject to the norm condition

1 ' 1/2
s = (3 [l + in)Pot dedy) <+,

where o :]0,1] —]0, +o0[ is continuous, and o~? is in L'(]0,1[). The Cauchy transform of g € £3(2,0) is the
function

e =1 [ 2 ase,  cec.

The space Q?(C_, o) of Cauchy transforms then coincides with the Fourier image of L?(R, ,w), provided the
weights w and o are related by the identity

—-1/2

w(t) = we2(t) = (2 /01 ;—;;Zdy) ) t € [0, 400l

In Section 3 an analogous model is developed for p = 1. It should be mentioned that Dyn’kin, in his
unpublished 1972 Leningrad thesis, found a related isometry construction for weighted ¢?> sequences on the
positive integers. In Section 4, we study what classes of weights w correspond to certain given classes of weights
o. In Section 5, we reformulate the Main Theorem, discuss the analogies with our previous paper [5], and
derive an important corollary describing all closed right translation invariant subspaces of LP(R,w) whose
Fourier transforms have no common zeros. The topic of Section 6 is to reformulate translation invariance
for closed subspaces as invariance with respect to convolution with cut-off exponentials ey, with A ranging
over the upper half plane C;. In Section 7 we introduce the concept of multipliers on space of densities. In
Sections 8 and 9 we study how conditions on the weight o influence properties of the space QP(C_, o), such
as when it is a Banach algebra under pointwise multiplication of functions.

Section 10 is devoted to the topic of what we call the resolvent transform, which has its roots in early
work by Carleman, Gel’fand, and Beurling. The resolvent transform $R¢ of an element ¢ of the dual space
v (Ry,w™ 1) is essentially the usual Laplace transform. We assume ¢ annihilates all right translates of &,
and study when R¢ extends to an entire function. The plot is to show in later sections that ¢ satisfies
estimates that together with the fact that it is entire force it to vanish identically. Initially, we carry out our
manipulations in the operator algebra on a quotient space. Later on (more precisely, in Proposition 10.8), a
convolution algebra assumption is made on LP(R, ,w). The resolvent transform method was used by Gurarii
and Levin in their proof of Theorem G. It is sometimes possible to get resolvent transforms of dual elements
to extend analytically although the underlying space lacks a Banach algebra structure (see [19]).

We next describe a procedure for estimating the resolvent transform, which we call the holomorphization
process (Sections 12 and 13). Given a function f € QP(C_, o), which does not vanish identically, one constructs
another function g € QP(C_, o) such that fg extends analytically to a region slightly bigger than C_. This is
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done by solving a particular & equation. The method resembles to some extent what Alexander Volberg [29]
did for asymptotically holomorphic functions in his proof of the celebrated result that the logarithm of an L'
function on the unit circle T is summable, provided its negative Fourier coefficients decrease quasianalytically
rapidly. The proof of the Main Theorem is then brought to a conclusion in Section 14.

A number of technical results concerning moment problems are contained in Appendices A and B.

At the time when Gurarii and Levin wrote their paper, it was not clear that the resolvent transform
technique works also for quasianalytic w, in the sense that it turns the completeness problem into a question
involving entire functions. This point was later (in 1975) clarified by Yngve Domar [8]. Still, even after
Domar’s contribution, people were not able to stretch the validity of Theorem G beyond the border of
quasianalyticity. In retrospect, we can say that the reason why Gurarii and Levin stop there is that they use
too little of the information available about the size of the resolvent transform.

82. The isometry construction: 1 < p < 400

Throughout this section, we fix a p, 1 < p < +o00, and write p’ = p/(p—1). Let o to be positive and continuous
on ]0,1], and satisfy

'a
(2.1) / —— < 400.
o O
We associate with o the weight function wy 5,
22) =2 [ < o 0.+
2.2 wep(t) =12 ——dy , t €|0,+o0l.
? o o(y)?

By Proposition 4.1 (Section 4 is independent of this one, as it is based on results from Appendices A and B),
logw, p is concave and increasing on [0, +oo], and has

(2.3) logw, p(t) = o(t), as t— +oo.

Let X be the strip
Y={z+iyeC: 0<y<1},

and write dS for area measure on C,
dS(z) = dzdy, z=1x+1y.

The space LP(X,0) of pre-densities consists of all (equivalence classes of) Borel measurable complex-valued
functions g on ¥ meeting the integrability condition

1/p
me@@=<%ém&+WdeWﬂPHw> < +os,

For p = 2, this is a Hilbert space. The density space £P(%, o) is the image of LP(X,s) under the operation
of taking the Fourier transform in the variable ¢. More precisely, if g, denotes the function g,(t) = g(t + iy),
then

(2.4) g(x +iy) = Fgy(x), T+iye X,

is a general element of £7(X, ). For almost all y, 0 < y < 1, g, belongs to L?(R), so that for 1 < p < 2, g,
makes sense as a function in L? (R), by the Hausdorff-Young theorem. The norm on £°(3, ¢) is the one that



7

makes the mapping g — § an isometry. The Plancherel theorem states that for L? functions ¢ on the real

line, the norm identity
+oo “+oo
| e =2n [ e

— 00

holds, so for p = 2 we may use this to rewrite the norm on £P(X, o), and the result is

1/2
(25) il = (3 [l Po(mapas)

For 2 < p < 400, it is necessary to interpret (2.4) as expressing a tempered distribution on C supported on
the closed strip ¥, so that for test functions ¢ on C,

(2.6) (0.3) = / Sy (1) gt + iy) dS(t + iy),

where @, (t) = ¢(t + iy), as expected. By Holder’s inequality,

(27) (0,3 < / 130y () g(t + iy)| dS(t +iy)

1/p

< ([ ol o d5<t+iy>)1/pl ([Liate+inpowrasasim) .

(2.6) makes sense for all ¢ in €7 (2,01), this space being defined analogously (here, o' = 1/¢). The first
factor on the right hand side of (2.7) is estimated as follows,

7 / ' ! d_y
HIP o(y) " dS(t +iy) < su 1o / 7
L BesOF ot asie+in < s 3ol [ 505

thus, by (2.1), the integral on the right hand side of (2.6) is summable for test functions ¢ in S(C), the space
of C* test functions on C which, along with their partial derivatives, decay more rapidly than |z|~™ near
infinity, for all n = 1,2,3,.... The above distributional interpretation of (2.4) for 2 < p < 400 extends to
the general case 1 < p < 400, and for 1 < p < 2 it coincides with our earlier interpretation of it as a Borel
measurable (and, in fact, locally integrable on ¥) function. The Cauchy kernel is the function

C(Z7<):7T_1(<_Z)_17 Z;CE(Ca Z#Ca

we write Cy(z, () = C(z + 14y, (). The Fourier transform of the function C,(z, () with respect to the 2 variable
is

—2i exp(—t(y +i¢)) H(-t), y < Im¢,
(28 Geo={ ottt
2i exp(—t(y +1i¢)) H(t), Im¢ <y,
where H is the Heaviside function,
1, 0<t,
H(t) = {
0, t <0.

The Cauchy transform of a density g is the holomorphic function in the lower half plane
(29) GO = (€09 = [ Ky6Oat +in)ds(e-+in)

:2i/ exp(—t(y +iC)) glt +iy) dS(t +iy), (€ C-,
R4 x]0,1]
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which satisfies the inequality

(2.10) |€g(¢)| < 2/R o 1[|exp(—t(y +iQ)) gt +iy)| dS(t + iy)

1/p 1/p’
B o Ty 45+ )
S(2/]R<+X]o,1[Ig<t+zy>| o(v) d5<t“y)> (2/R+X]o7lf"p( Wl = I Q) =g

_ 2 [ dy v
<l (5 | comgmy) | <o eCo

If the density g is a genuine function on X, as is the case for 1 < p < 2, its Cauchy transform may be computed
as follows (one needs to be careful with the convergence of the integral for p # 2),

(2.11) (C) = %/Z%dsu), cec..

We write QP(C_, o) for the space €£P(X,0) of Cauchy transforms of functions in £°(X,0). It is a Banach
space of holomorphic functions in the lower half plane C_, when equipped with the norm

I7llgr(c- o) = inf{llgller(s,0) © 9 € £(5,0), €g = h}.
Theorem 2.1. The Fourier transform § maps LP(Ry, w, p) isometrically onto QP(C_,0).

For the proof, we introduce the operators ®? and &, as follows. Given an f € LP(Ry,w,,p), associate to it
the pre-density function

’

(2.12) glf.plt +iy) = —ia(y) 7 ft) e, (t)F exp(—typ'/p),  t+iye D,

(we agree that f(t) = 0 for t < 0, so that the right hand side vanishes for ¢ < 0) and the density function
(2.13) OF f(x +iy) =glf,pl(x +iy) =
+0o0
—io(y)7? / () wep(t)? exp(—t(iz + yp'/p)) dt, T +iy €Y.
0

For 0 <y < +00 and 0 < a < +00,

+oo

/Om 1] £ (1) wop (8)7 exp(—typ' /p) dt < (/0 If(t)l”wa,p(t)”dt>1/p

+oo , 1/1”
X (/ tP Wy p(t)? exp(—tyq) dt)
0

holds, where ¢ = p'(p' — 1) = (p')?/p, so that with the notation,

1/p'

+oo
o ( J AR exp(—tyq)dt)
0

—+o0
(2.14) a(p,a,y) = / " wo p(t)" exp(—tyq) dt,
0
this results in an estimate of the n'® partial derivate with respect to x of the density function P f(z + iy),

&(p,n,y)L/* .
(2.15) |6g :opf(z)| < % NFI L w0 p)s z=x+iy€X.



9

The function &(p, e, y) is finite for 0 < y, by (2.3). By the same token, D? f(z) is continuous on the half-open
strip ¥, 3
S={z+iyeC: 0<y<1},

and of class C'* in the x variable. In fact, if we write

+oo
W) =i [ ewlits) fOwan 0 dt, €T,
0
which represents a holomorphic function in the upper half plane, the expression for the density ©P f becomes

O f(x +iy) = o(y) " AP f(—(x —iyp'/p)), x+iye3.

Lemma 2.2. The operator ®P maps LP (R ,w, p) isometrically into £P(X,0), that is,

+oo
| 1@ waster de=2 [ |gls.ple + i) ot dste +iy)
0 )

holds for all f € LP(Ry,wsp)-
Proof. By the definition (2.2) of the weight w, ,, we have

2/ |9Lf, w1t + i) "o (y)? dS(t + iy) = 2/ o(y) o (y) ™ |f () Pwep (P exp(—p'ty) dS(t + iy)
P P

Foo , Vexp(—p'ty
= [ isorear <wa,p<t>p2 [T by} = 1.

o

The proof is complete. [

Densities of the type D7 f for some f € LP(R;,w,,p) will be called canonical densities, and by Lemma 2.2,
they form a closed subspace of £P(X, o).

Lemma 2.3. The operators €OP and § coincide on LP(Ry,we p), that is, €OP f(z) = §f(z) holds on C_ for
al f € LV R+ ,w,,).

Proof. A computation based on the definition of ©?f and the expression (2.9) for the Cauchy transform
reveals that

D f(¢) = €glf, pl(¢) = 2@'/ exp(—t(y +iC)) glf, pl(t + iy) dS(t + iy)

R+><]071[

o0 1
=2 [ [ ety +i0) o) 7 Oy 0 expl—tun ) dy

too il , L o—typ' +o0
:/0 /0 exp(—itQ) wy p(t)? f(t) (2/0 Wdy> dt:/0 exp(—it¢) f(t) dt = F£(0), ceC_,

which completes the proof. [

Given an element g of £° (X, o), its extraction is the function

(2.16) Eq(t) = 21'/0 exp(—ty) g(t + iy) dy, t € [0, +o0[,
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where ¢ is the pre-density associated with g. For 1 < p < 2, g is a function, and the extraction may be written
as

Eq(t) = ;Lexp(ztz) 9(2)dS(z), t € [0, +o0],

where one has to be a little careful with convergence of the integral. By Holder’s inequality,

1 1 o—typ' /v 1 1/p
1€g(t)| < 2/ e gt +iy)|dy < (2/ Wdy> (2/ Ig(t+iy)|”0(y)”dy) , t € [0, 400,
0 0 0

and if we use the explicit formula (2.2) giving w,,p, we arrive at the norm control

+00 +oo 1
/ IE5(6)Pon p(£)Pdt < 2 / /|g<t+iy>|%(y>pdydt
0
<2// g(t + iy) [P (y)? didy = |[§][% s, -

We formulate this result as a lemma.

Lemma 2.4. For every g € £P(X,0), we have £ € LP(Ry,w,p), and the mapping £ : £P(X,0) —
LP(Ry,wsp) is a contraction: ||5§||LP(R+,wg,p) < ||§||2p(27(,).

The relevance of the extraction operator is due to the following fact.

Lemma 2.5. The operators §E and € coincide on £P(X,0), that is, FEG(z) = €g(z) holds on C_ for all
g e Lr(X,o).

Proof. Let g be the pre-density associated with g. Then, by the definitions (2.9) and (2.16) of € and &,

+o0 —+o00 1
3EG(0) = / exp(—itC) £5(t) dt = 2 / /0exp(—t<y+z'o)g(t+z’y)dydt=@(c), cec.,

as asserted. O

Proof of Theorem 2.1. We will use the results of Lemmas 2.2, 2.3, and 2.4, freely, without particular reference.
The mapping € : £°(X,0) — QP(C_,0) is norm contractive by definition. Hence § = €DP? is contractive
LP(Rt ,wyp) = QP(C_,0). Take an h € QP(C_,0); by definition, this means that there is a g € £°(%,0)
with €G = h. If we put f = £G € LP(Ry,w,,p) and go = DPf € £P(X,0), then §f = FEg = €G = h
and €gy = COPFEG = FEG = h. In particular, h belongs to the Fourier image of LP(Ry,w, ). Moreover,
l9oller(=,0) < l9ller(s,0), which implies that ||hllgrc_,s) = [|goller(s,0)- Note that f = Ego since both sides
have the same Fourier transform, and thus

1 fllze®1w0p) < 190ller(=,0) = [llgrce o) = IS fll@ric_ o)

The proof is complete. [

The global Cauchy transform €, g of a density g is the extension of €g to all of C, which for p = 2 (and for
1 < p < 2 also, if there are no convergence problems) takes the form

g0 =7 [ Zase),  cec
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wherever the integrand is summable (this happens area-almost everywhere). For general p, 1 < p < +00, this
corresponds to putting

(2.17) .30 = / Ky (£, C) gt + iy) dS(t +iy)
= Qi/ exp(—t(i¢ +y)) g(t +1iy) dS(t + iy) — Zi/ exp(—t(i¢ +y)) g(t +iy) dS(t + iy), (e,
U(¢) V(<)

where U(¢) = Ry x (]Im ¢, 1]N]0, 1) and V(¢) =] — 00, 0[x (]0, Im ¢]N]0, 1[). To properly interpret €,g as a
tempered distribution, we need to know that it is a well-defined function area-almost everywhere, and that it
belongs to a reasonable space of locally integrable functions on C. For 1 < ¢ < +00, let us agree to say that
a Lebesgue area measurable function f on C is in L% (C) provided that

sup / |F(z + O dS(C) < +oo,

zeC

where D is the unit disk, with the usual agreement to identify functions that coincide with the exception of a
set of area measure 0.

Lemma 2.6. For g € £°(X%,0), we have €,g € L. (C).
Proof. By (2.8) and Hoélder’s inequality,

/+Oo|le(t,C)g(t +iy)| dt < </+M|Ky(t,§)|pldt)l/pl (/m lg(t + iy)|l’dt>1/p

— 00 — 0o — 0o

—-1/p'
=2(p/ly— ) lgyllieey

so that by (2.17),

-1

1 /7
|c:*a(<)|s/E|icy(t,<)g(t+z‘y)|d5(t+iy)32/0 (#'ly = 1) " gllzoce du.

If R is a square with side length 1, then

/Iy— m¢| /7 ds(¢) < 2p,
R

and consequently,

€.50145(Q) < O@) [ llgyllingeydy < Op) Ud—y " gl 0 9)? dy "
R 0 o o(y) 0

L gy 1/p'
=CP) I9ller(s,0 — ;
Ol ([ )

where C(p) = 4p (p')~1/?". The assertion is now immediate, in view of (2.1). O

So far, we have only defined the global Cauchy transform €, on spaces of functions or distributions sup-
ported on the closure of ¥. There is, however, no reason for doing so in general; for instance, if ¢ is a test
function in S(C), we may define

o) =1 [ Aas,  zec

cz—¢
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and observe that 0€,p(z) = €,0¢(2) = ¢(2) holds on C. In particular,

oy(x) = p(z +iy) = /C (z,¢) Bp(¢) dS(C),
so that

(2.18) 3oy (1) / Kyt Q) Bp(C) dS(C).

Proposition 2.7. If j € £7(%,0), then f = €, € L. (C), and 0f = §, in the sense of distribution theory.
On the other hand, if f € L. (C), and its distributional derivative Of belongs to the space £P(%,0), then
there exists a constant B(f) such that f = B(f) + €.0f holds area-almost everywhere on C; in particular, the
restriction to C_ of f — B(f) belongs to QP(C_, o).

Note. One should think of 3(f) as the value of f at infinity.

Proof. That f =¢&.g € Ll (C) for g € £°(%,0) was demonstrated in Lemma 2.6. We proceed to check that
0f = 7. For test functions ¢ on C, we have, by (2.18) and Fubini’s theorem,

(,0¢.39) = —(9¢,¢.7) /C*g () 9p()dS(¢)
//IC (t,¢) g(t +iy) dS(t + iy) 0p(¢) dS(¢ //IC (t,0) 0p(C) dS(C) g(t + iy) dS(t + iy)

= /Esfnpy(t)g(t-f-iy) dS(t +iy) = (¢, 9),

as claimed.

We turn to check the third assertion, which states that if f € L!_(C), and its distributional derivative df
belongs to the space £7(%,0), then f — €,0f equals a constant almost everywhere (dS) on C. By what we
have done so far, it is clear that the function ¢ = €,0f belongs to L. (C), and has dp = df. The difference

— f is then an entire function in L!_(C), which of course must be constant, by the mean value property and
Liouville’s theorem. If we denote this constant by S(f), the claim is verified. O

For g € £°(X,0), the restriction of €,g to C_ coincides with the earlier introduced Cauchy transform €jg.
Thus, according to Lemma 2.3, the operator §& = €,DP supplies a canonical generalized Fourier transform.
We shall obtain an explicit expression for §%f. For 0 < y < 1, write

/
e P ut

o(u)?’

1
Qop(t,Yy) = 2ws ()P / du, te Ry,

Y

and put ¢, ,(t,y) = 1 for y < 0, and g, p(t,y) = 0 for 1 < y. The function ¢, is continuous, and has
0 < ¢op(t,y) < 1forall (¢,y) € Ry x R. Moreover, for 0 < e <y and 1 <6 < p’, we have the crude estimate

(2.19) Cop(t,y) = O(efety), t — 400,

uniformly in y, if € and 6 are fixed.
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Proposition 2.8. (1 < p < +00) In terms of the function g, p, the canonical generalized Fourier transform
on LP(Ry ,w, ) is given by the formula

Ff(z) =€DPf(2) = /0+OO e~ f(t)q, p(t, Im 2) dt, z€ C\ R

Proof. Let p(t) = 1/o(t) for 0 < t < 1, and set p(t) = 0 elsewhere on R. If we write z = x + iy, we have for
1 < p < 400, in the sense of distribution theory,

) —itz —itz i —itz a
(2'20) 0. (e t q(f,p(t:y)) =e " 6;(]071)(75,:!/) = 56 ! a_y(Ia,p(t:y)

’

=—ie w1 py) eV = —ie T w, () p(y)P e P, zeC

For an f € LP(R},w,p), let §4f denote the function given by the expression involving g, ,, so that what we
need to check is that L f = €,DPf. The function D? f is, as an element of £°(3, ), a tempered distribution
on C with support contained in ¥, and ¢, D7 f € L!_(C), by Proposition 2.6. The density D f is furthermore
a locally bounded function in Cy (it is declared to vanish off ¥), making €, D? f continuous on C,, due to
local elliptic regularity. Since €. ®Pf is automatically holomorphic in C_, we see that it is continuous on
C\R. Now suppose temporarily that f has compact support, so that gt f € L>(C)NC(C), by the properties
of g5 ,p. Using the identity (2.20), summability, and Fubini’s theorem, one quickly verifies that in the sense of
distributions,

9.30f(2) =DPf(2), z€C,

holds. By Proposition 2.7, 3 f = €, DP f, as claimed. In fact, this identity holds pointwise on C\ R, because
there, at least, both functions are continuous. To get the identity for general f € LP(Ry,ws,p), we use an
approximation argument. So, let {f,}, be a sequence of compactly supported functions in LP(R},wsp),
converging in norm to an arbitrary foo € LP(R;,w,,). Estimate (2.19) assures that §4f, — F%fe as
n — +o00, uniformly on compact subsets of C;. On the other hand, by general Fourier analysis, it is clear
that we have uniform convergence on compact subsets of C_ as well. The same of course happens for the
operator &, DP, which finishes off the proof. O

The dual space of bounded linear functionals on LP(R},ws ) may be identified with L (M,w;;), the
space of functions ¢ on Ry satisfying

—+o0o
olle ety = ([ 100OP s dt) < oo

with the dual action
+oo , L
()= [ I fELRewn,), b€ L (R W),
0
The resolvent transform of a ¢ € L¥' (Ry,w, ) is the function

+oo
(2.21) Ro(z) = —i/o exp(itz) ¢(t) dt, z e Cy,

which is holomorphic in the upper half plane C,. It is a transformation of Fourier-Laplace type, and will
prove invaluable for the proof of the Main Theorem.
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For z € C\ R, let
dL(t) = exp(—itz) ¢o p(t, Im 2), teRy,
so that (f, %) = §Lf(z) for f € LP(R+,wy,p). One then has

+oo ’ ’ ’ l/pl
e A 3 ) IR
’ 0

and this is thus the norm of the point evaluation functional. In view of this observation, the following is
immediate.

Proposition 2.9. For f € LP(Ry,w,p) of norm <1,

Sff(z)| < | S?:f( + Zy)”@Ll(R) < ||¢Iz)||LP’ (RJr,w;j,)
:sup{|&§:h(z)| the LP(Ry,wep), “h“LP(R_‘_’wU‘p) < 1}, z=z+iy e C\R

Remark 2.10. The norm on FL'(R) is the one that makes the Fourier transform § an isometry L!'(R) —
SL'(R).

The relations between the various mappings occurring in this section are illustrated in the following two
commutative diagrams; HP(X, o) is the closed subspace of canonical densities in £ (X, o), which is the image
of LP(Ry,w, ) under ®P, R is the restriction operator f — f|c_, P is the projection £P(X,0) — HP(X, 0)
which makes the diagram commute, and = is used to indicate the identity mapping, provided it commutes
both ways. For p = 2, P is the orthogonal projection £2(X,0) — H2(Z,0).

PRy, wy,) 5 €2(S,0) 2 ¢.0°(5,0)

| H H

HP(S,0) ——— £P(%,0) —= €.£°(%,0)

| | gl

QP(C_,0) —— QP(C_,0) —— Q*(C_,0)

—— HP(S,0) —— QP(C_,0)

gl QPT c*l H
e (2,0) — Qr(C,0)

&l 7| it H

QP(C_,0) —— QP(C_,0) —— Q*(C_,0) ——— Q?(C_,0)

hY
=
¥
2
hY
=
¥
2

~
=
F
&
2
T
~
=
F
&
N
T
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§3. The isometry construction: p=1

Let o be a positive strictly decreasing C? function on ]0, 1], with limit o(y) — +o0 as 0 < y — 0. Suppose,
furthermore, that its logarithm y — logo(y) is strictly convex, in the strong sense that its second derivative
is positive throughout ]0, 1]. Put

(3.1) we(t) = inf{exp(ty)o(y) : 0 <y <1},

which then has a concave logarithm logw,,1, and has the limit w, 1(t) - +00 as t - +oo. By the general
properties of the Legendre transform, we may recover o from wg 1,

(3.2) o(y) = sup{exp(—ty)wml(t) cte R+}, O0<y<l.

We assume, moreover, that o(1) = 1 and o'(1) = 0; as a consequence, wy1(0) = 1. The function y,(t) is
defined by the equality

(3.3) we(t) = exp (tyl, (t)) a(yl, (t));

one then computes that y,(t) = (logws.1)'(t), which is a decreasing function on Ry . The inverse function of
Yo (t) is denoted by t,(y), and one finds that ¢,(y) = —o'(y)/o(y). The functions y, and t, are of class C!;
Yo is strictly increasing on Ry, and t, is strictly decreasing on ]0, 1]. By assumption, o(1) = 1 and ¢'(1) =0,
so the image of ]0, 1] under ¢, is Ry, and accordingly, the image of Ry under y, is ]0, 1].

Let M(R) be the set of all finite complex-valued Borel measures on R. Given u € M(R), we write ||u]| p¢(r)
for the total variation of u.

If w is a weight function on Ry (in the sense used in the introduction), we consider the space M(Ry,w) of
all Borel measures p supported on Ry = [0, +00[, subject to

HMMmMgZAiMQﬂM@<+W-
+

It is a Banach space with the above norm, which contains L!'(Ry,w) as a closed subspace in a canonical
fashion: an L! function f is mapped onto the measure f dt. §
Let M(X) be the set of all finite Borel measures on the half-open strip ¥ = Rx]0, 1], normed appropriately:

HﬂmﬁzéﬂMﬁ

Every measure p in M(¥) may be decomposed (see, for instance, [24, pp. 595-618])
(3.4) dp(t +iy) = dpy (t) dv(y),  t+iy €3,

where v is the finite positive Borel measure on ]0, 1] obtained by setting v(E) = |u|(R x E), and the mapping
y — [ty is Borel measurable and well-defined almost everywhere (dv) as a mapping from ]0, 1] into the closed
unit ball of M(R). If u is a probability measure, 1, is the conditional distribution of ¢ for fixed y. The space
M(Z,0) of pre-densities is the subspace of M (%) consisting of those Borel measures y on ¥ with finite norm,

|mu@@=2éa@ﬂmwww<+m

The density space £!(, ) is defined to be the image of M(X, o) by the Fourier transform in the variable .
More precisely, if 4 € M(Z,0) and p has the decomposition (3.4), then

(3.5) dji(x + iy) = Jpy(x) dedv(y),  z+iy €,
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is a typical element of £'(X, o), where
Shy(a) = [ expl-ite) (0, atiy e,
R

which is bounded and continuous in the z variable. The elements of £'(%,0) are thus Borel measures on
Y. The norm in £'(¥,0) is defined to be the one induced by the pre-density space M(Z,0): laller(s,0) =
ll1ell pt(s2,0) - Since they are Borel measures on ¥, the elements of £ (¥, ¢) are naturally distributions on C; as
in Section 2, this is compatible with defining the action of i € £1(X, ¢) on a test function ¢ € S(C) to be

(o, i) = / Sy (t) du(t + iy).

Again as in Section 2, the right hand side expression makes sense for a larger class of ¢ than those in S(C).
The Cauchy transform is defined on £'(%, o) by a formula analogous to (2.9),

(3.6) CH(Q) = (C(,¢), i) = / Ky (8, ¢) dp(t + iy)
= Qi/ exp(—t(y +iC)) du(t + iy), (eC_.
[0,+00[%]0,1]

This definition involves a choice of how the Borel measure p, acts on the Heaviside function H. The Cauchy
image € of 1 is a holomorphic function in the lower half plane C_, because the integral defining it converges
absolutely for all ¢ € C_, since

exp(—tly — Q) dlul(e +iy) =2 [ 2L

-
o <2 | o= Tme

[0,+00[x]0,1]
”H’”M(ia)
“inf{(y— Im()o(y): 0<y <1}

Write Q'(C_, o) for the image €L (¥, o) of £1(X, o) under the Cauchy transform €. It is a Banach space of
holomorphic functions in the lower half plane C_, when supplied with the norm

Ihllgre o) = inf{llgller(s.q) : 9 € £1(2,0), €g = h}.

Theorem 3.1. The Fourier transform § maps M(Ry,wy1) isometrically onto Q(C_, o).

As in Section 2, the first step is to introduce the operators D' and €. Given a measure £ € M(R;,wy.1),
let £ ot, be the measure on |0, 1] defined by

Eoto(E) =E(ts(E)),

for Borel sets E. Consider the pre-density measure

(3.7) dp[€](t +iy) = % exp(yto(y)) doo (t — to(y)) d(€ o ts)(y), t+iye X,

and the associated density D¢ = fi[¢],

Gl +i9) = o eyt () exp(~ito () ded(€ot,)(y), o +iy €S,
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The measure p[€] has norm

ElLcs.or = [, 00) expluta ) dBo(t — ta(w) €] o 1) 0
:/]0 1]‘7(1/) exp(yto (y)) d(I€] o o) (y) :/ (yo(t)) exp(tyo (y)) dI€|(t)

R+

- / o (1) AIENE) = 1€l (s o )

thus ¢ — p[€] is an isometry M(R;,w,1) = M(E,0), and D' is an isometry M(Ry,w,1) — £5(X,0). By
(3.6), the Cauchy transform of D¢ is

Culg](¢) =2i /[0+ ol exp(—t(y +iC)) du[€](t + iy)

- /[0 +o0[x]0,1] exp(=t(y +i0) +yts (v)) d(t — t(y)) d(€ 0 to)(v)

_ /]Ol]exp(—ita(y)C)d(fOta)(y): [ ewi-ityam =560, cec.

Ry

Given a pre-density u € M(X,0), let £[u] be the Borel measure on Ry which assigns the mass

(3.8) elu(m) =2 | o ) iy (1) )

to a Borel set E. The extraction of the density i € £'(X,0) is then £l = £[u], which is an element of
MRy, we 1) (use (3.2)):

el nt g ) = / W (£) dI€|[p](1) < 2 / exp(—ty) won (£) dlply (t) dv(y)

R+ R+X]0,1]

<zl ) = il s,
R4 x]0,1]
By inspection, the Fourier transform of ¢[u] coincides with €,

3ELl(0) = / exp(—itC) de[u](t) = 2i / exp(—itC — ty) dpy (1) dv(y) = CH(Q), (€T

Ry

Let us gather these observations in a proposition.

Proposition 3.2. The following assertions are valid.

(a) The mapping ®' is an isometry M(Ry,w,1) = £(%,0).

(b) For each £ € M(Ry,wy1), €DLE(2) = FE(2) holds on C_.

(¢) The mapping £ is a norm contraction £'(X,0) = M(Ry ,w,1).
(d) & = ¢ as mappings £(,0) = Q1(C_,0).

Proof of Theorem 3.1. Mimic that of Theorem 2.1. O
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We need to extend the Cauchy transform to a global one, denoted €.. As was the case with the usual
Cauchy transform, there will be some degree of arbitrariness in our choice, due to the fact that we are dealing
with measures, not functions. For u € M(X, o), put

exp(—t(i¢ + y)) du(t + iy) — 2i /V(o exp(—t(i¢ +y)) du(t +1iy),  ¢eC,

(3.9) amozm/

U

where U(¢) = Ry x (]Im¢,1]N]0,1]) and V(¢) =] — 00,0[x (]0, Im ¢]N]0, 1]). It is clear that this defines a
bounded Borel measurable function on C, and that in fact

(3.10) €Al oo o < Nllpaiso

holds.

Proposition 3.3. If i € £'(X,0), so that f = €, i € L>(C), then 8f = [i, in the sense of distribution
theory. On the other hand, if f € L (C), and its distributional derivative Of belongs to the space £'(3,0),
then there exists a constant B(f) such that f = B(f) +€.0f holds area-almost everywhere on C; in particular,
the restriction of f to C_ belongs to Q*(C_,0).

Proof. Analogous to that of Proposition 2.7. O

By Proposition 3.2, the operator § = €,D! supplies a canonical generalized Fourier transform. It is given
by the formula stated in the proposition below.

Proposition 3.4. The canonical generalized Fourier transform on M(Ry,w,1) is given by the formula

3lE(z) = €.D'E(z) = / cdEt),  z=atiyeC,
[0,to(y)[

where we agree that t,(y) = 4+oo fory < 0, and t,(y) = 0 for 1 <y < +oo. It is thus a bounded Borel
measurable function on C. If the measure £ in M(Ry,ws1) is absolutely continuous with respect to Lebesgue
measure, then §.£ is continuous on C.

Note. The interval [0,0[ is the empty set, and an integral over the empty set is 0. Hence §L&(z) = 0 for
1< Imz.

Proof of Proposition 3.4. Since 0 < t,(y) holds always, the measure p[¢] in (3.7) places no mass on the set
V(¢) occurring in the definition (3.9) of €. i(¢), and thus

& plE](C) =2 /U(o exp(—t(i¢ + y)) dul€](t + iy)

- / exp(—ite (1)) d(€ o 1) (y) = / e de (1),
1Im ¢,1]N]0,1] [0,to(y)[

The boundedness and continuity mentioned follow from direct inspection. O

The space L'(Ry,wy1) will be identified with the closed subspace of M(R;,w,,1) of measures that are
absolutely continuous with respect to linear Lebesgue measure. The dual space of bounded linear functionals
on L'(Ry,w, 1) may be identified with L™ (R, w;},), the space of functions ¢ on R, satisfying

160l omty = esssup{ [ (D] (8) : € Ry } < +ox,
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with the dual action

+0o0
(f.6) = / FO) b0 dt,  feL Ry wen), bE L¥(Ry,wyl).

The resolvent transform of a ¢ € L*°(R,,w;}) is the function

+oo
(3.11) Ro(z) = —i /0 explitz) () dt, =€ Cy,

which is holomorphic in the upper half plane C,..
For z € C, let

Qﬁi(t) = exp(—itz) th,l(ta Im Z): te ]R—Fa

where ¢,1(-,y) is the characteristic function of the interval [0,%,(y)[, so that (f,¢l) = FLf(z) holds for
f € LY(Ry,wy.1). One then has, with z = z + iy, that ¢ =0 for 1 <y < +o0, and

||¢i||L°°(R+,w;11) = esssup{e’? fw1 (1) : 0<t <t,(y)} =1, —oo <y <1,

so the norm of the point evaluation functional is either 0 or 1. Just as in the previous section, the following
is immediate.

Proposition 3.5. For f € L'(R; ,w,1) of norm < 1,

B f@| <8+ i) |50 <L 2=z+iyeC.

§4. The class of weight functions of type w;,

Fix ap, 1 < p < 400, and write p' = p/(p — 1), with the usual convention that p’ = oo if p = 1. The
continuous function o :]0, 1] —]0, 400 satisfies (2.1) if 1 < p < 400, and for p = 1, it is assumed to be strictly
decreasing and have a strictly convex logarithm, as in Section 3. It is then of interest to know which weights
w on Ry are of the form w, ,, but since this question has a complicated answer, and we actually are only
interested in the spaces LP(Ry,w), we shall be equally happy to know for which w we have w < w, ,. Here,
we use the notation f < ¢, and say in words that f and g are comparable on Ry, if f and g are two functions
on R with values in [0, +o00[, which satisfy

Cif(t) <g(t) <Caf(t), teR,

for some constants C1,Cs, 0 < C1,C3 < 400. One easily convinces oneself that given two different weight
functions w; and we on Ry, the spaces LP(Ry,w;) and LP(Ry,ws) are the same (and the associated norms
equivalent) if and only if wy X wo.

We first treat the case 1 < p < +o00. Let 20 denote the collection of all continuous (weight) functions
w : Ry —]0, 400 which are increasing, have limit w(t) — +o00 as t — +00, and possess a logarithm logw
which is concave, and satisfies

logw(t) = o(t), as t— +oo.
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Proposition 4.1. (1 < p < +0o0) If 0 is as above, then w,, belongs to V. If, on the other hand, w is in 20,
then a o can be found such that w, p <X w.

Proof. Let us start with having a o, and try to prove w,, € 20. Since, with the notation of Appendix B, and
du(z) = dzfo(@)?,

’

(41) wopt) = (260) . teRy,

holds, and Fy,, belongs to U in view of Proposition B.1, the assertion that w, p is in 20 is immediate from the
definitions of the classes U and 2J.
We proceed to the case when we have an w, and seek a o. Let the function F' be defined via

(42) o= (2Pw0) ", tery,

and use Proposition B.1 to produce a p € P of the form du(t) = p(t)dt, where ¢ is a continuous positive
real-valued function on 10, 1], for which Fy, < F. The choice o(t) = ¢(t)"%/?" then does the trick. O

For a fixed real parameter s, 0 < s < +00, let 20 denote the set of all weights w in 20 with the additional
property that the function ¢ — (1 + ¢)"*w(t) is in 2. In particular, 20y coincides with 20. Recall from
Appendix B the definition of the sets B, with 0 < s < 400, of fractional integrals of positive Borel measures
in P.

Proposition 4.2. (1 < p < +00) Fiz a real parameter s, 0 < s < +oo. If o is such that o isin PBsp' s
then there exists a weight Wy, in Wy such that Oy p X wep. On the other hand, if an element w of W, is
given, then there exists a o with o ¢ PBspr with the property that w, ), <X w.

Proof. If we start out with o, we put p = a’pl, which is assumed in *B,,/, and note that

’

(4.3) wo p(t) = (2Fp(p’t))71/p , teR,,

which is (4.1) specialized to the present situation. Let ﬁ’p be as in Corollary B.4, and define &, , by the
identity

’

Bop(t) = (2ﬁp(p't))_1/p . leR,.

Corollary B.4 tells us that F, < F,, hence Ty, X wy p, and that F, € By, hence &y, € Ws.

We next deal with the case when we begin with an w, and look for a o. Let F' be related to w via (4.2), so
that w € 20, entails F' € U,y. Proposition B.5 provides us with a function p € B, such that F, < F, so if
we put o = p’l/”’, we get w,p X w. This completes the proof. O

It is time to formulate an assertion about weights in 20, which we mentioned without proof in the intro-
duction.

Proposition 4.3. Suppose w € 20; this is so if w is of the type w, p, by Proposition 4.1. We then have the
inequality
w(0)w(t + z) < w(t)w(z), t,r € Ry.

Proof. By definition, v(t) = logw(t) is increasing and concave on Ry . In particular, v'(t) decreases with ¢, so
that

vit+z)—v(t) = /0z V(t+s)ds < /0z V'(s)ds = v(z) — v(0),
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from which the claimed inequality

w(O)w(t+2) SwBw(z), taeRs,
is immediate. O

Recall the notation
+o0 ,
(4.4) 5(p,ay) = / 197w, (£)7 exp(—tyq) d,
0
from Section 2, where ¢ = p'(p’ — 1) = (p')?/p. As a function of y, 7(p, a, y) is strictly decreasing, and has
0<a(p,a,y) < +oo for y €]0,+00], because w,,, € W (Proposition 4.1).
Proposition 4.4. (1 < p < +00) Given s and «, subject to the restraints 1/p' < s < 400 and 0 < a < 400,
there ezists a constant C = C(s,0,p,a), 0 < C' < +00, such that if o isin PBsp , then

5(p,a,y)? < Coa(y), 0<y<1,

where ¢ = (sp'/p+a+1/p')/(s —1/p').
Proof. With the notation of Appendix B,

wop(t) = (@F, (1) ", 0<t< 400,

so we see that by substituting u = p't,

+0o0
Flp,ayy) =277 /P(pl)=or ‘1/ u? exp(—uyp'/p) F,— (u)™"/? du, 0 <y < +oo.
0

The assertion is now an immediate consequence of Proposition B.8. O

Consider the related functions

(15) { Gpy) = [ exp(—pty) wop(H)Pdt, 0 <y < +oo,

5(p,7r,y) fo exp(—tyrp') we.,(t)"7 dt, 0<y<+o0,
which, as functions of y, are strictly decreasing, and have values in ]0, +oo[ for 0 < y < 400, because w, , € 20
(Proposition 4.1). They have similar estimates.
Proposition 4.5. (1 < p < 4+00) If s has 1/p' < s < 400, there exist two constants C = C(s,o,p) and
K =K(s,o,p,r), 0 < C,K < 400, such that if o isin PBop, then
G(py) /P <Caly)*, 0<y<l,
a(p,my)'" <Koy, 0<y<l,

with o = (s +1/p)/(s —1/p") and B = (rs+ 1/p")/(s — 1/p").
Proof. Analogous to that of Proposition 4.4. O

We turn to the case p = 1. If we do not make any additional regularity assumptions on ¢, the relationship
between o and w,; is sufficiently well understood in Section 3. To treat regularity conditions on the weights
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o and w,,1, we proceed as follows. Start with an w € 2J,, where s has 0 < s, replace it with @ € 20, in C?,

having © < w, ©(0) =1, and &'(0) = 1, and put

(4.6) o(y) = sup{e ™a(t): t e Ry }, 0<y<1.

This ¢ then has all the properties requested of it in Section 3; we mention here that in particular, o(1) = 1, and
0'(1) = 0. By the definition (4.7) of w, 1, and standard properties of the Legendre transform, w,1(t) = ©(t)
holds on all of Ry. To study the functions y,(t) and t,(y) considered in Section 3 more closely, introduce
temporarily the notation a(t) = logwe1(t) and B(y) = logo(y), and note that these functions are connected

via

(4.7) { a(t) =inf{B(y) +ty: 0 <y <1} = By (1)) + ty,(t),

Bly) =sup{alt) —yt: t € Ry} = alte(y)) - yto(y).
By differential calculus,
{ Yo (t) = a'(t),

te(y) =-P0'(y),

so that since the functions y,(t) and ¢, (y) are inverse to each other by definition, it follows that

{ a'(=f'(y) =y
g )

(o (¢) = —t.
Differentiating once more, we get
1 " ! -1
(48) 8"(y) = —(a"(-8'())
Lemma 4.6. In the above context, the following estimates hold:
(a) 0<ts(y) =—f'y) Se-oly)/*,  ye€o,1],
2
e
(b) —— oW <t () =-B"(y) <0, yeo,1].

Proof. Since w,1 = @ € 2W,, we have a(t)

as t = +o00. Moreover, since a(0) = 0, ap(0) = 0, and thus, by concavity,

05/0 (ah(r) — ay(8))dr = ao(t) — tah(t), ¢ €Ry.

We conclude that
s(log(1+1t) —t/(1+1t) < alt) —ta'(t), teRy,

and since S(y,(t)) = B(d/(t)) = a(t) — ta'(t), that

e '(1+1t) <exp(Bys(1)/s),

or, equivalently,

(4.9) 1+t.(y) <e-exp(B(y)/s).

slog(l +t) + ao(t), where ag is concave, and has ag(t)

Assertion (a) is immediate. Furthermore, assertion (b) follows from (4.8), (4.9), and the inequality o' (t) <

—-s(1+¢)~2 O
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Proposition 4.7. If w,1 € W, for some s, 0 < s < 400, then

“+o0
o(1l,y) = / e Ww, i (t)dt < T (s)o(y)' T,  0<y<1.
0

Proof. The assumption on w,; should be thought of as
(4.10) o'(t) < —s(1+1)72, teER,.

The integrand is exp(—ty + «(t)), and by (4.7), it attains its maximum value o(y) = exp(8(y)) at t = t,(y).
By (4.10), the function t — —ty + «(t) is strictly concave, and one easily derives the estimate

—ty +a(t) < By) + S(log(l +1) —log(1+1t,(y) — (t —t-(y))/(1 + ta(y))), teR,.

When the integrand is replaced with the exponential of the right hand expression, one arrives at

+oo
/0 exp(—ty + at)) dt < T(s) (1 + to (4)) o(y),

whence the assertion follows by invoking (4.9). O

We now formulate three equivalent ways of expressing quasianalyticity. A proof is essentially contained in
Beurling’s paper [4].

Proposition 4.8. (1 < p < +00) Suppose o is unbounded and decreasing. Fix a real number §, 0 < § < 1,
with the property that e < min{o(8),5(p,d)}. Then the following three conditions are equivalent:

5
(a) / loglogo(t) dt < +o0,
0
5
) / log log 5 (p, t) dt < +o0,
0
2 logwe p(t)
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§5. The Main Theorem on completeness of translates in L?(R; ,w)

We shall now reformulate the Main Theorem from the introduction in terms of the weight classes 20, of
Section 4, and derive a corollary from it. First, however, we need the following lemma.

Lemma 5.1. (1 < p < 400) Fiz an a € [0,+00[, and a weight w in the class W introduced in Section 4.
Denote by LP([a, +00[,w) the subspace of LP (R ,w) consisting of all functions that vanish (almost everywhere)
on the interval [0,a[. Then the image T, LP(R;,w) of LP(Ry,w) under the right translation operator T,
coincides with LP([a, +00],w).

Proof. By Proposition 4.3, the image of LP(R;,w) under T, is contained in LP(Ry,w), and hence in
LP([a, +00[,w). On the other hand, since the weight w increases, the left translation operator T_, is norm
contractive LP([a, +oo[,w) — LP(Ry,w). That does it. O

The following statement is an equivalent formulation of the Main Theorem (see Section 1). The condition
w € W, requires not only that logw(t) — slog(1 + t) be concave, but also that it tend to +o0o0 as t — +o0.
What allows us to say that the two formulations are equivalent is that the prescribed intervals of s and € are
open.

Theorem 5.2. (1 <p< +400) Putf(p)=2+1/p forl<p<2and2<p< +o0, 0(2) =1/2, and (1) = 3.
Suppose w € W, for some s, B(p) < s < +o0o. Let & be a collection of elements in LP(Ry ,w), and denote by
T (6) the set of all (finite) linear combinations of right translates T, f, x € Ry, of elements f € &. Then
T+(6) is dense in LP (R4 ,w) if and only if

(a) The functions in F(S) have no common zeros in C_, and

(b) There is no §, 0 < &, such that & is contained in LP([d,+o00[,w).

We obtain this theorem by proving a corresponding approximation statement in the context of the spaces
QP(C_, o), for weights o satisfying 1/01” € Bsp- In view of Theorems 2.1 and 3.1, proving an approximation
theorem for the space QP(C_,0) (suitably modified for p = 1) is equivalent via the Fourier transform to
proving one for the space LP(Ry , wy,p), where w, , is connected with o as in Sections 2 and 3. Moreover, from
Section 4 we know that the requirements 1/0”’ € P, and w € W, correspond.

In an earlier paper [5], we studied certain spaces Q(C_, w), which are similar to the spaces QP(C_,0)
investigated here. They were defined as spaces of bounded holomorphic functions in the the lower half plane,
having extensions to the whole complex plane that are bounded and asymptotically holomorphic in the sense
that their @ derivatives are controlled by a weight function w. It is possible to regard each such space Q(C_, w)
as consisting of Cauchy transforms of a space of densities ¢ satisfying a weighted uniform norm condition

lp(2)] < Clp) w(Imz),  z€Cy.

In the setting of the present paper, the function w corresponds to 1/0. Our space QP(C_, o) is defined as
the image under the Cauchy transform of the density space £°(X%, ), which contains unbounded functions.
This difference causes us some difficulty, but it is not too serious. What we actually need is that the image
¢, HP(X,0) under the global Cauchy transform of the space HP(X, o) of canonical densities (see Section 2)
consists of sufficiently smooth functions.

It is easy to derive from Theorem 5.2 the following consequence, which at first glance seems much stronger.
All one needs to do, however, is apply a couple of translation operators, together with Lemma 5.1.

Corollary 5.3. (1 < p < +00) Suppose that the weight w is as in Theorem 5.2, and that we have a col-
lection & of elements in LP(Ry ,w) whose Fourier transforms lack common zeros in C_. Then the closure
of T4(6) in LP(Ry,w) coincides with the subspace LP([a(S),+ool,w), where a(&) = sup{a € [0, +oo[:
S C LP([a, +o0[,w) }.
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§6. Translation invariance versus convolution invariance in the space L?(Ry,w; )

Fix ap, 1 <p < +00, and write p' = p/(p — 1), with the usual convention that p' = co if p = 1. The function
o :)0,1] —]0, +o0[ is continuous, and satisfies (2.1) for 1 < p < 400, and the requirements of Section 3 for
p = 1. The related weight function w,, on Ry, as defined in Sections 2 and 3, belongs to 20, that is, it is
increasing to 400, has a logarithm logw, , that is concave, and satisfies

logwe p(t) = o(t), as t— +oo.

Our aim is to show, for closed subspaces of L?(Ry,ws p), the equivalence of right translation invariance and
invariance with respect to convolution with the functions ey, for A € C,, which are defined in the proposition
below. We shall see that we can do this without making any additional regularity assumption on o.

Proposition 6.1. (1 <p < +00) For A € C;, the function
ex(t) = —i exp(iAt), te Ry,

is an element of LP(Ry ,w,.,), with norm &(p, Im \)'/?, where  is given by (4.5). Moreover, every function in
LP(Ry,wesp) can be approzimated in norm by finite linear combinations of the functions ex, A € Cy. Denote
the Fourier transform of ey by Ex. We then have Ex € QP(C_,0) for A € Cy, and the explicit formula

Ex(z) =(A—2)71, zeC_.

Proof. We noted in Section 4 that, on its interval of definition, &(p,-) is strictly decreasing, and has image
contained in ]0,4oo[. It is clear by (4.5) and the definition of the norm in LP(Ry,ws,p) that ey has norm
7(p, Im \)'/?, so we immediately obtain that ey € LP(R; ,w,,) for A € C,. The formula for E) is obtained
by a straightforward calculation.

We now check the statement on approximation. Suppose the functional ¢ € v (&,w;})) annihilates all
ex, with A € C;. Because of the way we defined the resolvent transform, this means that ¢(\) = 0 for all
A € Cy. But then ¢ = 0, by the uniqueness theorem for Laplace transforms. By duality, the functions ey,
with A € C;, must span a dense subspace of LP(Ry,wyp). O

We need an upper estimate for the norm of the translation operator T, (z € Ry ), on the space LP(Ry, wy p).
For p = 1, the translation operator T, also acts on M(Ry,wo,1), To&(E) = £((E —x) N Ry ), where E — z =
{teR:t+2cE}.

Proposition 6.2. (1 <p < +o00) Forx € Ry and f € LP(Ry,w, ), we have the inequality
+00 p +oo
[ imsor o a s (228) [ 0F w0
0 we,p(0) 0
For measures £ € M(R} ,wp 1),

+oo Wo.p (.27) +oo
A wﬂmﬂnmﬂszzaé wo (1) dIE|(2).

Proof. The assertion is an easy consequence of Proposition 4.3, if we note that

+0o0 +o0
/ T, f ()] wep(t)? dt = / IF O wep(t + z)P dt.
0 0

This also works for measures, which completes the proof. O

Now we set QF(C_,0) = FLP(Ry,wsp). We note that, for 1 < p < +oo, Q5(C_,0) coincides with
QP(C_,0), but that Q{(C_,0) is a proper closed subspace of Q'(C_,0). The statement corresponding to
Proposition 6.2 on the Fourier transform side is as follows.
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Corollary 6.3. (1 <p< +o0) Forz € Ry and f € QP(C_,0), the function
M f(z) =e ™ - f(z), zeC,

belongs to QP(C_,0); in fact, we have

Wo,p(T)

A f P o) T € ]R+
Wa',p(o) “ “Q (C-,0)

IV Fllgric. o) <

(This follows from the identity M,3g = §T.g.) Moreover, if f € Q5(C_,0), then M,f also belongs to
Qo(C-,0).

The above result permits us to estimate the norm of the operator of multiplication by E) on QP(C_, o).

Proposition 6.4. (1 < p < 4+00) For A € Cy, multiplication by the function Ey is a bounded operator on
QP(C_, ), which for p =1 preserves Q{(C_, o), and we have in fact

+0o0

B larc oy < wna®™ ([ €™ a0 t) Wlgrie o)

S w0'7p(0)71(]:m A)il/pl a(pa Im A/p)l/p ||f||QP((C_ 7(7) ) f € Qp((cf ) U)'
Proof. The first inequality is immediate from the identity
o0 .
(6.1) E\f(z) = —i/ M, f(2) - e, zeC_,
0

and the estimate of the norm of M, obtained in Corollary 6.3; analogous formulas work for measures. The
second estimate results from an application of Holder’s inequality. O

We now state the promised result on the equivalence of translation and convolution invariance for closed
subspaces.

Proposition 6.5. (1 < p < 4+00) Let & be a collection of elements in Qf(C_, o). Denote by J,,(S) the
closure of the set of all (finite) linear combinations of functions of the type M, f with f € & and x € Ry, and
by J.(&) the closure of the set of finite linear combinations of functions of the type Exf, with A € C4+ and
f €6. Then J,(6) = J.(6).

Remark 6.6. If Q5(C_,0) is a Banach algebra when supplied with pointwise multiplication of functions, it
follows from Proposition 6.1 that .J. (&) equals the closure of the ideal in Q¥(C_, o) generated by &.

Proof of Proposition 6.5. Let us first show that J,,,(&) is contained in J.(&). Given f € & and z € Ry,
it suffices to approximate M, f by elements of J.(&). By Corollary 6.3 and Proposition 6.4, the operator
of multiplication by the function M,FE;, is bounded for 0 < a. Moreover, if 0 < a < 3, and I is the line
I'={\A e C: ImA\ = «/2}, oriented from the right to the left, the identity

i(B —a)e A
MoBia(9) = MaBie) = 5 [ A5 S B i

where the integral is norm convergent in the space of multipliers on Q?(C_, ) (use Proposition 6.4), shows,
by approximation with Riemann sums, that M, E;of — M, E;sf belongs to J.(&). But if we let § — 400,
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Eis tends to 0 as a multiplier, by Proposition 6.4 and the fact that a(p,t) — 0 as t — 400, so we arrive at
the conclusion that M, E;,f € J.(6). We would now be done if we could show that

(6.2) l(iaEia 1) Mofllgre. ) =0 as 0<a — +oo.

We shall in fact prove that (6.2) holds for general f € Q5(C_,0), not just members of &. Since we know
M, is a bounded operator on QP(C_, ) (Corollary 6.3), and a simple calulation based on (4.5) reveals that
o(p,z) = O(1/z) as * — 400, so that by Proposition 6.4, the multiplier norm of iaE;, remains bounded
as a — +00, it suffices to obtain (6.2) on a dense set of f in Q5(C_,0). By Proposition 6.1, finite linear
combinations of the functions Ey, with A € C4, span a dense subspace of Qf(C_, ), so we shall be content
to check that (6.2) holds for f of the form f = E), with A € C,. Since the norm of Ey in QP(C_,0) is
7(p, Im A\)*/? (Theorems 2.1 and 3.1, Proposition 6.1), and & (p,t) — 0 as t — 400, we have that
Xe' A

Eia (Z) —

iaE;y(2)Ex(z) — Ex(z) = Ex(z) =0 as Ry 2a— +o0,

o — A o — A

in the norm of QP(C_,0). By applying the operator M, to both sides, we arrive at (6.2) for the function
f=E\.

We now check that J,(&) is contained in J,,,(&). It suffices to show that for A € C. and f € &, the
function E) f may be approximated with finite linear combinations of M, f. This, however, is possible by
relation (6.1), if we use Riemann sums to approximate the integral. O

§7. Multipliers on spaces of densities

A C* function ¢ on C is said to be a multiplier on £P(X, ), provided that ¢g € £P(X,0) whenever g €
£P(%,0), and a norm estimate holds:

(7.1) legller (2,0 < C(0) 9]l er(s,0) -

In the special case p = 2, the norm on £P(X, o) is given by identity (2.5) in terms of the modulus of g, and
thus (7.1) holds for all ¢ € L>(X); in fact, L>°(X) is the space of multipliers on £3(X,0). For other p, no
such simple characterization holds. What one would need is a description of the convolution multipliers on
LP(R): the space M(X) of multipliers on £P (X, o) would then consist of functions ¢(z + iy) that for fixed y,
0 < y < 1, are Fourier transforms of convolution multipliers on LP(R), with norm uniformly bounded in y.
On the other hand, we do not really need a complete description of convolution multipliers. We make use of
the following simple observation.

Lemma 7.1. For p € M(R), the space of finite complex-valued Borel measures on R, and f € LP(R), the
convolution

+o0
prf@= [ fe-ndue),  sem
— 00

is in LP(R), and ||p* flloe) < llpllame) 1fllze). Moreover, M(R) is a convolution algebra, that is, for
v € M(R), pxv e M(R), and || vl pme) < llellme) 17Ilavw)-

This result is well known.

Introduce the space M(X) of all functions ¢ € L>*°(X¥) with the following properties: for almost all y,
0 < y < 1, the function ¢, (x) = ¢(x + iy) belongs to the Fourier image of M(R), and y — ¢, is a Borel
measurable uniformly bounded mapping ]0, 1[— FM(R),

ellamsy = esssup{[leyllzar) : 0 <y <1} < +oo.
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Define the space M(X) as follows: ¢ € M(X) means that ¢ is a Borel measurable bounded function on ¥,
such that y — ¢, is an everywhere defined Borel measurable uniformly bounded mapping |0, 1] - §M(R),

lellancsy = sup{lleyllgm) : 0 <y <1} < +oo.
By Lemma 7.1 and the well-known fact that the Fourier transform turns convolution into pointwise multipli-
cation, and vice versa, it is clear that the functions in 9(X) are multipliers on £°(%,0) (for 1 < p < +00),
and that the functions in (%) are multipliers on £'(¥,0). However, for 1 < p < +oo0, there are plenty of
multipliers on £°(3, ) which do not belong to ().
We note that this way of multiplying elements of 91(X) with densities coincides with the usual multiplication
of functions, if the density is a sufficiently well-behaved function. This follows from Lemma 7.2 below. Define

L! (R) to be the space of all (egivalence classes of) Borel measurable complex-valued functions f on R for
which

1
sup/ |f(z +1t)|dt < +oo.
z€ER JO

Lemma 7.2. (1 <p < +o0) If f € LP(R) and g € L*(R), and the Fourier transform §f is an element of
L, (R), then §(f x g) = §f - §g € Li,(R).
The proof is an exercise in distribution theory.

68. Smoothness properties of canonical densities and their Cauchy transforms: 1 < p < 400
Throughout this section, 1 < p < 400, and o :]0, 1] —]0, +o00[ is continuous, and satisfies (2.1). The weight
We,p is related to o by formula (2.2). We note that w,, € 20, by Section 4. In this section we study how
smoothness properties of the functions in the spaces QP(C_,0) and LP(X,0) vary with the weight o. For
instance, we want to know when the functions in QP(C_, o) extend continuously up to the real line, and when
the product of two functions in Q?(C_,¢) remains in QP(C_, o).

Proposition 8.1. (1 < p < 4+00) If the condition

/1 ¥
o to(t)”

holds, then the functions in QP(C_, o), initially defined in the open lower half plane C_, extend continuously

to the compactified lower half plane C_ U {oco}, and assume the value 0 at oco.

Note. (a) The above condition may be phrased in terms of w, p:

/+°° dt _3/1 dt
0 wop(OP P Sy to(t)P

(b) The condition of the lemma is fulfilled if 1/0? belongs to P,, 1/p' < s < 400 (notation as in Appendix
B).

Proof. If § € £P(X) has compact support in ¥, its Cauchy transform extends analytically to C_ U {oo} with
value 0 at co. For a general g € £P(X, o) we have, by inequality (2.10),

N
G < Wl (| ) < seC-

Approximating g in £°(3, o) by densities with compact support, we get the desired result. O

We study when the space of canonical extensions (see Section 2) to C of the functions in QP(C_, o), denoted
CHP(Z,0) = FLLP(R+ ,wy,p), is contained in L (C) N C(C). Here, C(C) is the Fréchet space of continuous
functions on C, with the topology of uniform convergence on compact subsets. The following lemma explains
what properties of HP (X, o) we should look for. The functions in the space L?(X) are tacitly assumed extended
to C by declaring them equal to 0 on C\ X.
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Lemma 8.2. Let q satisfy 2 < g < +oo. If h € LY(X), then €.h € L>*(C) N C(C), and there is a constant
C(q), 0 < C(q) < +o0, such that

[€hllLec) < C(@) IPllLas), ke LI(%).
Proof. The integral defining €, h is
h
€. h(2) :/ MO aso,  zec,
22z2—(

and it is absolutely convergent, because of the estimates (¢’ is the dual exponent to ¢: 1/¢+1/¢' = 1)

h(©)

k==
/Iz— 5 _/IC—Z/qu

The last estimate holds because of symmetry, and because 2 < ¢ < 400 is equivalent to 1 < ¢’ < 2. This
shows that €,h is bounded, and that the uniform norm estimate holds. To see that €,h is continuous, consider
a translate T;,C.h(z) = €.h(z —n) of €.h, where n € C. Computations analogous to those we have performed
already show that T, &.h is close to €.h in L>(C) if n is close to the origin. This demonstrates that €.h is
in fact uniformly continuous on C. O

ds(¢) >/
=—q7)

\ 4S(0) < Ihllocs) (

and

Recall from Appendix B the definition of the sets B, with 0 < s < 400, of fractional integrals of positive
Borel measures in ‘8. The easiest estimate of the size of canonical densities is the following; it shows that
they are bounded provided o™ &€ PB14p.

Proposition 8.3. (1 < p < 4+o00) If o belongs to PBsp for some s, 1/p' < s < +oo, we have for f €

LP(RF7WO'7P)
P f(z)| < Co(Imz)™ ", z €L,

wherer = (s —1—=1/p") /(s = 1/p'), and C = C(s,0,p, f) is a positive constant.
Proof. The assertion is immediate from Proposition 4.4 and (2.15), with n =0. O

Our next result provides L? norm estimates of canonical densities. For 1 < ¢ < +o00 and r real, the space
L1(X, 0™) consists of all (equivalence classes of) Lebesgue area measurable functions f on ¥ with the function
f(z)o(Imz)" in LY(X). The norm of f in this space is the L?(X) norm of f(z)o(Imz)" (in Section 2, we
multiplied by 2 to make the isometry work).

Proposition 8.4. Suppose o is such that o~ P belongs to Psp for some s, 1/p’ < s < +o0, and that g and
r are two real numbers, subject to the conditions max{p,p'} < ¢ < 400 and

1-2/q

1 <r<l1l- .
(8.1) 0<r< Py

We then have the estimate

||®pf||Lq(Z,a”’) < c ||f||L1’(R+,w,,,p)7 f € LP(RFva,P)a



30

where C = C(s,0,p,q,T) is a positive real constant which does not depend on f.

Proof. We begin by remarking that with the notation as in Section 2,

OV f(x +iy) = glf,pl(= +iy), z+iyel,
where , , ,
glfspl(t +iy) = —ie PP f(wep (1) [o(y),  t+iy €
recall that the tilde stands for taking the Fourier transform in the variable . An application of the Hausdorff-
Young theorem [28, p. 178] shows that (2 < q)
||©Pf( +7/y) |Lq - ||Sg f7 +Zy)||Lq(R) S (27T)l/q||g[f7p]('+iy)||Lq’(R+)7

where ¢’ is the dual exponent to ¢: 1/¢+ 1/¢' = 1. By applying Holder’s inequality (with three factors), we
get

[e'e) 27T o0 ., , ) Q/Q’
8.2) | oo iniie s — 22 ( ALV OTNOE dt)
0

—oo o(y)awr—re

2 00 q/p—1 00 , , q/p' -1 00 , ,
, ( / |f<t>|m,p(t>pdt) ( / Ry (1) Rdt) / e~ | £(1) [Py p ()77

< -
~ o(y)w-re
=20 IS5 ) 70 B )~ 17 [ O w07 o)

where R = (1/p—1/q)/(1/p' —1/q), and & is as in (4.5). Proposition 4.5 supplies us with an estimate of &,
so that (8.2) condenses to

(oo}
63 [ oW sl <C Ik, ., o0 / | )P (7 () 7
where C = C(s,0,p,q) is a positive constant, and

1-2/q
A= -1 <
q<r +8—1/p’> =0

by assumption (8.1). Since o ¢ PR C Pi, o is decreasing, and the exponent A is < 0, o(y)* < o(1)4, so
that if we introduce another constant,

1
C= 5 C(87 o, P, q) U(I)Aa

we may therefore obtain from (8.3) the simpler estimate

(8.4) / oY) YD f(z +iy)|de < C ||f||Lp (Riywo.p) 2/0 o—typ’ |F(O)|Pwq.p )p+p’0_(y)_p’dt7

— 00

On integrating (8.4) with respect to the y variable, we get

1 o)
/E o(Im 2)"|D7 f(2)|"dS(2) < O | fll 1ol o, ) -2 /0 /0 e | f(1)Pwop (1) o (y) 7 dtdy
=C ||f||ip(R+,wv,p)-

The proof is complete. [

In view of Lemma 8.2, Proposition 8.4 has the following corollary.
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Corollary 8.5. (1 < p < 400) Suppose 07 € R, with max{1/p,2—3/p} < 5. We then have €, H?(Z,0) C
L>*(C)NnC(C), and
182l < C Wflirm, s € IP(Ryswy),

holds for some constant C = C(s,o0,p), 0 < C < 4o00.

Proof. Pick ¢ > max{p,p'} very close to max{p,p'}. Proposition 8.4 (with r = 0) then asserts that
DPLP(Ry,wep) C LY(X). In terms of norms, we have the corresponding inequality

197 fllLa) < Clflle@iwonys  f € LP(Ry,wop),

for some constant C' = C(s,0,p,q), 0 < C < +00. The assertion of the corollary now follows from Lemma
8.2. O

Recall the definition of the space 9(X) in Section 7. The next result follows from Corollary 8.5 and
Proposition 2.9.

Corollary 8.6. (1 < p < +00) Suppose o P e PBsp with max{1l/p,2 —3/p} < s. Then the restriction of of
S f to Zis in M(X) for f € LP(Ry,wyyp), and

182 sy < C Mfll oy, ys F € LP(Re woy),

for some constant C = C(s,0,p), 0 < C < 4o00.

To handle multiplicative properties of the spaces QP(C_,0), we need to know when Leibniz’ rule applies
in the sense of distribution theory.

Lemma 8.7. Let Q) be a domain in the complex plane, and let f,g € C(Q) be functions whose O derivatives,
0f and dg, taken in the sense of distribution theory, belong to Ll (Q). Then fOg and g 0f are also in L} (),

and Leibniz’ formula holds: 0(fg) = fOg+ gOf. Both sides of this identity are to be interpreted in the sense
of distribution theory.

Proof. Smooth up f and g by convolving them with a C'°*° approximate convolution identity. Then apply
Leibniz’ rule to the smoothed up functions, and make an appropriate passage to the limit. Interpreted in the
sense of distribution theory, this yields the result. O

We now deal with the multiplicative properties of the spaces QP(C_, o).

Proposition 8.8. (1 < p < +00) Suppose o P e PBspr with max{1/p,2—3/p} <s. Thenif f,g € QP(C_,0),
we have fg € QP(C_,0), and moreover, there exists a constant C' = C(s,0,p), 0 < C < 400, such that

||fg||Qp((c, o) = ¢ ||f||Qp((c,7g) ||9||Qp((c,7g) .
1t follows that QP(C_,0) is a commutative Banach algebra under pointwise multiplication of functions.

Note. We consider the more general definition of a Banach algebra with the norm of a product bounded by
a constant times the norms of the factors.

Proof. By Theorem 2.1, we can find functions ¢,v¢ € LP(R;,w,p) with o = f and ¢ = g, having the
same norms as f and g do in QP(C_, o), respectively. The functions f, = Fty and g, = FL then provide
extensions to the whole complex plane of the functions f and g (see Section 2), which are bounded and
continuous (Corollary 8.5), and satisfy f. = DPp € £P(X,0) and dg. = DPyp € L£P(X,0). By Proposition
8.4, 0f, and dg, belong to L(X) for some ¢ €]2, +oo[. By Lemma 8.7 (with Q = C), 9(f.gs) = f0gs + g0 fx,
and consequently, 3(f.g.) € £2(X, o), in view of Corollary 8.6. An application of Proposition 2.7 shows that
fgisin QP(C_,0), and it is easy to verify that the claimed norm inequality holds. O

If we recall the well-known fact that the Fourier transform turns convolution into ordinary pointwise
multiplication of functions, Proposition 8.8 has the following consequence, in view of Theorem 2.1.
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Corollary 8.9. (1 < p < 400) Suppose o P e PBsp with max{1/p,2—3/p} < s. Thenif f,g € LP(R},wsp),
we have f* g € LP(Ry,w, ), and moreover, there exists a constant C = C(s,o,p), 0 < C' < +00, such that

1 %0y < C oy 19 oz
Remark 8.10. Tt is possible to arrive at the conclusion of Corollary 8.8 in a more elementary way, as we shall

see. By Proposition 4.2, the assumption oF € Bspr, for some s, 0 < s < +00, entails that there exists a
weight & in 20, with & < wg,p.

Claim. For 1/p' < s < +00, there is a constant C, 0 < C' < +00, such that
(a*p’ *arp’) () <Co(x)", zeR,.

To this end, note that &(t) = (1 + t)°W,(t), where ©s € 20, so that what needs to be checked is

T (1 + m)splas(m)p/ dt
< .
/0 (1+;U—t)8p/(1+t)sp/&8(m_t)p/as(t)p, _C, Z'EM

By Proposition 4.3, 0s(0)@s(x) < @s(x — t)@0s(t), and consequently, it is sufficient to verify that

e (14 z)%2'dt
<
/0 (1+a:—t)sp’(1+t)sp’—c’ v e R,

if we change the value of the constant C' by multiplying it with @, (0)”’. This is very easy to check, if we
use that 1/p’ < s < +o0; notice the symmetry of the integrand, and split the integral at the middle point
z/2. O

Since wy , < W, the assertion of Corollary 8.8 follows from the above claim and the following lemma.
Lemma 8.11. (1 < p < +00) If a weight function w on Ry satisfies (w*p’ * w*pl)l/pl <Cw ! on Ry, then

1f % 9lle @, w) S C I llLe@yw 190 Le @ w) - f,9 € LP(Ry,w).

Proof. By Holder’s inequality,

/Om |(f * 9)(2)[Pw(z)’dz = /;Oo /0 FW)g(x —y)dy

< [ oter (] Wy ([ 1w Plate = lratrata - pray) do

“+00 x
<o [0 [ irwPetlate —pPote = dyde = 07 1l o Nl

P
w(z)Pdx

as claimed. O

Remark 8.12. By Proposition 4.2 and Lemma 8.11, the assertion of Proposition 8.8 actually holds for all s,
1/p' < s < 400. The point with the approach chosen here is that with the excessive regularity condition, we
know that the reason why QP(C_, o) is a Banach algebra is that the canonical extensions to C of the functions
in QP(C_, o) are sufficiently smooth.

We need to identify the maximal ideal space of the algebra QP(C_,o); however, since this algebra lacks a
unit, it is preferable to consider instead the unitization Q2(C_,0) of Q?(C_,0).
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Proposition 8.13. (1 < p < 4+00) Suppose A= PBop for some s, 1/p' < s < o0, so that QP(C_,0) is
a Banach algebra. Then the mazimal ideal space of the unitization QP(C_,0) of QP(C_,0) coincides with
C_ U {00}, in the sense that every nontrivial complex homomorphism 7 : Q2(C_, o) — C has the form

T(f) :f(ZO)a fEQg((C—7O')7

for some 29 € C_ U {0}.

Proof sketch. Check first that a nontrivial complex homomorphism is a point evaluation on the functions Ej,
A € C;. Then use Proposition 6.1 to show that it is a point evaluation on all functions. O

Remark 8.14. Some condition on ¢ is needed to ensure that QP(C_, o) is a Banach algebra. To illustrate this
point, take o(t) = 1, so that Q?(C_,o) becomes the Dirichlet space, which contains unbounded functions,
and hence is no Banach algebra, yet o2 is in P, for all s, 0 < s < 1/2.

§9. More on smoothness properties

The parameter p has 1 < p < +oo (p is the dual exponent), and w, , and o are as in Sections 2 and 3.

As in Section 8, we study canonical densities, that is, elements of HP(X,0) = DPLP(R},wy ), and their
global Cauchy transforms. This time we want to get more smoothness than what implies a Banach algebra
structure.

Proposition 9.1. (1 < p < +o0) Suppose o s in PBsp for some s, 1/p) < s < +o0. Fiz 6y and 6,
o=1—(s—1/p")"L, 0, =1—2(s—1/p')" L. Then the estimates

||©pf||Lw(27090) <C ||f||LP(R+7Wcr,p)’
||6w©pf||LOO(E7g-91) S C ||f||L"(R+7wcr.p)’

hold, for some positive real constant C = C(s, 0, p).
Proof. The assertion of the proposition follows from (2.15) and Proposition 4.4. O

For f € L'(Ry,w, 1), we identify the function with the corresponding absolutely continuous measure, and
thus write D! f for the density associated with the measure f(t) dt,

D' fz +iy) = % exp(yto(y)) exp(—its(y)z) fots(y) |t,(y)], x+iyeX.
By (3.3), this may also be written as
D' f(z +iy) = %‘Ey()y)) exp(—its (y)z) foto(y) [t,(y)],  z+iye .

For p =1, the following result is helpful.

The analog of Proposition 9.1 for p = 1 is obtained through an argument slightly different from what was
used for 1 < p < +00. The space L (R, ,w,.1) is needed, which consists of all Lebesgue measurable functions
f on Ry, subject to the norm condition

||f||Loo(R+7wU‘1) = ess-sup{wa71(t)|f(t)| 1 te ]KL} < +00.
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Proposition 9.2. (p = 1) Suppose w,1 € W, for some s with 0 < s < +o0o. Then, with 8y =1 —2/s and
6, =1 —3/s, the following estimates hold, for f € L' (R} ,wy1) N L¥(Ry,wy 1),

||©1f||L°°(E,a'90) S C ||f||L°°(R+7wc,‘1)7
||az©1f||L°°(E7o'91) S C ||f||L°°(R+,wg-,1)7

where C = C(s, o) is a positive real constant.

Proof. Note first that by the definition of the density ®'f, we have for integers n =0,1,2,...,

(="
2io(y)

ND fx+iy) = (—ite(y))" D' fz +iy) = fote(y)wen ots(y) exp(—izts(y)) to ()" |t (y)],

so that

ngyl . tlT(y)n |t:7'(y)| -
oD f(x + < ———7—= oo rT+iyeX
| T f( Zy)| — 2 (y) ||f||L (R+7w0‘1)7 Zy ?

at least almost everywhere. The assertion now follows from Lemma 4.6. O
Lemma 9.3. (p=1) For each f € L' (Ry,w,.1), the restriction to X of FLf is in M(X); in fact, ||3€f||9n(2) <
||f||L1(R+,wcr,1)'

Proof. This follows from Proposition 3.5. O

As in Section 6, the space Q§(C_, o) is the Fourier image of L' (R} ,w,,1), which is a proper closed subspace

of Q1(C_, o).

Proposition 9.4. (p = 1) When equipped with pointwise multiplication of functions, the space Q' (C_, o) is
a commutative Banach algebra with unit, and Q{(C_, o) is a closed ideal in it.

Proof. The space M(Ry,wg,1) is a convolution algebra, because w,1 is submultiplicative, by Proposition 4.3.
Moreover, L' (R} ,w, 1) is the closed ideal of all absolutely continuous measures in M(Ry,wy,1). The result
follows by taking Fourier transforms. O

Remark 9.5. 1t is possible to obtain the assertion that Q§(C_, o) is a Banach algebra by working with canonical
extensions, as in Section 8.

We identify the unitization Q! (C_, o of Q}(C_, o) with the subalgebra of Q*(C_, o) generated by Q4(C_, o)
and the constant functions.

Proposition 9.6. (p = 1) In the sense of point evaluations, the closed lower half plane C_ is an open subset
of the maximal ideal space of Q' (C_,0). Moreover, in the same sense, the mazimal ideal space of QL(C_, o)

is C_ U {oo}.

This result is well known.



35

§10. Holomorphic continuation of the resolvent transform

Let p be in the interval 1 < p < +o00, p' be the dual exponent to p, and w,, be related to o as in Sections 2
and 3 for appropriate weights o.

The resolvent transform of an element ¢ of the dual space to LP(Ry,w, p), identified with the weighted
space L (R, , wj ) on Ry, was introduced back in Sections 2 and 3 (relations (2.21) and (3.11)):

+0o0
(10.1) Re(\) = —i /0 exp(itA) ¢(t)dt, A€ Cy.

The function R¢ defined by relation (10.1) is analytic on the upper half plane C,, and by the uniqueness
theorem for the Fourier transform, it vanishes identically if and only if ¢ = 0. The idea to use such a
transform to gather information about the structure of closed ideals in a Banach algebra goes back to Arne
Beurling, Torsten Carleman, and Izrail Gel’fand [13]; as far as we know, Gel’fand has the earliest paper using
this method, and he also has, in a simple special case, the elegant way of getting the analytic continuation
which was later rediscovered by Yngve Domar [8]. Beurling’s and Carleman’s contributions have been more
influential, and what we refer to here as the resolvent transform is frequently called the Carleman transform
in other research papers.
In terms of the bilinear form

+00
= d
o= [ g
we may rewrite (10.1) as
(10.2) Rop(A) =(ex,0), A eCy,

with ey as in Proposition 6.1:

ex(t) = —i exp(iAt), teRy.
For 1 < p < +00, the Fourier transform maps L? (R, ,w, ) isometrically onto Q?(C_, o), by Theorem 2.1. As
a consequence, the functional ¢ on LP(Ry,wy ) corresponds to a bounded linear functional ¢ on Q*(C_,0),

~

and in terms of bilinear forms, we write (§f, ¢) = (f, #). We may thus write (10.2) as

~

(10.3) Rp(A) = (Ex,9), A€y,

where E)(z) = §ex(z) = (A—z) 1, as in Proposition 6.1. For p = 1, the Fourier transform maps M (R} ,w, 1)
isometrically onto Q*(C_,0), by Theorem 3.1. Extend the functional ¢ to all of M(Ry,w,1) by declaring
(&, ¢) = 0 for measures ¢ that are singular to linear Lebesgue measure. This extended ¢ then corresponds
to a bounded linear functional ¢ on Q'(C_,0) via (3{,5} = (£, ), and (10.3) holds for p = 1 as well. We
intend to study resolvent transforms SR¢ of mean-periodic functions ¢, that is, functions in the annihilator
of a non-zero, closed, right translation invariant subspace of LP(Ry,w, p). In particular, we investigate the
possibility of holomorphically extending R¢ across parts of the real axis. The purpose is to show that under
certain conditions, RR¢ is an entire function; we shall later show that R¢(A) = 0, which by the uniqueness
theorem for the Laplace transform implies that ¢ = 0.

Consider a closed, right translation invariant, nonzero subspace I of LP(Ry,w, ), other than the zero

subspace {0}, and assume that ¢ € L¥ (Ry,w,,) annihilates I. In other words, J = F(I) is a closed

(nontrivial) subspace of Qf(C_, o), invariant under the operators M,, z € Ry, which were introduced in
Corollary 6.3. It is a consequence of Proposition 6.5 that J is then also invariant under multiplication by the
functions Ej, for A € C,.. Introduce, for every A € C, the function
. A—z
Ax(z) =1+ (A —9)Ei(2) = , zeC_,

11—z
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and note that it is clear from this formula and Proposition 6.4 that A, is a multiplier on QP(C_, o), which
for p = 1 preserves Q}(C_, o), for every A € C. Again by Proposition 6.4, Ay is invertible as a multiplier
provided that A € C,, if we use the identity

11—z

AT == =1-(A-)B(),  zeC.

Now, E) = A;lEi for A € C4, so that relation (10.3) may be written as
(10.4) Ro(\) = (A, Ei8),  A€C,.

Since we know J is invariant under multiplication by the function E;, it makes sense to consider the operator
A\[J]:QP(C_,0)/J = QP(C_,0)/J, as given by

AUNfF+T)=Af+J, feQF(C_,o).

The condition that ¢ annihilate I is equivalent to the requirement that $ annihilates J, which permits us to
think of ¢ as a acting on the quotient space QP(C_,o)/J. We are now in a position to extend the definition
of the resolvent transform via the formula

(10.5) Ro(\) = (AilJ] (B + 7). 9),  AeQ),

where 2(J) denotes the invertibility domain for Ax[J], that is, the set of A € C for which the operator Ay[J]
is invertible.

Proposition 10.1. (1 < p < +00) The set Q(J) is open, and it contains C, .

Proof. Since Aj itself is invertible as multiplier on QP(C_,0) for A € C;, it is evident that Q(J) contains
Cy. We proceed to show that (J) is open. To this end, suppose \g € Q(J), so that Ay, [J]~! exists. We
shall show that there exists an ¢, 0 < ¢, such that if A € C has |A — Ag| < &, then X\ € Q(J). Let E;[J] denote
the operator QP(C_,0)/J — QF(C_,0)/J that multiplies the cosets by F;. Then, if

e AN M- 1B < 1,

we have the identity
(10.6) AN =AY (o = N (As THELD) "
n=0
for |A — Ao| < &, which does it. O
Remark 10.2. Tt is clear from (10.6) that the function 2R¢, given by (10.5), is holomorphic on Q(J).
The following lemma explains what we need to check to know whether a point is in Q(J).
Lemma 10.3. (1 <p < +0o0) A4 point A € C belongs to Q(J) if and only if (a) AxQP(C_,0)+J = QP(C_,0),
and (b) if f € QP(C_,0), and Axf € J, then f € J.

Proof. By the definition of the set Q(J), the point A belongs to it if and only if A)[J] is invertible, which
means that it is one-to-one and onto. The assumption (a) of the lemma is exactly the condition that Ay[J]
be onto, and (b) means that Ay[J] is one-to-one. O

For p = 1, consider the set £(J) of all A € C for which A, o[J], the restriction of A;[J] to Q{(C_,0)/J,
is invertible Q§(C_,0)/J — Q4(C_,a)/J.
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Lemma 10.4. (p = 1) The space Q'(C_,0) is a commutative Banach algebra with unit under pointwise
multiplication of functions, and Q{(C_,0) is a closed ideal in it. Thus, the operators Ax[J] and Axo[J] are
invertible simultaneously, that is, Q(J) = Qo(J).

Proof. That Q'(C_,0) is a commutative Banach algebra with unit follows immediately from the fact that
M(R; ,ws,1) is a commutative convolution Banach algebra with unit, which is verified using the essential
submultiplicativity of w,1 stated in Proposition 4.3. Hence Q'(C_,o)/J is a quotient Banach algebra.

Suppose Ay[J] is invertible; then multiplication by Ay + J maps Q'(C_,0)/J onto Q*(C_,)/J, which is
only possible if Ay + J is invertible in Q(C_,0)/J. Since Q}(C_,0) is a closed ideal in Q*(C_, o), and J is
contained in it, multiplication by (Ax + J)~! on Q§(C_, )/ J is the inverse of A, o[J].

On the other hand, suppose A, [J] is invertible. Then the image of Q}(C_,0)/J under the operator
Ax[J] is all of Q4(C_,0)/J, and since Ax[J](1 + J) = Ax + J belongs to the unitization Qg .(C_,0)/J of
Q5(C—,0)/J, but not to Q5(C—,0)/J itself, the image of Qg ,(C_,0)/J under the multiplication by Ax+.J is
all of Qg .(C—,0)/J. Then Ay +J is invertible in Qg ,(C—,0)/J, and thus in the larger algebra Q*(C_,0)//J.
This supplies the inverse to Ax[J]. O

In view of Lemma 10.3, we define Q'(J), the weak invertibility domain for A,[J], as consisting of all points
A € C for which

(10.7) A\QP(C_,0) + J = Q*(C_, o).

Then clearly Q(J) is a subset of ©'(.J). To better understand this definition, we need the following result,
which is of independent interest.

Proposition 10.5. (1 < p < 400) For A € C;, we have AyQP(C_,0) = QP(C_,0), and for A € C_,
A\QP(C_,0) ={f € Q°(C-,0) : f(A) =0}

For X\ € R, we have either that A\QP(C_,0) is dense in QP(C_, o), which happens when

Lot
10. =
(10,8 | w =+

or that its closure coincides with
{fe@"(C_,o): f(A) =0},

which occurs in case

Loat

Proof. Since A, is an invertible multiplier on QP(C_,0) for A € C;, we immediately have A\QP(C_,0) =
QP(C_,0). So, let A € C_. Since A, vanishes at the point A, we clearly have that A \QP(C_, o) is contained
in the subspace of all functions in QP(C_, o) that vanish at A. To obtain the reverse inclusion, we argue as
follows. Note that |A)(z)| is bounded away from 0 off a neighborhood of A, and bounded away from +oo
off a neighborhood of i. Suppose f € QP(C_,o) has f(A) = 0. In view of the results in Sections 2, there
exists a canonical extension f, € €,.£P(X, o) to the whole complex plane of the function f, and by Proposition
2.7, it satisfies f, € L. (C) and 0f. € £7(%,0). Since f(\) = 0, the function g = f./A, is holomorphic
off the closure of ¥, and it also belongs €, £P(X, ), because g € L. (C), and dg = 0f./Ax € £P(X,0) (use
Proposition 2.7).
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We finally turn to the case A € R. Simple algebra shows that the function
Naf(z) = f(z) — f(N) Ei(2)/ Ei(\),  z€C_,

belongs to A\QP(C_, o) for all f in QP(C_, o) that are finite linear combinations of the functions Ey, with
A € C4. If condition (10.9) is fulfilled, then by Proposition 8.1, point evaluation at A is a bounded linear
functional, so that an approximation argument based on Proposition 6.1 proves that Ny f is in the closure of
A\QP(C_,0), for every f € QP(C_,0). But it is easy to see that Ny@QP(C_,o) consists of all functions in
QP(C_, o) that vanish at \.

If A € R, but (10.8) holds, we adopt a different modus operandi, based on duality. Let ¢ € v (M,w;;)
be such that the associated bounded linear functional z/p\ on QP(C_, o) annihilates A\QP(C_,0). If we can
show that this ¢ must equal 0, then the claim that A QP(C_,0) is dense in QP(C_, o) follows immediately.
The resolvent transform of 1 is given by the formula Ry(¢) = <E<,’QZ> for ¢ € Cy. Since 7 is assumed to
annihilate A\QP(C_,0), we have (A\E¢, {E) =0 for ¢ € Cy, and in view of the identity

A—i

E¢(z) — Ax(2)Ec(2)/AN(C) = No¢ E;(2), zeC,
we can now assert that
R(0) = (B~ MEe/Ar(O. D) = 3 —¢ (Bt = 3= WU, CE€Ch

By the uniqueness theorem for the Fourier (or Laplace) transform, this entails that as an element of
L (Rt w, ),
P(t) = (i = \) Rep(i) exp(—iXt),  t€Ry;

+oo dt 1/p'
||1/}||LP’(R+M;;,) = [A =i [Ry(3)] (/0 7)19’) ’

wop(t

which is finite only if SR (i) = 0, by the note right after Proposition 8.1. Thus 2R (() = 0, so that ¥ = 0.
The proof is complete. [

its norm is

The details of the proofs of the following two propositions are left to the interested reader. The results are
of value when one tries to work with weights o for which QP(C_, o) is not a Banach algebra.

Proposition 10.6. (1 < p < 4+00) The weak invertibility domain Q'(J) is open. Moreover, we have the
relation C_ N Q'(J) =C_ \ Z(J,C_), where

Z(J,C_)={z€C_: f(z)=0 forall felJ}.

Proof sketch. To see that Q'(J) is open, one expresses (10.7) in terms of the adjoint operator to Ax[J]. For
the proof of the identity C_ NQ'(J) = C_ \ Z(J,C_), appeal to Proposition 10.5. O
Proposition 10.7. (1 < p < +o00) If the set RN Q' (J) is nonempty, we have Q(J) = Q'(J).

Proof sketch. As in the proof of Proposition 10.6, work with the adjoint operator to Ax[J]. Standard operator
theory arguments then show that each boundary point of Q(J) on the real line R must also be a boundary
point of Q'(J), whence the assertion follows. O

At this point, it is helpful to assume that Q?(C_, o) has a Banach algebra structure, in order to identify
Q(J) and Q'(J).
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Proposition 10.8. (1 < p < 4o00) Suppose either p = 1, or o ¢ PBspr for some s, 1/p' < s, so that
QP(C_,0) is a commutative Banach algebra under pointwise multiplication of functions. The weak invertibility
domain Q' (J) and the invertibility domain Q(J) for Ax[J] coincide, and equal Q'(J) = Q(J) = C\ Z(J,C_),
where

Z(J,C_)={z€C_: f(z)=0 forall feJ}.

Proof. We first consider 1 < p < +o0, assuming only that (10.9) holds, which ensures the boundedness
of point evaluations on the real line (Proposition 8.1), so that the definition of Z(.J,C_) makes sense. By
Proposition 10.6, all we need to check is that RN Q'(J) = RN Q(J) = R\ Z(J,C_). Given the elementary
property of bounded holomorphic functions on C_, continuous in the closed lower half plane C_, that they
either vanish identically, or vanish on the real line at most on a closed set having one-dimensional Lebesgue
measure 0, Proposition 10.7 shows that we in fact only need to check that RN Q'(J) =R\ Z(J,C_).

If A € RN Z(J,C_), then (10.7) cannot hold, because the functions on the left hand side all vanish at
A, whereas this is not so for the functions on the right hand side. This shows the inclusion R N Q'(J) C
R\ Z(J,C_).

To obtain the reverse inclusion, suppose A € R\ Z(J,C_). We note that by Proposition 10.5,
A\QP(C_,0) is dense in the subspace with codimension 1 in QP(C_, o) consisting of all functions vanishing at
A, so that since J contains a function that assumes a non-zero value at A, we must have that A\QP(C_,o0)+J
is dense in QP(C_,0).

We now make use of the powerful Banach algebra assumption, for general p. The maximal ideal space
of Q(C_,0) was identified in Propositions 8.13 and 9.6. The maximal ideal space of Q2(C_,o)/J is then
(canonically) identifiable with Z(.J,C_) U {oo}, and the operator Ay[J] is identified with multiplication with
the element Ay + J in the space QF(C_,0)/J. One checks that Ay + J is invertible in Q?(C_,0)/J if and
only if A € C\ Z(J,C_), by verifying that this is precisely when the Gelfand transform of Ay + .J lacks zeros.
However, A[J] is invertible if and only if Ay + J is invertible in Q2(C_,0)/J. O

§11. The quick estimate of the resolvent transform

We continue our discussion from Section 10, with a particular interest in obtaining size estimates of the
resolvent transform 3. The function ¢ € L” (Ry,w, ;) of course remains in the annihilator of I, and thus

the associated functional 5 remains in the annihilator of J. By Proposition 6.1, we have the estimate
(11.1) Re(N)]| < C(9)T(p, ImN)/?, A€ Cy,

where C(¢) = ||gz§||Lp/(R+yw;;). This only estimates 3¢ in the upper half plane, but as we know, this function

has a holomorphic continuation to the invertibility domain Q(J) (Remark 10.2), since ¢ annihilates J. We
assume in the sequel that the weak invertibility domain Q'(.J) has the property that Q'(J) N R is nonempty,
which, by Proposition 10.7, ensures that Q(J) = Q'(J). Proposition 10.6 (and Proposition 10.8 for p = 1)
informs us that in our situation we have Q(J)NC_ = C_ \ Z(J,C_). We would like to have an estimate of
the size of R¢ in C_ \ Z(J,C_). To this end, we introduce, given a function f € QP(C_,0), its backward
shift with respect to the point A\, A € C_,

fA) = 1(2)
A—z

and we note that A is a removable singularity of this holomorphic function. One interesting observation about

Sxf is that it automatically belongs to QP(C_, o), for the following reason. If f. € €, HP(X,0) (HP(X,0) is

the subspace of £°(X,0) of canonical densities) is the canonical extension of the function f to the complex
plane, then the function
f+(A) = f+(2)

Sxfe(z) = T a_, z € C\ {A},

Sxf(z) = ze C \{A},
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is an extension of Sy f, which belongs to L_(C) (f. does, see Propositions 2.7 and 3.3), and its 0 derivative is
ISfi(z) = =0fu(2)/(A=2),  z€C.\{A},

which clearly is in £P(%,0), because df, is, and the function (A — z)~! is an element of the multiplier space
M(X). Moreover, we have the norm control

”aS)\f*”sp(z,a) S ||af*||£1’(2,a') /IIm Al = ”f“QP((CﬂtT) /1Tm Al.
Propositions 2.7 and 3.3, together with the definition of the norm in QP(C_, o), now assert that
(11.2) 1Sx fllgr (e .oy < 053 Fellen(s.0) < I llgo(e oy /1 TmAL

from which it is immediate that Sy f is in QP(C_,0). Let Z(f,C_) denote the zero set of the function f in
C_. It is now claimed that for f € Jand A € C_ \ Z(f,C_),

(11.3) AU E + ) = S\fIFN) + T

holds. We know that Ax[J] is invertible, because A € Q(J), so it would be sufficient just to check that
A\Sxf/f(N) — E; € J. But this is obviously true, by Proposition 6.5, because

AN(R)S\f(2)/f(N) = Ei(z) — Ei(2) f(2)/f(A),  zeC_.

If we combine identity (11.3) with norm estimate (11.2) and the definition (10.5) of R¢, we are left with the
estimate

C(9,/f)

(11.4) IRB(N)| < TFOV[ - [Tm A’

reC \Z(f,C),

where C(¢, f) = ||¢||LP’(R+,W;},) I fllge(c_ > and f € J is arbitrary.
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§12. The holomorphization process: p = 2
In this section we provide (for p = 2) the tool which enables us to prove the Main Theorem without resorting
to the log-log theorem, which permits us to work with quasianalytic weights.

We proceed as in [5] to obtain more information about the resolvent transform R¢ of ¢ € LZ(M,w‘;%),
which is an element perpendicular to the closed right translation invariant subspace I, I # {0}. We recall
that J stands for the Fourier image §(I) of I. At this point, it is convenient to make the assumption that
02 € Py, for some s, 1/2 < s < +00, so that the Fourier image of L*(Ry,w,,2), @*(C_,0), will be a Banach
algebra (Corollary 8.8), and (Proposition 10.8 and Remark 10.2) R¢ is holomorphic on Q(J) = C\ Z(J,C_).

Let f be a function in J which does not vanish identically, and let f. denote the canonical extension of f
to C, which is an element of the space €,H?(X,0) (see Section 2). By Proposition 2.7, 8f. € H?(¥,0), and
f« = €.0f., and according to Corollary 8.5, we also have f, € L>(C) N C(C), because of the assumption
made on o.

Let g and r be real numbers such that 2 < ¢, 0 < r, and (8.1) holds (just choose ¢ sufficiently close to 2 to
ensure that the right hand side of (8.1) is (strictly) positive). Proposition 8.4 then tells us that df, € L(%,0")
(because Jf, is a canonical density), and that

(121) ||5f*||Lq(E,a"”) < 0(8707Q7T) ||f||Q2((C_ o) "

Now, let 7 : C — [0, +00[ be defined by 7(2) = ¢(Imz)~! for 2 € ¥, and by 7(2) =0 for z € C\ X. For A € C
and v €]0, +oo[, D(),~) denotes the open disk centered at A € C with radius v; we agree that D(),0) = 0
and D(\, +00) = C. Given a real parameter €, 0 < £, and a point A € C, let v(\, ¢; f«) be the largest number
v, 0 <~ < +00, with the property that

(12.2) £.(2)] > max{r()",e}, 2 € D(A\),
holds. In the sequel, we shall assume that we have picked a point A for which 0 < y(A,€; f,). Denote by x5
the characteristic function of D(/\,y()\, €; f*)), and consider the function
F{(2) = =x3(2) 0fu(2)/ fu(2), 2 €C,
where we treat the right hand side as identically 0 off the disk D(X,y(\,&; fi)). Since 0 < & < |fi| on

D()\, YA €; f*)) by (12.2), and 9f. € £3(%,0), we have that F vanishes on C\X, and also that F§ € £3(%,0).
If we use (12.2) and the properties of 7, we get

[ 1Es s ) < [ s o(m e 1as ),
by by

so that if we invoke (12.1), we arrive at

(123 VES ooy < C(5,0,0,) Il o -

The global Cauchy transform €, F¥ belongs to the space ¢.£%(%,0), and consequently, its restriction to C_,
¢F%, isin Q*(C_,0). By (12.3) and Lemma 8.2, €, F¥ is in L>(C)NC(C), and its uniform norm is controlled
by

(124) ||Q:*F§||L°°(C) S C(S,U,q,r) ||f||Q2((C77g') 5

where the constant appearing in (12.4) may be different from the one in (12.3). Let the function G5 be defined

by the relation
1
G5(z :—exp(QI*FEz —QZ*FE)\), zeC
)= 7 X() - B W)
This is a bounded and continuous function, and we would like to identify its & derivative. For this, we need
the following lemma.
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Lemma 12.1. Let g € C(C) have the property that dg € LL (C). Then g(exp(g)) = exp(g) 0g in the sense
of distribution theory.

Proof. Analogous to that of Lemma 8.7. O

We can now safely assert that

3G3(2) = G () = 15 =x0(GFX(2) - W) Fi(2), =€

so that 5G§\ € £%(X,0). Since G5 is bounded, Proposition 2.7 therefore tells us that G5 — 8(G5) is in
€. £%(%,0), where 3(G5) = exp(—€.F5(\))/f«(\) denotes "the value of G5 at infinity”. In particular, the
restriction G5 |c_ belongs to Q?(C_, o). We have the uniform norm estimate

1
£ (V)]

The function G5 f. is in L>°(C) N C(C), and by Leibniz’ rule, applicable by Lemma 8.7,
(G (2)fe(2)) = G5(2)0f.(2) + [.(2)0G5(2)
= (0fc(2)+F5(2) f<(2)) G5 (2) = (1 = X5(2)) G (2)0f<(2),  z€C.

It follows that Gf f. is holomorphic on D(/\,y()\,s; f*)), and by inspection, G5 (A) f«(A) = 1. We conclude
that the function given by the formula

(12.5) [GSlLe () < exp (2[|€. FX| L= (c))-

1 - f.()G5(2)

(12:6) H3(2) = — 20,

ze C\ {A},

has a removable singularity at z = A, and that it too is holomorphic on D()\, YA & f*)). We have moreover
H$ € L>*(C) N C(C). On applying the d-operator to the function Hf, we get the expression

(12.7) OHS (2) = —G5.(2)0f.(2) 1—%_1(2) z € C\ {\},

so that since 0f. € £2(%,0), the above formula shows that 0HS € £2(X,0). Identity (12.7) is what makes
the whole construction tick! For, as we compute the norm of 5H§ in £%(3,0), we are no longer concerned
with the norm of G§|c_ in Q%(C_,0), all that matters is its norm in the space of multipliers on densities,
which in this case is L>°(¥). It is clear by (12.6) that H§ vanishes at infinity, whence H € €,£%(¥,0), in
view of Proposition 2.7. Formula (12.7) permits us to make the estimate

_ G52 _
/Z|5H§(z)|2a(1mz)2d5(z)gi(;[7%fﬁ /E|8f*(z)|2a(1mz)2d5(z),

or, using (2.5),
(123) 085 25,0y < 3275 165 2oy 1

| Mz = 5557y 10 Mllare.
Estimates (12.4), (12.5), and (12.8) combine to yield the norm estimate

€ arre ||f||Q2((C_,a')
(12.9) ||H>\|C7 ”Qz(ﬁ o) < ||6H)‘||22(Z7a') < m -exp(C(s,0,4,7) |1 fllo2(c_ o))
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The reason why we are interested in this function Hj is that if A € Q(J) = C\ Z(J,C_), then

~

(12.10) Ro(A) = (Hx, 9)-
To see this, note that since A € Q(J), the operator A[J] is invertible (notation as in Section 10), and
AT HE+J)=Hic +J

holds, because
Ei(z) — Ax(2)HX(2) = f(2)G5(2)Ei(2),  z€C_,

so, since f € J, and J is a closed ideal in Q*(C_,0), we have fG5E; € J. Now (12.10) follows from (10.5).
It follows from (12.9) and (12.10) that

(o,
(12.11) RN < w(fL){}(m exp (C(s, 0,07 Fllg2(ee o))

where C(¢, f) = ||&¢||Q2(C7 o) “f”Q?((c, o) We recall that in the above estimate, f is an arbitrary nonzero
element of J, 0 < ¢, and A € Q(J) C C is a point for which 0 < (A, ¢; f«). The variable € has all but
disappeared in (12.11). If we set y(\; fx) = sup{y(/\,z-:;f*) :0< z—:}, we obtain from (12.11) a simplified
estimate:

C(¢,f)
(12.12) |Ro(N)] < T AITACIR (C(s,0,0,)Ifll@2(c_ o)) -

§13. Modifications to the holomorphization process for p other than 2

Let us recall the general setting: ¢ is an arbitrary nonzero element of the the norm closure of finite linear
combinations of right translates of functions in the collection & in LP(R;,ws p), and we put f = Fo, and
f« = 3%¢. In case p = 1, we also need to assume that ¢ € L' (Ry,w,1) N L®(R},w,,1), which is achieved by
replacing ¢ with ¢ * 1), where ¢ is a compactly supported C*> function on ]0, +o0o[, subject to the conditions
0 < and fOJroow(t)dt = 1. This smoothing of ¢ enables us to apply Proposition 9.2. It is clear that the
new ¢ belongs to the same class of functions, and that it does not vanish almost everywhere. There is one
additional modification of technical nature, which we should insert: we replace f, with f,,

(13.1) fe2) = A()fu(2),  z€C,

where A(z) equals (z —i/2) 2 off the disk D(i/2,1/8) with radius 1/8 centered at i/2, and is of class C* in
the whole complex plane. Thus, f. is small near oco.

The function f is in QP(C_,0), f« is in €. LP(X, o), the restriction of f, to C_ is f, and f does not vanish
identically, because ¢ is not the 0 element. The weight o is assumed to be such that 1/0”1 is in B, for some
s,2+1/p <s < 400, for 1 < p < +oo; for p =1, o is to conform with the requirement that ws,; € 20,
where 3 < s < +00. Note that by the assumptions made on the size of the parameter s, Propositions 9.1
and 9.2 tell us that 0f. € L>®(%,0%) and 0,0f. € L>®(%,0%), where 1/2 < 6y = 1 — (s — 1/p')~" and
0<6=1-2(s—1/p)tforl<p<+oo,and 1/3<0y=1-2/sand 0 < =1—3/s for p=1.

The notation D(A,~y) and the function 7 are defined as in Section 12. Suppose A € C, 0 < v < 1/2, and
0 < € are given, such that

(13.2) |fe(2)] > max{'y_lr(z)eo,T(z)9°/2,7(z)91,5}, z € D(\,75).
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The function xx € C*(C) is to be real-valued, and to have 0 < xx(z) < 1 throughout C, xa(z) = 0 on
C\ D(A,7), and xx(z) =1 on D(\,v/2). Clearly, a x can be found such that

(13.3) IVxa(2)| £5/7, z€C,

where V = (0;,9,) is the gradient operator (where z = z + iy). As in Section 12, consider the function

FA(2) = =xa(2) 0f.(2)/ fu(2), 2 €C,

where we treat the right hand side as identically 0 off the set ¥ N D(A,v). Since 0 < & < |f.| on D(A,7)
by (13.2) and in addition, xy/f. is smooth enough to be in the space 9(¥) (to see this, use the results in
Section 9), the fact that df. € £°(X,0) entails that Fy € £°(%,0). If we recall that 9f. € L>(X,0%), and
use (13.2), we get

(13.4) IFAll L () < Y 10fullpo(s,000)-

We intend to show that the restriction to ¥ of the global Cauchy transform €, F) is in 9%(¥), and that we can
control its norm in that space, with a bound that does not depend on the particular values of the parameters
A and v. In Section 12, it was sufficient to estimate the supremum norm of €, F) on X, but here, we need
more, due to the phenomenon that pops up in Section 7. To this end, the following lemma is useful.

Lemma 13.1. If g € L*(R) and g' € L*(R), then g € FL*(R); in fact,
1/2
ollsera <2772 (gl + o' w) -

Proof. By Parseval’s identity, g = §h, where h € L%(R), and ||g||z2r) = (27)'/2||h|| 12(=). The same argument

applied to the derivative g’ yields ||g'[| 2 (r) = (2m) 12|t — th(t)| 2(r)- By the Cauchy-Schwarz-Bunyakovskit
inequality,

+oo +oo 1/2 +oo 1/2
lallsesce) = Willzre = | |h<t>|dts(/ <1+t2>|h<t>|2dt) (/ <1+t2>1dt)

1/2
=72 (IRl 2y + e = B0 Faw)) -

The proof is complete. [

Proposition 13.2. The restriction to ¥ of €, Fy is in M(X) for all pairs (X\,7) such that (13.2) holds.
Moreover, the norm is bounded by a constant independent of the particular (\,7).

Proof. Tt is well-known that for functions h € L>°(C), with support contained in the closure of the disk D (), )
(recall that 0 < v < 1/2),

(13.5) I€ch|l ooy < 1Dl Loo(y,
and
1 [|Allzee (o)
13.6 Ch(2)| < = —L=(© e C\ D\, 7).
(13.6) |€eh(2)] < 14(=. D0\ 7)) z \D(}\,v)
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Here, d is the usual Euclidean distance function. Thus, by (13.5) and (13.6), we can assert that
(13.7) sup{ |€eh(- + i) gz * ¥ € R} < 2hllr=(o)-
By Lemma 13.1,

(13.8) |

CEN(C+i9)| oy + [10:€FAC +i9)| oy s 0 <y < 1}.

G*FA”sm(i) = SUP{| ®) "

We already have good control of the first term of the expression on the right hand side, by (13.4), the fact that
F) is supported in the closure of D(}A,7), and (13.7). To control the second term, we study 9, Fy. Differential
calculus gives us

0f.(2)
fe(2)?”

—xalz Lgf*(z) z z
xXa(2) 70 + xA(2)0z f(2)

0f.(2)
f(2)

(13.9) 0:Fa(2) = —0zxa(2)

where the function 8, f, is bounded, for the following reason. First of all, df, and 9,0f, are bounded, and by
the modification (13.1) of f., 9,0 f. is so small at infinity that we can apply the global Cauchy transform to it,
and get 0, f» = €,0,0f, bounded. By (13.2) and (13.3), the right hand side of (13.9) is uniformly bounded,
and the bound is independent of (\,7). The operator €, is of convolution type, whence it commutes with
the differential operator 9,, 9,€.Fy = €,0,F. The support of the function 9, F) is contained in the closure
of D(\,v) NX, so that by (13.7), we have the desired control of the second term in (13.8). The proof is
complete. O

The rest of the holomorphization process runs as in Section 12, except that where you use L*°(X) in Section
12, it is usually necessary to replace it with (). For instance, in (12.7), the norm of (1 —xa(2))/(A — z)
in 9M(X) may be estimated,

< 8773/2

p— )

M%)

1—xa
A—2z

by using (13.3) and Lemma 13.1. The resulting estimate of the resolvent transform is

(13.10) Ro()| < S0 S)

R ACVIE

on the set of (A,7) with A € C, 0 <y <1/2, and (13.2) valid for some €, 0 < €. Although it is not indicated,
the constant C(¢, f) may also depend on other parameters which are held constant, such as s, but not on

(A7)
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§14. The conclusion of the proof of the Main Theorem (Theorem 5.2)

We shall prove the statement as formulated in Theorem 5.2. By the results of Section 4, we may restrict
ourselves to the case w = wyp, with o assumed to be such that 1/¢® is in (p = 2) Pa, for some s, 1/2 <
s < 400, (1 < p< +o0, p#2) Py for some s, 2+ 1/p' < s < 400, and for p = 1, ¢ is to conform with
the requirement that w,; € W, with 3 < s < +00. The necessity of conditions (a) and (b) in Theorem 5.2
is clear, so we shall concentrate on proving their sufficiency. To this end, we use duality arguments. Assume
that ¢ € L¥ (Rt ,w, ) annihilates ¥, (&); we intend to show that every such ¢ must equal the 0 functional,
which would entail that (&) is dense in LP(R} ,w, ). We shall in fact prove that ¢ = 0, and use the
fact that ¢ is uniquely determined by its resolvent transform 2¢ (this follows from the uniqueness theorem
for Laplace transforms. Let us agree to write (&) to denote the closure of (&) in LP(Ry,wep), and let
J(6) = §(I(6)). By Proposition 10.8, formula (10.5) extends ¢ to an entire function, because condition
(a) may be written as Z(J(&),C_) = §. For reasons of brevity, we carry out the remainder of the proof in
the special case p = 2 only. It is not difficult to generalize it to general p; in fact, the only place where it
is necessary to make any essential modifations is in Lemma 14.3, where one could instead follow the line of
argument in the proof of Theorem 8.2 [5].

As in Section 12, we choose real parameters ¢ and r, subject to the conditions 2 < ¢, 0 < r < 1, and (8.1).
We also need 0, 0 < 0 < r, and 3 = (s +1/2)/(s —1/2) > 0. Let f € F(6) C Q*(C_,0) be a function
which does not vanish identically on C_, and let f, be its canonical extension to C (see Section 2), which is
in €,DL*(R;,wy2). Introduce the set

U(f)={reC: 0<y(\ £}

where v(\; fi) is as in Section 12. Contemplating for a moment on the definition of the function y(\; fi), we
see that the set U(f.) is open. In fact, for A € U(f), v(X; f«) expresses the distance from X to the complement
of U(f.)-

By (11.1) combined with Proposition 3.4, (11.4), and (12.12), we have the following estimates of the entire
function Re:

(14.1) Re(N)] < C(6)5(2, Im N2, AeCy,

(14.1) RO(N)| < C(9)o(Im V)7, Nex,
C(f,9)

(14.2) RN < s A €S

(14.3) IMp(N)| < C(f,9) A EU(f).

=y NN

Here, we no longer indicate when constants depend on the parameters s, g, q,r, because they are kept fixed.
Estimate (14.1) implies that ¢ is bounded in every half-plane C;. + ie, with 0 < e. Estimate (14.2) entails
that PR¢ belongs to the Nevanlinna class of holomorphic quotients of bounded analytic functions in every
half-plane C_ — ig, with 0 < e. By [21, pp. 184-185], condition (b) of Theorem 5.2 states on the Fourier
transform side that to every d, 0 < ¢, there exists an f € (&) which has

limsupy ™~ log|f(~iy)| > 0.

y—+o00

Using this fact, it is not hard to verify using (14.2) that 9R¢ belongs to the Smirnov class (which consists of
quotients F/G, where F,G are bounded and holomorphic, and G is outer) in every half-plane C_ —ig, 0 < €.
We have in particular for all 4, 0 < 4,

(14.4) |Rp(—iy)| = O(exp(dy)), as y — +oo.
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Moreover, by (14.2) and Proposition 14.1 below, we also have

1+ |22
| Im z|

(14.5) log |Ro(2)| < C(o, f) , zeC,

for some constant C(¢, f), 0 < C(¢, f) < +00, For a proof of Proposition 14.1, we refer to [5, Lemma 8.3].

Proposition 14.1. Let F and G be holomorphic in Ci, with F' £ 0, and F bounded on C, , and suppose
|F(2)G(z)| <1/Imz, z€Cy.
Then, for some constant C(F'), 0 < C(F) < 400, the following estimate holds:
log|G(2)] < C(F) (1 + |2]*)/Imz < C(F) - (1 + |2* + (Im2) %), z € Cy.

In order to be able to effectively apply estimate (14.3), we need to show that ¢/(f.) contains certain massive
subsets; as it turns out, these will be rectangles. In the sequel, g, r, s, 8, o, ¢, and f are fixed (f € F(&) is
not identically 0), and dependence of constants on any of them (with the exception of f and ¢) will not be
indicated explicitly. For big positive integers k, say k > ko > 1, it is always possible to find real numbers «y,
0 < ay, < 1/2, such that

olar) = exp(e*/6),

because the condition 1/0 € Pas, for some s, 1/2 < s < 400, implies that the continuous function o is strictly
decreasing, and that o(t) — +o00 as t — 0. The numbers «y, are actually uniquely determined by the above
equation, and they form a strictly decreasing sequence, with limit o — 0 as k — +o00. Given that k > ko,
we introduce, for j =0,...,3F — 1, the thin rectangles

NG,k)={2€C: k+j3 *<Rez<k+(+1)37% -1/2< Imz < a, — 27%},

We quote here Theorem 8.1 [5], specialized to the case a = b =1, h = 1/(2N + 1); it should be mentioned
that Semen Khavinson studied the same basic problem in [20].

Proposition 14.2. Let N be a positive integer, and let €,6 be real parameters with 0 < g,d < 1. Suppose we
have a finite sequence (o, ...,(n of points in the upper half plane C,., with the property that ¢ < Im(; <1,
and

< Re(; <

2N +1
Introduce the rectangles

R(e)={z€CL:0< Rez<1l,e<Imz<1}.

There exists an absolute constant C such that the following holds: if F' is a holomorphic function on C, with
|F(z)] <1 onCy, and |F((;)| <6 for all j =0,...,N, then if Mo = C exp(78(N + 2)1og(2N + 1)), we have
the estimate

|F(2)| < (14 6Mp)exp (—% (N +1)e- Imz) + 6 My, z € R(e).

We use Proposition 14.2 to show that U/(f.) contains many rectangles of the type 91(j, k).
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Lemma 14.3. For all big integers k, say k > ky (> 1), having (5/6)F < ay, there exists a ji, 0 < jr < 3F—1,
such that

(a) exp(—e”*) = a(ar) ™ < |fu(2)l, 2 € N(ik, k).
It follows that N(ji, k) C U(f.), whence
(b) d(z,Cp \ M, k) < (23 fe), 2 € N0y, k),

where d(z, E) denotes the Euclidean distance from z € C to a set E C C.

Proof. We first give some motivation. By the definition of 7 in Section 12, the fact that o decreases, and our
assumption 0 < § < r, the inequality (12.2) is fulfilled for all z € M(ji, k) with the choice 0 < & = exp(—e?*),
whence MN(ji, k) C U(f«). Inequality (b) is then a consequence of our interpretation of v(z; f.) as the distance
from z to C\ U(f.).

We now turn to the main assertion, (a). Let & be the set of all k for which the inequalities (5/6)% < ay,
and

(14.6) inf{|fe(2)| : 2 € N, k)} < o(ar)™? = exp(—e*), j=0,...3F—1,

both hold. It is maintained that R is finite. The intuitive reason why this is true is that (14.6) forces f, to be
very small on all line segments {x € R: k < z < k+ 1}, with k& € &, which is not possible for the boundary
values of a bounded holomorphic functions (other than the 0 function), unless £ is finite.

Let ¥(0,qa,) denote the infinite strip

Yo,a) =12 €C: 0< Imz < oy},

let H; be the product of df, and the characteristic function of ¥(0,a,), and consider its global Cauchy

transform 5 ©
[«(C

G =C¢.H =
1 < /E(o,ak) z2=¢

as(), zeC

By Proposition 8.4, f. € LI(¥,¢"), with norm control

10fllLas,omy < C 1 llg2(c_ o) 5

197 Npacsion ) = ( /

We conclude from Lemma 8.2 that G, € L*°(C) N C(C), and

whence

1/q
Igf*(Z)lqd5(2)> <Colar)™ Ifllozc o -

(0,008)

1GkllLoe(c) £ Colow)™ Ifllgzc_ o

with a different constant than before. Because 0 < § < r, we can therefore safely assert that for sufficiently
large k, say k > ko, the estimate

(14.7) |Gi(2)| < o(ar)™? = exp(—e*), z € C,
holds. By (14.6), we can, for k € &, and j = 0,... ,3% — 1, find points £(j, k) in M(4, k), such that

£ (€0, )| < o(ar) ™" = exp(=€®),
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so that if we introduce the function fk = f. — Gk, and require k € K to meet k > ko, then estimate (14.7)
informs us that || fxl[z~(c) < | f«llz~(c) + 1, and

|fk(£(j, k))| <20(ap)? = Zexp(—e%), j=0,...,3F—1.

The function fk has, by the construction of Gy, 5}; = 0 on the half plane C_ + iay, and is therefore
holomorphic there. For this reason, the function

F(z) = filk+1—z+iag)/C(f), z€Cy,

where C(f) = || f«llz(c) +1, is holomorphic on C; , and its uniform norm there is bounded by 1. At this point,
we find it convenient to make the additional normalizing assumption that [|f.||f =) = 1, so that C(f) = 2.
If we plug in the parameter choices N = (3 —1)/2,e =27% and § = exp(—e%) into Proposition 14.2, noting
in passing that My < C exp (43 k(3F + 3)), where C is the absolute constant mentioned in Proposition 14.2,
so that we must have My < exp(—e2’“/2), for large k, say k > k3 (we use here the fact that 3 < e?), we
obtain, for real z, k < x < k + 1, the estimate

1fe(@)] = 2|F(k+1— 2 +iay)| < 4exp(—(3/2)*as/5) + 2exp(—e**/2),

valid under the assumption on k that k € &, and k > k4 = max{ks, k3}. If we also use the property of K that
if k € &, then (5/6)% < ay, we get

|fu(z)] < 6exp(—(5/4)/5), k<z<k+1,

whence
|f<(2)] < Texp(—(5/4)%/5), k<z<k+1,
in view of (14.7), again for k € & with k > k4. But if the set £ were infinite, this would then force

/*"O log | f+(1)]

1y M=

— 0o

which indeed is not possible for the boundary values of a bounded holomorphic function in C_, unless it
vanishes identically. The set & must therefore be finite. [

We proceed with the proof of Theorem 5.2. Consider the auxiliary entire function
®(2) = exp(—2%) - Ro(2), z €C,

and the infinite strip
Ycijana ={2€C: —-1/4 < Imz < 1/4}.

Elementary computations show that we have the estimate
(14.8) (15/16)(Rez)% — 1/16 < Re(2%) < (17/16)(Rez2)% + 1/16, z € B(_1/a,1/4),

so that by (14.1), and by (14.2) together with Proposition 14.1, the function @ is bounded on the boundary
0% (_1/4,1/4) of ¥(_1/4,1/1), and enjoys the estimate

(149) |¢(Z)| < exp (C (]. + |Imz|72)) y A E(_1/471/4) N (C,,

for some constant C', 0 < C' < +00, which may depend on all the fixed parameters.
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Lemma 14.4. If ® is bounded on X(_1/4,1/4), then Ro(z) = 0.

Proof. If ® is bounded on ¥(_/4,1/4), then the entire function R¢ enjoys the following properties. It is
bounded in the shifted upper half space C; +i/4, and by (14.8), it satisfies the estimate

|Re(2)| < Cexp(2(Rez)"), 2 € X(_1/a,1/4)5

for some constant C', 0 < C' < +oo. Furthermore, from (14.5) we know that ¢ is of slow growth in C_,
which allows us to appeal to the Phragmén-Lindelof principle for angles, and if we do this successively for
various angles, we see that there exists a constant C, 0 < C' < 400, such that

|Rep(2)| = O(exp(C)z])), as |z| = oo.

By (14.4), we may appeal once more to the Phragmén-Lindel6f for angles, to get that for each fixed § with
0<9,
[Ro(2)] = O(exp(d2])),  as [2] = o0,

holds. This growth is, however, insufficient for P8¢ not to be bounded in the whole complex plane, by the
Phragmén-Lindelof for half planes, because $R¢ is known to be bounded in the shifted upper half plane
C;+ +i/4. Liouville’s theorem then asserts that 98¢ must be constant. This constant must equal 0, for the
following reason: by (14.1), and the fact that &(2,t) — 0 as t — +00, we have Ro(iy) — 0 as y — +oo. O

Lemma 14.4 shows that to finish the proof of Theorem 5.2, we just need to check that ® is bounded on the
strip X(_1/4,1/4)- To this end, let us introduce two sets of positive integers

X:{kEZ+: kl Ska (5/6)k§ak}7
and

y:{k€Z+: k1 <k, anSak—Zl_k},

where k; is the positive integer that appears in Lemma 14.3. For convenience, we assume k; > 4. For k € X,
consider the line segments

Iy ={z€C: Rez =k + (j, + 1/2)3 7%, -1/4 < Imz < oy — 2' ¥},
Je={2€C:Rez=k+ (ji +1/2)37%, a; —2""% < Imz < 1/4},

where 0 < ji < 3% — 1 is as in the formulation of Lemma 14.3. Then, by Lemma 14.3, (1/2)37% < ~(z; f.)
for all z € 7} and k € X, and we conclude from (14.3) that

(14.10) |Re(2)| < Cexp(2e*F), z € I,

for some constant C, 0 < C' < 400, provided that k € X'. If we apply (14.1"), using that o is decreasing, we
obtain for k € X N'Y the estimate

(14.11) R (2)| < Co(as)’ = Cexp(Be**/0),  z€ T,

where C' = C(¢) is as in (14.1"), and we as usual drop dependence on fixed parameters. If we combine our
estimates (14.10) and (14.11), and use (14.8), we get for some constant C', 0 < C' < 400,

(14.12) Sup{|<I>(z)| 1z € ICk} <C- exp(ﬂe4k/0), kexn),
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where K denotes the line segment that is the union of 7, and Jj:
Ki=TxrUJ, ={z€C: Rez =k+ (jp +1/2)37"%, -1/4 < Imz < 1/4}.

It was observed earlier that the entire function ¢ is bounded on the boundary of 3(_; 4 1 /4). If the number of
integers in X' N is infinite, then the growth that estimate (14.12) permits in ¥(_; /4,1 /4) is too small for ® to
be unbounded in the part of ¥(_;/4,1/4) that lies in the right half plane (because 4 < 27); the critical growth
rate required by the Phragmén-Lindelof principle in the strip ¥(_;/4,1/4) is in fact of the order of magnitude
exp(exp(27z)). We conclude that ® is bounded on the portion of ¥(_;,4,1/4) that lies in the right half plane,
provided X N')Y is not finite.

We proceed to prove the following.

Claim. If the set X N Y finite, then X is finite, too.
We argue as follows. Since X' N is finite, there exists an integer [ € X N Y such that k < for all (other)
ke XNY. If X contains an integer k which is bigger than [, then k cannot belong to ), and hence

(5/6)* < (5/6)" —2'"F < ap —2"7F < a,

because 4 < k. We see that 2k also belongs to X', and 2k being bigger than I, we must have 2k € X'\ Y. If
we continue inductively, it follows that for n = 0,1, 2, ..., we have 2"k € X'\ V, and we also get the inequality

ap —2/(2F 1) <ap —2-27F 427 4 L+ 277F) < agay.
Since k € X and 4 < k, we have
0<(5/6)F —2/(2% —1) < ap — 2/(2F — 1),

which is absurd together with the previous inequality, because we know that asnp, — 0 as n — co. This shows
that our assumption concerning the existence of a k € A’ bigger than [ must be wrong. Therefore, the set A’
is also finite. O

We finally treat the case when X is finite. Then oy < (5/6)%, and its immediate consequence,
7((5/6)*) < o(cu) = exp(e**/6),
hold for all but finitely many positive integer k. This last inequality implies that
o(t) < exp(—1/t'h), 0<t< e,

holds for some small but positive real number 9. The weight ¢ is thus of nonquasianalytic type, so by the
estimates (14.1") and (14.9), the log-log theorem applies to the function ®, and proves that it is bounded in
the whole strip X(_y/4.1/4)-

We conclude that the function @ is bounded at least on the portion of the strip ¥(_;/4,1/4) that lies in the
right half plane, no matter whether X N} is finite or not. However, the right half plane plays no special role
here. Lemma 14.3 has a version with rectangles approaching infinity in the left half plane, or if you prefer,
it is possible to apply it as it stands to the function f,(—%), and the conclusion is that |f,| is reasonably big
on a union of rectangles moving toward infinity in the left half plane. All the computations we have made for
the right half plane carry through analogously, and show that @ is bounded on the portion of ¥(_/4,1/4) that
lies in the left half plane as well. The function @ is therefore bounded on the whole infinite strip X(_;/4,1/4)-

In view of Lemma 14.4, the proof of Theorem 5.2 is now complete. [



52

Remark 14.5. For p = 2, there is an alternative way of getting the holomorphic continuation of the resolvent
transform and estimates similar to (14.1-3), without appealing to the Gelfand theory of commutative Banach
algebras. The argument is difficult to generalize to other p, but works very smoothly for this particular value
of p. It runs as follows. Suppose, to begin with, that ¢ € L?(R,, w;é) is arbitrary. By the isometry in Lemma
2.2, its resolvent transform satisfies

/E 1%6(2) 2o (Im 2)~2dS (=) < +00,

as is seen by noting that B¢ = A% f, with f(t) = ¢(t)/w,2(t). Thus, if § is a density in £3(X,0), the product
R¢ g belongs to L' (%), and, moreover,

+oo
(14.13) /0 E3(t) o(t) dt = —% /Z Ro(2) §(2) dS(2).

Let f € Q*(C_,0), and write f, for its canonical extension to the whole complex plane, so that f.(z) = 0 for
1 < Imz, and 8f. is the associated density in £2(%, o). Let ¢ be the bounded linear functional on Q?(C_, o)
induced by ¢ via the Fourier transform, as in Section 10. Then, by the identity (14.13),

(1.9) = =1 [ 9%6(:)91.(2) dS(2).

Moreover, with Ey(2) = (A—z) 1, the function E\(z) f«(z) has no singularity at z = X provided that 1 < Im A
(recall that f.(z) = 0 for 1 < Im z), so that it is the global Cauchy transform of its density O(Ey f.) = ExOf.
If we again appeal to (14.13), we see that

(14.14) (Erf. ) = —% /E Ro(2) Br(2)Tfu(2)dS(z), 1< ImA.

If, as in Section 12, ¢ annihilates an invariant subspace J in Q?*(C_,0), and f € J, then (14.14) shows that
the global Cauchy transform €,(9M¢ df.) vanishes on {z €eC: 1< Im z} The function €,(R¢ df.) belongs
to €,L*(X), and hence in particular to L7 (C), for every r < 2. The functions R¢ - f. and €,(ReIf.) have
the same d on C;, and both vanish on {z € C: 1 < Imz}, so they must coincide area-almost everywhere in
C,4 . To get the holomorphic continuation, we assume f, is continuous on C, and that 8f. € L(X) for some g,
2 < ¢ < +00. Declare Rep(z) = €. (Rp If.)(2)/ f+(2) off the zero set Z(f.) of f., which then is a function in L2
locally on C\ Z(f.). Since €,(R¢df.) is in Lg; (C), we can apply elementary distribution theory arguments
analogous to those of Lemma 8.7, to obtain d%$(z) = 0 througout C\ Z(f.). This gives us the analytic
continuation; size estimates of R¢(\) are obtained by using the mean value property of holomorphic functions
on disks, to get an estimate of 8¢(\) in terms of the L' norm of €, (¢ df.) on the disk in question.

Remark 14.6. As the referee kindly pointed out to us, it is possible to replace the operator-theoretic con-
siderations in Section 10 with purely analytical arguments based on the holomorphization process. In fact,
the holomorphization process supplies us with an explicit extension of the resolvent transform Re, so it is
not surprising that it can be used to show that the extension is holomorphic. We explain the details in the
setting of Section 12. Fix a point Ag € C such that f.(\o) # 0, and if necessary, multiply f by a suitable
constant multiple so that (12.2) holds for some radius v, 0 < «. To simplify the notation, let us write
ro(2) = f«(2)G5, (2), and note that the restriction of fy, to C_ belongs to J, because f does. The function
fxo is holomorphic and zero-free on the small disk D(Ag, ) centered at A\g. If we write
_ 1- fko(z)/fko(/\)

ﬁ)\(z)_ )\_Z ) ZEC,
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then H, is holomorphic in A on the disk D(Ag,7), and just as in Section 12, Rep(\) = (.FNIA,gg) holds. The
assertion about analytic continuation follows. Since the regularity assumptions on the weight o for the
holomorphization process (Sections 12 and 13) are generally more restrictive than those of Section 10, no gain
is made in that respect with this method.

§A. Appendix on moment problems, part I

The problem to characterize the class of functions Fy, on Ry that arise from a finite positive Borel measure
@ on Ry with finite moments

+0o0
/ t"du(t) < +oo, n=20,1,2,..,
0

via the moment-type formula
+0o0
Fao)= [ dutt),  zeRy,
0

was solved by Sergei Bernshtein [1]. The description is in terms of total monotonicity; a function f on the
real line is said to be totally monotone provided that (—1)" £ (z) > 0 for all real x in the relevant interval
and all n =0,1,2,....

Proposition A.1. Let u be a positive finite Borel measure on the real line, supported on a compact interval.
We denote by suppp the support of the measure p, and by a(u) and S(u) the infimum and supremum of the
set suppu, respectively. The function

+0o0
Fu) = [ edue),  zem

is then the restriction to the real line of an entire function of finite exponential type, it is positive, and the
function G|, = —log Fy, is concave. We also have, with Gi},(0) and G},(—o0) denoting the asymptotical slopes
of the concave function G, at plus and minus infinily, respectively,

G (o0) = lim G (z)= lim 2z 'G.(z) =a(n),

r—+00 r—+00
and

G (—o0) = lim G (z)= lim 27 'G,(z) = B(u).

T——00 T——00
We finally note that the function x — log Fy,(x) + a(p)x decreases on the whole real line R.

Proof. The measure p is supported on the interval [a(u), 8(u)], and by definition, this is the smallest closed
interval with that property. The formula

+0o0
)= [ e, zec

defines an entire function of finite exponential type, and the type is the maximum of the two numbers |a(u)|
and |B(p)]. In fact, if v(u) denotes this maximum, then

|Fau(2)| < C-exp(y(p) |Rez|),  z€C,
holds for some constant C, 0 < C' < +o0. The function Fy, has the property that

|Fau(2)| < Fau(Rez), z € C,
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and it is bounded in every region
{z€C:a< Rez<b}

with a, b, a < b, arbitrary, so an application of the Corollary following Theorem 12.8 [27, p. 275] yields that
G, = —logFy, is concave on all of R. The asymptotics of G, near infinity follows from [21, pp. 184-187].
That the function x — log Fy, (v) + a(p)x decreases on the whole real line R is a consequence of the formula

+oo
exp(a()o) Fau(o) = [ e dule + alp),
0
valid because the measure du(t + a(u)) is supported on the interval [0, 5(p) — a(p)]. O

Theorem A.2. Let v be a positive concave function on Ry with v'(0) < +oo. We can then find a finite
compactly supported positive Borel measure p on Ry, such that

+o0o
1/3 < ev@ / e “tdu(t) < 3, z€eRy.

0

If V' (c0) denotes the slope of the function v al infinity,

' — 1 ' — 1 >
V' (00) t—ligloo v'(t) t_l}gloo v(t)/t >0,

the measure p may be chosen to have support contained in the interval [v'(oc0), v (0)].

Proof. Without loss of generality, we may assume v to be of class C' on Ry. Consider the tangent line
function

L(z,t) = (x — )V’ () + v(t), (z,t) € Ry x Ry,

and note that by the concavity of the function v, we have

v(z) < L(z,t),  (z,t) € Ry xRy

Let X, 0 < A, be a real parameter, to be determined later. We now introduce two sequences of points ¢;, s; in
Ry, with tp < s1 <t1 < s2 < t2 < s3 < ..., via an iterative process. These sequences may be finite or infinite,
depending on the outcome of the process. The starting point is to = 0, and the other ¢;’s and s;’s are defined
recursively by ( =0,1,2,...)

(i) L(sjy1,t5) = v(sjr1) = A,
and
(ii) L(sjy1,tjv1) = v(sjp1) = A;

(i) and the assumption t; < s;jy; determine s;y; from ¢;, and (ii) with sj41 < tj41 gives tj11 from sj4q.
Geometrically, condition (i) determines s;41 uniquely as the point to the right of ¢; where the tangent line
y = L(xz,t;) deviates vertically (upward) by A units from the curve y = v(z). Moreover, condition (ii)
determines ¢;;41 uniquely as the point to the right of s;; whose associated tangent line exceeds the curve
y = v(z) by A units at the point 2 = s;41. There are two possible obstacles in this construction: (a) it is
possible that the solution sj;1 to (i) or the solution t;1 to (ii) is not unique, and (b) it is also possible that
the iterative process stops, which happens if for some index j, there is no solution s;41 or ¢;41 to (i) or (ii),
respectively. If (a) occurs, this would mean that the curve v is affine on some segment, in which case the set of
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solutions forms a closed interval. To make the numbers s;;1 and ¢;41 unique, we choose them as the leftmost
point on the respective solution interval. As to whether (b) occurs, we separate between the following cases.

Case I. The iterative process continues indefinitely.

Case II. The iterative process comes to a stop.

We first deal with Case I, and later indicate what modifications have to be made in order to handle Case II.
Note that the numbers ¢; and s; cannot tend to a finite limit as j — +o00, because in this case (i) and (ii) lead
to a contradiction. Taking into account the positivity and concavity of the function v, and the construction
of the sequences {t;}; and {s;};, we see that

(A]') OSV,(tj+1) <I/’(S]‘+1) < V,(tj)> 7=0,1,2,..

By the definition of the tangent line function L(z,t) and the concavity of v, the function

y = L(z,t) —v(z), r€Ry,

is convex, attains the value 0 at x = t, decreases on the interval 0 < z < ¢, and increases on the interval
t < x < +00. One consequence of this is that for j =1,2,3, ...,

(A:2) v(e) < Llet;) S via)+ X, 5 S o< spa;
actually, (A.2) holds for j = 0 as well, if we accept the definition sy = 0. Another consequence is that for

§=0,1,2,..,
A+v(z) < Lz, t;),  sjr1 <z <400,

and since L(z,z) = v(z), we have in particular
A+ L(tj+1,tj+1) < Ltja,t5),
from which the estimate
(A.3) At+v(r) <A+ Lz, tj11) < L(z,t5), tit1 < < 400,

is immediate, because the slope of the line © — L(x,t;) is bigger than that of @ +— L(z,t;41) (this is simply
the statement that v'(t;41) < v'(¢;)), by (A.1). If we iterate (A.3) m times, we arrive at

(A4) mA +v(z) < mA+ L(z,tjym) < L(z, t;), titm <@ < 400.
An argument analogous to the one used to obtain (A.3) leads to

At v(z) <A+ L(z,t;) < L(z,tj41), 0<z <t
and iterated n times, this estimate becomes
(A.5) nA+v(z) <nh+ L(z,t;) < L(z,tj1n), 0<z<t.

Consider the functions
Ej(z) = exp(=L(z,t;)), w€R,



56

which we shall find it advantageous to write in the form
E;(z) = ajexp(—bjz), z € R,
where b; = v'(t;) > 0 and
a; = exp(—L(0,t;)) = exp(t;v'(t;) — v(t;)) > 0.

By (A.1), the sequence {b;}; is strictly decreasing. We may also add, since we are in Case I, that b; > 0,
because if we had b; = v'(¢;) = 0 for some index j, then the iterative process would come to an end in the

next iteration. The funCthIl
+oo
J;):ZE'j(x), z €R,
=0

will prove essential to us; in fact, our next step is to obtain the estimate

(A.6) e <exp(v(z))E(z) < 2(1 - e_>‘)71, z € Ry.

By (A.2),
exp(—A —v(z)) < Ej(z), s <@ <sjp,

and consequently,

exp(—A\ E(x), z € Ry,

ng

which is the left hand side inequality of (A.6). If we rewrite (A.4) and (A.5) in terms of the functions Ej;(x),
we have, for m =0,1,..., k,

(A7) Ej—m(z) < 7™ exp(—v(z)), tr <z < 400,
and for n =0,1,2, ...,
(A8) Ek+n+1 (l’) S e_m‘ eXp(—V(l’)); 0 S T < tk+1.

To get the remaining inequality of (A.6), we invoke (A.7) and (A.8), and obtain, for z in the interval [t, tg4+1],

+o00 k 400
(A9)  E@=YE@ =Y Em@)+ Y Ernii(2)
j=0 m=0 n=0

<exp(—v(x)) Z e”™ 4 exp(— Z e”™ < 2(1 —e M) Lexp(—v(z)).

This completes the verification of (A.6). We now plug in the numerical value A = log2, and see that (A.6)
simplifies to

1/2<exp(v(z)) E(z) <4, z€Ry,

that is,
2732 < 22 exp(v(a)) E(z) < 2%/2, reRy.

The assertion of the lemma,

1/3 < exp(v(z)) /0+OO e “tdu(t) < 3, zeR,
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is now evident if we put
+oo
du(z) = 2'/? Z ay, do(z — by),
k=0

where d§ stands for the Dirac unit point mass at the origin. The statement on the support of u is an immediate
consequence of this definition, if we note that by = v/'(0), and that the sequence b; = v'(t;) decreases down to
the slope at infinity ©'(00). This completes the proof in Case I.

We now turn to Case II. This time the iterative process defined by (i) and (ii) stops for some index N,
which means that we have been able to find the numbers t1,%2,...,t5, but unable to get tx41. This can
happen in two ways, one is that (i) fails to deliver an sy41, in which case v is affine on the interval [ty , +00[,
or, expressed differently,

v(z) = L(z,tn), ty < x < 400,

and we then write syy1 = +00. The computations carried out in Case I cover the present situation as well,
with the obvious necessary modifications, such as the definition

N
E(z) :ZEj(x), z € R,
j=0
and they show that with A = log2,
1/2<exp(v(z)) E(z) <4, z€Ry,

from which it is immediate that

1/3 < exp(v(x)) /0+OO e "tdu(t) < 3, reRy,

holds with

N
du(z) = 2'/? Z ay do(x — by).
k=0

The other way for the iterative process to stop is that (ii) fails to deliver a ty41 out of syy;. We shall
now see that this can happen only if v is almost affine near infinity, that is, with a higher level of precision,

(A.10) 0<Lyyi(z) —v(z) <A syy1 <z < 400,

where
Ly+i(z) = v(sn41) + (2 — sn41)v'(00) + A, reR,

is the ”tangent line at infinity”. Consider the function
n(z) = Lyy1(z —sy41) —v(z —sni1), € [0,400],

and note that what is claimed is that 0 < n(z) < A on [0, +00]. It is convex, has slope '(c0) = 0, and attains
the value n(0) = A. The nonexistence of a finite ¢y translates to the statement that none of the lines
x — Bz, with 8 < 0, can be tangent to . But then none of these lines can even intersect 7, because if one
did, then by continuously lowering 3, we would eventually have a tangent to 7, by convexity, and 0 < 7(0).
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This then implies that 0 < n(z) on [0, +oc0[. Since the convex function 7 has slope 0 at infinity, it has to be
decreasing, so we also get n(z) < n(0) = A on [0, +oo[. Hence (A.10) holds. Put

ZE )+ Enti(z), z€R,

where
Enii(z) = exp(—=Ly4a(z),  z€R,
and note that by (A.2) and (A.10), we have, just as in Case I,

(A.11) exp(—\ —v(z)) < E(z), reR..

From the treatment of Case I we pick up the inequalities

(A.12) Ej—m(z) < 7™ exp(—v(z)), tr <z < 400,
for k=0,1,....,N and m =0,1,...,k, and

(A.13) Ejgng1(z) < e ™ exp(—v(z)), 0<z<tpsr-

for k=0,1,...N —1land n=0,1,..., N — k. We need to verify that (A.13) holds for kK = N as well, that is,
since we should think of tx1 as +oo0,

Eni1(z) < exp(—v(z)), 0<z< +o0.
This, however, is an obvious consequence of the fact that
v(z) < Lyii(x), T € Ry,

which follows straightforwardly from (A.10), by the convexity of the function L 41 —v. Using these inequalities
(A.12-13), we obtain the analog of (A.9), that is, for = in the interval [tg, txy1[, with £ = 0,1,..., N, and the
convention ty41 = +00, we have

N+1 k N—k
E(x) = Z Ej(z) = Z Ep—m(z) + Z Epgny1(z)
< exp(— Z e ™ + exp(— Z e ™ < 2(1—e M) Lexp(—v(z)).

If we plug in A = log 2, this inequality combined with (A.11) yields
1/2 < exp(v(z)) E(z) < 4, z € Ry.
Writing
Eni1(z) = ant1exp(—=byy17), Tz €R,
with by41 = v'(00) and ay 41 = eXp(—I/(SN+1) — sy41v'(00) + )\), the measure

N+1

d,LL(Z’) = 21/2 Z ag d(S(CII — bk),
k=0

now fulfils the property of the lemma:

+0o0
1/3 < exp(u(:lr;))/0 e "tdu(t) < 3, reRy.

This concludes the proof of Theorem A.2. O
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¢B. Appendix on moment problems, part II

Consider the collection P of finite positive Borel measures p on [0, 1], placing no mass at the point 0, but
having p(]0,€]) > 0 for every €, 0 < . We shall also be concerned with the collection U of all continuous
functions F' : Ry —]0, +00[, subject to the conditions that F' is decreasing, F'(t) — 0 as t — +o00, log F' is
convex, and

log F'(t) = o(t) as t— +oo.

Recall from Appendix A the convention to assign a function

(B.1) Fau(t) = /0 e "du(z), te Ry,

to a given measure p in B. Let us introduce the notation f < g, and say in words that f and g are comparable
on Ry, if f and g are two functions on Ry with values in [0, +00[, which satisfy

C1f(t) <g(t) < Caf(t), teRy,

for some constants C1,C>, 0 < C; < Cs < +00. The following statement contains most of the information
from Appendix A that we shall need.

Proposition B.1. If p is in B, then Fy, belongs to V. If, on the other hand, F' is in 0, then a pu € P can
be found such that Fy, < F'; there exists in fact a p of the form du(x) = @(x)dx, where ¢ is continuous on
10, 1], and enjoys the additional condition 0 < p(z), for all x €]0,1].

Proof. Let us start with having a p, and try to prove Fy, € 0. It is clear from the definition that Fy, is
decreasing, and that Fy,(t) = 0 as t — +o00. Proposition A.1 tells us that log Fy, is convex, and since we
know a(p) =0 (in the terminology of Proposition A.1), we also have

log Fy,,(t) = o(t), t — +00.

This completes the verification that Fy, is in 0.

We proceed to the case when we have an F', and seek a pu. Let A €]0,4o00[, and put v(t) = logw(t) on the
interval [A, 4+o0o[, noting that by assumption, v is concave and increasing. We extend v to be affine on the
interval [0, A], in such a way that v becomes differentiable at A. The extended v is concave and increasing on
[0, +00[, with v(t) = +o0 and V'(t) — 0 as t — 4+00. We now stipulate that A be chosen so large that v is
positive throughout Ry, and v'(4) < 1/2. By Theorem A.2, a finite positive Borel measure u, supported on
[0,1/2], may be found such that Fy, < exp(—v) < F. Moreover, since F'(t) = 0 as t = +00, {4 cannot place
a positive mass at 0. It is clear from Proposition A.1 that the assumption v(t) = o(t) as t = +oo forces u to
place positive mass on every interval ]0,e], with 0 < e. We conclude that p € PB. If we analyze the proof of
Theorem A.2; we see that p is obtained as a sum of discrete point masses. We may then mollify each point
mass a little bit, without changing the main relation Fy, < F, to get p of the form du(z) = ¢(z) dz, with ¢
continuous on ]0,1]. Similar reasoning permits us to add a little background noise, to ascertain that 0 < ¢(z),
for all z €]0,1]. The proof is complete. O

We now intend to use Proposition B.1 to study functions of the type

(B.2) F,(t) = /0 e~ p(z) du, teR,

associated with functions p : [0,1] —]0, +oo[, belonging to to the families P, 0 < s < +o00, which we are
about to define. For a p € 3, and all real numbers s, 0 < s < 400, we introduce the fractional integrals

Lw) = 75 [ =0 tdu, 0ol

S
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where I' denotes the Gamma function:
+o0o
[(s) :/ et lat.
0

The above fractional integral, as all other integrals in this paper, should be thought of as ranging over the
closed interval between the indicated endpoints, unless specifically indicated otherwise. We shall specify that
an endpoint is not to be included with a superscript, a plus if it is the left endpoint, and minus if it is the
right one. The set of all I;[u], with s fixed and p ranging over all of 93, is denoted by B,. It is clear from
from the above definition that

I s[p)(z) = ﬁ /Om(a: — )" L[] (t) dt, 0<z<1, 0<rs<+00,

by the well-known fact that the fractional integral kernel functions Ky(z) = 2°71/T'(s) (z € Ry) form a
convolution semigroup: K,is = K, * K, for 0 < r, s < +0c0. Note that it follows from the above observation
that the classes P are nested: B, C P CP, 0 < s < r < +00.

Proposition B.2. Suppose p € By, for some s, 0 < s < 400, so that p = I;[u] for some p € B, and let the
functions Fg, and F, be as in Appendiz A and formula (B.2), respectively. Then the functions F, and Fy,
both belong to B. Moreover, we have the following relationship between the functions F}, and Fyg,:

0 < Fyu(t) —t° F(t) < e (1 +t)*u([0,1]), 1<t< +oo.
Proof. By Proposition B.1, applied to the measures du(z) and p(z)dz, the functions F, and Fy, belong to

the class 5.
Since p = Is[p], we have

(B.3) Fp(t):/1 et L) (x / / (z — u)*Ldp(u)dz

t(1— u)
v dydp(u),  teRy,

by switching the order of integration, and applying the change of variables y = t(z — u), v = u. If we use
(B.3), the integral definition of the Gamma function, and make the change of variables v = y —t(1—u), u = u,
we obtain

(B.4) qu(t>—t8Fp(t>=ﬁ / 1 (r<s>— / R “dy) “tudu(u)

et o0
/ / y* rdy e dp(u) / / Yo+ (1 —u)* tdo du(u)
t(1— u)

[T t(l w)

where I'(s, a) denotes the generalized Gamma function:

—+o0
[(s,a) = / e “(u+a) tdu.
0

The case a = 0, gives us the Gamma function itself: T'(s) = I'(s,0). To carry on the proof, we need a lemma
concerning the growth of the generalized Gamma function.
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Lemma B.3. For s,a €]0,+00[, the following holds:

[(s,a) <e(l+ a)’T(s).

Proof sketch. Break up the two integrals defining I'(s) and I'(s, ) into two parts each, from 0 to 1, and then
from 1 to +00. One then obtains

1 1
/ e u+a)ldu <e(l+a) / e Yut " du,
0 0

and

+00 +oo
/ e % u+ ) du < (14 «)? / e Yut " du,
1 1

from which the assertion is immediate. O

We now proceed with the proof of Proposition B.2. By (B.4), Lemma B.3, the estimate t(1 — u) < ¢ (in
the setting of (B.4)), and the fact that the expression (1 + @)® appearing in Lemma B.3 increases with «, we
arrive at

0 < Fuy(t) = t°F,(t) < e'~"(1+¢)°u([0,1]),
as asserted. O

For a fixed value of the real parameter s, 0 < s < +00, U, will denote the subset of U consisting of all
F € 9 for which t — (1 + ¢)°F(t) belongs to ¥. From Proposition B.2 we may derive the following useful
result.

Corollary B.4. Suppose p = Ig[u] for some s, 0 < s < 400, and some p € P. Denote by F the function

Fp( ) =(1+1t) °Fuu(t), t € Ry. Then F belongs to Vs, and Fp F,, that is, the functions F and F, are
comparable on R, .

Proof It is clear from Proposition B.1 and the definition of the classes Uy that F is in U,. Moreover, that

Fp < F, follows from Proposition B.2, and the fact that both F, and F are bounded away from 0 and +o0
on a ﬁmte interval. O

Proposition B.5. Fiz a real parameter s, 0 < s < 400, and let F' be an element of V. Then there exists a
continuous function p :]0, 1] =0, +o0[ in P, such that F, < F.

Proof. Since F' is in U,, the associated function F*(t) = (14 t)*F(t), t € Ry, belongs to U. By Proposition
B.1, we may then find a p € P of the form du(t) = p(t)dt, where ¢ :]0,1] —]0, +o00[ continuous, with the
property that Fy, < F*. Define p € B, by p = I [1], which is then continuous on 0, 1], and takes values in
10, +00[. By Corollary B.4, the function F p(t) = (1+1) °Fyu(t), t € Ry, has Fp < F,. On the other hand,
F, < F, which does it. O

Lemma B.6. Suppose p = I[u] for some s, 1 < s < 400, and some pu € P. If two real parameters x and y
are given, satisfying 0 <y < x < 1, then the following estimate holds:

s—1

pr) — 27 1p(y) < 2 (10, 2]) (& — 9)* L.

[(s)

Proof. An elementary estimate of the integral expression defining I[u] yields

(B.5) pla) = L)) < s w0, 0<r <1
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We split the verification of the lemma into two cases.

Case 1. y < /2. Then by (B.5),
s—1 s—1

plr) < % u(l0,a]) 2 = ;—) u(l0,2]) (2/2)° " < ;—) u(10,2) ( — y)* Y,

which is even better than requested.

Case 2. x/2 < y. We then have the partition 0 < 2y — z < y < x < 1 of the interval [0,1], and split the
integral defining p(z) — p(y) accordingly:

F@Np@)—puo)=:£%z0x—¢y1_(y_ﬂs1)duu)

v L (w0t 0 ) duo + [ -0 o),

y—aot yt
The last two integrals allow themselves to be estimated as follows:

T

/ L (et -0 ) a0+ [ o= 07 0 <27 e = ) 2y — ).

y—at yt

Moreover, the first integral is estimated by

[ @0 =0 Y s @7 =) [ -0 duo < (27 = )16 ),
0 0

Adding these estimates together, we arrive at

p(@) — ply) < m (o —u)* 2y — v,a)) + (27— 1) ply),

from which it is immediate that

p(z) —2°"p(y) <

s—1

[(s)

(z —y)* ' u()2y — x, 7])

and the assertion follows.
The proof of the lemma is complete. [

Lemma B.7. Suppose p € P for some s, 1 < s < 400, and let § satisfy 0 < 0 < +00. We then have the
estimate

sup{(z =)'+ p(y) : y €]0,al} > C- p(@)*+/ D, eo,1],
where C = C(s,p,0), 0 < C < +00, is a constant.

Proof. The function p = I;[u] € PB; is continuous, because it is the integral of Is_;[u], which is in L1([0,1]).
We choose y, 0 < y < z, as a solution to the equation p(y) = 27 %p(z), which is possible, by the intermediate
value theorem. When we plug this y into Lemma B.6, we obtain

_ 27°T(s)

s—1

-y > plx),

o

and if we raise both sides to the power (1 + 8)/(s — 1), and multiply by p(y), we get
2781—‘(8) (1+0)/(s—1)

(10, 1]))

(s+0)/(s=1)

(w—yf”p@)22s< p(x)

as asserted. [
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Proposition B.8. Given s, a, 3, v, and p, subject to 1 < s < 400, 0 < a < 400, 0 < B,y < 400, and
p € Bs, the following estimate holds,

+oo
/ e (e_"’me('yt)_l)Bdt < C p(x)~Bstet)/(s=1) 0<z<Ll
0

where C = C(s,p,a,8,7), 0 < C < 400, is a constant.

Proof. The change of variable u = 7t shows that without loss of generality, we may take v = 1.
Let y be a real parameter satisfying 0 < y < 1/2. Then, in view of the fact that p is an increasing function,
and the more or less trivial inequality

1 —ty _ ot 1— 67(17y)t 1— eft/Z ety
7tud 267: 7ty7> —ty 0<t
/ye U ; e ; >e 7 Z 3G+ 1) <t < +o0,
we have
1 1 1 oty
F,(t) = / e "p(u) du > / e "p(u) du > p(y)/ e Mdu > p(y) =——, 0<t< +o0.
0 y y 2(t+1)

For a given z, 0 < z < 1, suppose that y in addition has 0 < y < z, so that by the above estimate,

+o0 e . D) B ptoo N C(a,B)
/0 eTE, (1) dt < <@> /0 t*(t + 1) exp(—tB(z — y)) dt < 2P (z —y)lrath’

for some positive constant C'(«, 8). The assertion of the proposition now follows from Lemma B.7. O
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