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Main results
n.k.l1<k<n+l
d={edy,. = ..fh.] - a colleclion of integers such that

2'ﬁiffl"_;---£ﬂ'.;t—.

Ny = the Cvector space of all E-Luples (fi ooy fi.), where
fo, =10 R 180 homogeneous polynomial in n+ 1 variables of

depree d; with coeflicients in €.
For f = (fi....Je) € gy deline Sing [ = the (projectivisation
of the) set of all 2 & €11\ {0} such that

s filz) =02 bigroreri i

o the gradients of fii=1,..., koot are linearly dependent,

Vigm © gy is the set of all f such that Sing f # &
Gl 1 () acts on Ty \ S

Theorem 1. Suppose d # (2). Then the geometric quotient
of Uan \ Bgn by Gl 1 (C) exists, and the Leray spectral se-
quence of the corresponding quotient map degenerates over 1
(or modulo a sufficiently large prame) at the second Lerm.
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Corollary 1.
ff‘{lldﬂ\}—]d!“@]
=H" “:]IIIH "H l::"ri"iu].i'(E ”‘n i r{ﬂ:-}1 @] &0 '”*“ ‘I'I-'u | l[d:-.hﬁj

This isomorphism holds on the algebra level and respects the

mixed Hodge strochures

By-product 1. The order of the subgroup PGl 1 (C),n = 1,
consisting of the transformations that preserve a smoolh hy-
persurface of degree d > 2 divides

HIIH(

1=

1) % (@ = 1ty

'rrll

LOM(CE o (d — 1Y, (4 1)(d — 11”}). (1)

By-product 2. Let d be an integer > 2. Then the ovder of the
subgroup of Glu, (T cansisting of the transformations that fir
Jr € | I1’4.‘:|.ri \\ :’--1"{:1"} ] divides

Hf{ ) e ¢ ) ) i) | el 1

3 sl
T "
Actually, we prove an H.nnlngmm statement. for arbitrary d, but
Lhe resulting formula is a hit messy (and was Lherefore banned from
here).



By-product 3. Lel [ - CP" —+ ©P" he a vamified covering
of degree d. Then the order of the group formed by the auto-
morphisms g : CP" — CP" such that fo g = [ divides

il

a ‘HF.}—H MCT (o D)
=1

o -1

Clomments.

o (1) is majorated by d? 1 (4 1) sinee (1) s divisible by
the order of the projective antomorphism group of any smooth
hypersurface of degree d in © Pt can hardly he expected 1o
be sharp. Indeed, smaller hounds are known, The hest one 1
know is

dln A 1) ()

by A, Howard and A. 1. Sommese 1980 where J 18 the Jordan
fnetion, 1.0.,

J{m) = IHAX ( min ({4 {’_T’]) :

(36 63 (00 Fimite X Ol Abelinn

J(n) < (m o+ 1)ttt
for some a,h € B (B 1&-’5151‘ cilor 1984))
Asymptotically as d — oo,
—{(2) 18 smaller than (1),

1
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— By-procuct 1 provides much more restrictions Lhan (2),
ginee the number of divisors of ¢ € & grows more slowly

than any positive power of 2 as 2 — 00,

olin>3d>3and (d,n) # (4,3), then any antomorphism of a
smnoth hypersurface of degree d in €17 is known (Matsumura-
Monsky 1964) to he the restriction of a projective transforma:
Lot 8o in Lhese cases by product 1 implies that the order of
the full antomorphism gronp divides (1)

o Il n = 1, hy-product | is equivalent Lo sayimg that Lhe orde
of the subgroup of PGL,(C) that preserves a given subsel of
d = 2 points of TP divides

del — 1){el— 2).

This is obvious. Optimal il d is odd

o If =2 and 3, then (1) becomes
d2(ed — N — 3d + B3)(d — 2)
arniil f '
r_llnr'{.-f N}t nd 1 10d® - 10d £ 5)dt - AdT - 6d 1)
> (d? — 3d 4 3d — 2) - LOM(2, (d — DLOM(2.d 1)

respectively,



o Anexplicit description of all projective automorphism groups of
smooth projective hypersurfaces of given dimension and degree
> 2 ia rarely known. Three cases (to my knowledge):
| Cubie curves in © 1% ean have 18, 36 or 5 projective auto
morphisms, LCM = 27 . 3% (1)=2". 3
2. Quartic cirves in CF7 The LCM of the orders of the pro-
jective sutomorphism gronps is 2° - 37 . 7 (1. Dolgachev’s “Top
ies in classical algebraie geometry”, available on 1 Dolgachev's
webipage). (1)=25.2".7
3. Cubie surfaces in ©FPY The LCM of the orders ol the
projective antomorphism groups is 2°-3%-5 (13, Segre 1942 and
T Hosoh 1997). (1)=2""-3'.5

Idea of the proofs.

Linking numbers.

All (eo)homology coefficients are Z, unless indicated otherwise,

H.(Y) = the Borel-Moore homology groups of ¥ (with mte-
ger coefhicients). Two definitions: 1. the homology groups of the
complex of locally finite chaing; 2. the homology of the one-paint”
compactification module, the infinity.

M a smooth oriented manifold of dimg — p, X € M a closed
subspace, ¢ € ker(H, (X)) — Hy (M)). Suppose H, (M) =
7 l{ M) = 0. We define the linking number ke x a € H7 (AT,
XY by the following diagram



p".fp r;ll'!rlll.-"] "li‘.'lj1 q.rHﬂ-'.",x-:I ‘r'rf-' "Jf’\‘} -f.fp q(ﬂ.:’]

I leadusiemmi -.ll {halpern -.J|
'
e Y(M)— - H" (M \ X)

Another (equivalent) definition: represent ¢ by a chain ¢ and
define a function

H, (M X) = ker(H, ((M\ X) — Hy (M) = Z

as follows. Take a elass 2 € H, (M \ X), represent it by a chain
5 finel a chain w sich that dwe = 2, and map 2 to the intersection
index #(w, ¢). The result will comeide with (— 1) ke xar ()

The Leray-Hirsch principle.
In order to prove theorem 1, it suffices to constrnet, classes

ﬂ:ﬁl" = -’ir;h: '{“;L:JIHLE-:J.H.-]*?‘_ ST

fhat give nonzero mnltiples of the canonieal multiplicative genera-
Lowrs

i € P Gy (€))

when pulled back under (any) orbit mapping g ++ g [.

For a subvariety X of CP™ we set. Vg, v (o be the subset of Ty,
rnﬂfiﬂl.inp_' of all (fy, ..., fr) such that Sing( fi, .., fr) N X # @.

) 0
er.n i el vt 177

colimyy, Vi epe =n 41 l.
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g« f. For simplicity suppose k& = 1 {(projective lwpersurfaces in

CP*): d =1d),d > 2.
Induction on n.

The case 1 — 0 (empty hypersurfaces in €7").

”[ﬂ'].” {r:” =hiE, F:.-J',ll = {ﬂl‘ = Hf” T RAAL

I'he action of GL(C) =07 s

i e TV
-.r'f: — .z € U,

e

] | K] .
I'he pullback of 'T'{r”I = Ik ! nnder an orhil
e 1-1] Ty oo

MAppPIng 15 ri{*.{_ et m‘ﬁ'”'” il.

How to pass from n to n 17
. il r : if
Suppose that the pullback of EIE Mof =101 is l!li W

' (el )10 . . T
with m'" £ ), Hr-lnfsr- the suspension map S @ Mg —* Nigyoo

!

by

=l
3

Lij= s '_l.J'_? jrere Ze) ) = CE" Sl 5E L



L= AT e S i T 3 S RGP €T,

Sol-theoretically,

el I“'ﬁ:rﬂ.n i I.F.-;} Ul'rh.u.fq'

But the intersection nmltiphieity of Vg oo, anel the image of S
i — 1. Due to the commutative dingram

(] i | r{*ﬁ e nlfl'ﬂﬂ

| 5|

(4 2( €)= Ty

we ahlain

<5 (ik['-'i.n,m W TR LI 1) =d— 1]ik[‘f"iﬂ,n.r.1]-}"q,ru...-"r.n,n '

Any nid}'" i =1 om 4 1 pulls back under an orlat map to

T"Elﬂ.rtl Tnirﬂl,n i1

with ’
3

dymid (el m
m, = (d = 1)m; "

== fi0i41 ; i
I'he case of HE: : ; has to be considered separately. Sef

3 AR | VR |l

and define
F o Mgy iy — €



by [+ df],;. We have
1".(:!'},:”1,{[“ w1y} = I l{!ﬂl.

[enee, ﬂf;ﬂj]}' "l the restriction of .’*"[lkll“”j-.uﬂ o Ty g \

E[rf].u e [Fix an .ﬁ! = ”I:n!}.n | \.Eq.n.u 11

e . o)l § . $
I'he image of n:: H "imder the orbit mapping g v g« fiy is just

the image of the canomieal penerator of
.;i;‘.."‘rr [ IH‘_HH!I 't.]L II'”}*:I

uneer the mapping

! FI{” -'r]]-ﬂl i ”f' ' "iz'r|r.r-:r'11'

This mapping [actorises as follows.

g+ (g", the Tast colurm of g) v (¢", dfolu i comr )
= !?Td.fﬂlrr- s praliitiim =l 5"

Here the seeond arrow g

I = (x + dfyl:)

and the thivd one is (g, @)1 g - 7.

The image of the canonieal generator of H** (T2 {0}) mnder

the above compaosition is ((d — 12 4 (=1)" Deh 13, hence the

: fed), ol = ¢ . f)mil
image of a I nder any orbit mapping is mE:f 4 '

i s with
mH = (d—1)"2 4 (1),



What has all this to do with antomorphism groups?

Suppose that

o [1:GlLC) —+ GLy(T)wsa representalion such thal, AL =
A In where I and Iy are the identity operators.

eIl © TV is an open Glg(€)-invariant subset thal tloes nol
contaim O

ea; € HY¥ (11,4 = 1,...,1 are classes that pull hack Lo
!

mct, 4 = 1,000, under an orbil. map.

o Forany # € U and & € 17/C* the stabilisers Stab{x) GL(C)
and Stab(x) ¢ PGL(C) are finite.

Then

o For any & € U7, #8tab(x) is a divisor of

i
e
=1

oIl 1 = 2 aned Tor any & = 2,...,1 there exisls a vlass by €
Fa’z"jf”ﬂ:*} thal, pulls hack to ey under U7 [1JCY with
ry 0, then fStah(a) divides

!
1 -
" =2



