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Introduction

Prefix palindromic length

The palindromic length PL(u) is the minimal number of concatenated
palindromes needed to express the word u.

abbaba = (abba) (b) (a) = (a) (bb) (aba)

PL(abbaba) = 3

The prefix palindromic length PPLu(n) of an infinite word u is the
palindromic length of the prefix of length n of u.
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Introduction

Prefix palindromic length

t = abbabaabba · · ·

n 0 1 2 3 4 5 6 7 8 9 10
PPLt(n) 0 1 2 2 1 2 3 3 2 3 4

f. diff + + 0 - + + 0 - + + -

Lemma (Saarela 2017)

PPLt(n + 1)− PPLt(n) ∈ {−1, 0, 1}

we denote it by {−, 0,+}
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Introduction

What is known on the prefix palindromic length?

Very little.

Not much.
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Introduction

Conjecture I

Conjecture (F., Puzynina, Zamboni, 2013)

For every non ultimately periodic word u, the function PPLu(n) is
unbounded.

Proven for u avoiding some power k, that is, words vk = v · · · v︸ ︷︷ ︸
k

(2013).

The proof is not constructive.
The number of palindromes starting at the same point is logarithmical.
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Introduction

Conjecture I

Conjecture (F., Puzynina, Zamboni, 2013)

For every non ultimately periodic word u, the function PPLu(n) is
unbounded.

The conjecture is also proven

For all morphic words ([FPZ 2013] + [Klouda, Starosta, 2015])

In the greedy versions [Bucci, Richomme 2018]

For all Sturmian words [F. 2018]
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Introduction

Conjecture I

Conjecture (F., Puzynina, Zamboni, 2013)

For every non ultimately periodic word u, the function PPLu(n) is
unbounded.

So, the conjecture holds for almost all infinite words, and the remaining cases
are like this.
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Introduction

What about known words?

It is easier to find a decomposition to few palindromes than to prove it does
not exist.

Upper bounds :
F. 2017 - Fibonacci word;
Ambrož, Kadlec, Masáková, Pelantová, 2019: morphic words from class P

Lower bounds: F. 2019; Shuo LI 2020 - for some Toeplitz words including the
period doubling word.
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Ambrož, Kadlec, Masáková, Pelantová, 2019: morphic words from class P

Lower bounds: F. 2019; Shuo LI 2020 - for some Toeplitz words including the
period doubling word.

A. Frid (with J. Scanvic) An upper bound for the number of palindromic length profiles of binary wordsSeptember 5, 2022 8 / 21



Introduction

Thue-Morse word

σ :

{
a→ abba,
b→ baab.

t = σ(t) = abba baab baab abba baab abba · · ·

PPLt(n)

n
4 16 64
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Introduction

Morphism for first differences

dt(n) = PPLt(n + 1)− PPLt(n) ∈ {−, 0,+}

Proposition

The sequence (dt(n)) is the fixed point ++0-++0-++-- · · · of the morphism

δ :


-→ +0--.

0→ ++--.

+→ ++0-.
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Introduction

Other sequences

Analogous but much bulkier constructions exists for the paperfolding
word, the Rudin-Shapiro word (F., Laborde, Peltomäki, 2021) and for the
Sierpinski word (Bulgakova, F., Scanvic, 2022).

but NOT for the period-doubling word nor for the Fibonacci word.

Conjecture
The PPL-difference sequence of a k-automatic word containing an infinite
number of palindromes is NOT obliged to be k-automatic.
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Possible sequences du

What is possible?

u = abbabaabba · · ·

n 0 1 2 3 4 5 6 7 8 9 10
PPLu(n) 0 1 2 2 1 2 3 3 2 3 4

du + + 0 - + + 0 - + + -

du starts with +;

every prefix contains more +s than −s.

any more restrictions?..

A. Frid (with J. Scanvic) An upper bound for the number of palindromic length profiles of binary wordsSeptember 5, 2022 12 / 21



Possible sequences du

What is possible?

u = abbabaabba · · ·

n 0 1 2 3 4 5 6 7 8 9 10
PPLu(n) 0 1 2 2 1 2 3 3 2 3 4

du + + 0 - + + 0 - + + -

du starts with +;

every prefix contains more +s than −s.

any more restrictions?..

A. Frid (with J. Scanvic) An upper bound for the number of palindromic length profiles of binary wordsSeptember 5, 2022 12 / 21



Possible sequences du

What is possible?

u = abbabaabba · · ·

n 0 1 2 3 4 5 6 7 8 9 10
PPLu(n) 0 1 2 2 1 2 3 3 2 3 4

du + + 0 - + + 0 - + + -

du starts with +;

every prefix contains more +s than −s.

any more restrictions?..

A. Frid (with J. Scanvic) An upper bound for the number of palindromic length profiles of binary wordsSeptember 5, 2022 12 / 21



Possible sequences du

What is possible?

u = abbabaabba · · ·

n 0 1 2 3 4 5 6 7 8 9 10
PPLu(n) 0 1 2 2 1 2 3 3 2 3 4

du + + 0 - + + 0 - + + -

du starts with +;

every prefix contains more +s than −s.

any more restrictions?..

A. Frid (with J. Scanvic) An upper bound for the number of palindromic length profiles of binary wordsSeptember 5, 2022 12 / 21



Possible sequences du

How many possible profiles?
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Possible sequences du

How many possible profiles? for binary u
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Possible sequences du

How many possible factors?

Attention, we study another problem: In total, how many factors appear in du
for any binary u?

In fact, we do not have a nice term for the set we study, but let us call it D2.

Lemma
+++ /∈ D2.
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Possible sequences du

Condition on factors

Lemma
If a factor v = v1 · · · vm appears in du, and if it corresponds to a factor
w1 · · ·wm of u, then ∣∣∣∣∣

m∑
i=1

vi

∣∣∣∣∣ ≤ PL(w1 · · ·wm).

Theorem (Ravski, 2003)

For every binary word w = w1 · · ·wm we have PL(w) ≤ K(m), where
K(11) = 5 and for n 6= 11, K(n) =

[n
6

]
+
[n+4

6

]
+ 1.
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Possible sequences du

List of forbidden factors

Theorem

The list of factors which do not appear in any du for a binary word u contains
the languages

++ 0∗+,

+0∗ ++,

−− 0∗−,
−0∗ −−,

and
S5 = {+0+ 0+,−0− 0−,++−++,−−+−−}.
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Possible sequences du

Growth

Corollary

The language D2 grows at most as O(ρn), where ρ = 2.63 · · · .

The list of found forbidden factors is a regular language→ we construct an
automaton accepting all words not containing them.
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Possible sequences du

Other forbidden factors? Not clear

Sometimes we need a really long prefix to get a needed factor:
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Possible sequences du

Continuations by k zeros
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Possible sequences du

Final conjecture

Conjecture
All the minimal forbidden factors of the language D2 are described in the
previous theorem:

++ 0∗+, +0∗ ++, −− 0∗−, −0∗ −−,

and
S5 = {+0+ 0+,−0− 0−,++−++,−−+−−}.

Larger alphabets? We know nothing.
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