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A Compactness Result Related to
the Stationary Boltzmann Equation in a Slab,
with Applications to
the Existence Theory

L. ARKERYD & A. NOURI

ABSTRACT. Weak compactness in L!([a,b] x R?) is proved for
any sequence of functions for which a weighted L'-norm and
the Boltzmann entropy production term are bounded, and
which satisfy some very weak condition of local boundedness
from below. The property holds for a wide class of collision
kernels. This result is then used to solve the stationary Boltz-
mann equation in a slab, for given indata and for diffuse re-
flection with total inflow given under various small velocity
truncations of the collision kernel.

Introduction. We study the stationary Boltzmann equation in a slab,

of

(0.1) $on

:Q( f)v IE]OvaL U:(S,U,C)GRgv

with various boundary conditions at x = 0 and x = A, which combine given
inflows with specular and diffuse reflection. The collision operator @ is

AR = [ [ Bo—vw)f' 1~ ffdd.

where

f*:f(xvv*)7 f/:f(m77/)7 fl*:f(l‘,vi),
and
(0.2) vVV=v—(v—v,ww, v, =0+ V-0, w)w.
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Here, (v — v4,w) denotes the Euclidean inner product in R3. Let w be represented
by the polar angle ¥ (with polar axis along v — v,) and the azimuthal angle ¢.
We assume that

(K1) B(v — vy,w) = |v — v, |°b(¥9),

with
00/ a2 ™ 3m
—3<pB<2, beL™(S%), b(¥)>c>0 forggﬁgg.

(To the price of some technical complications, considerably more general B’s
can be used.) Truncations of the collision kernel B are sometimes introduced
to reduce certain collision rates. This is obtained by introducing a function y,
that is invariant under the collition transformation J defined by

J(v,w,v4) = (v, —w,vl),
with v" and v} defined by (0.2), and using the collision kernel
Ba(v,v4,w) = B(v — v4,w)Xa (v, 04,0, 0,).

That gives instead of the collision operator ), the following modified collision
operator

®)  Qutha = [ [ Beo.w)lr -
R 2
The entropy production is defined by

flf/*
fre

D(f,f) :/0 /R3 SQB(U—U* SO = ff]n dwdv, dvdzx,

and correspondingly for B,.

Certain results concerning solutions of the non-linear Boltzmann equation
close to equilibrium, and solutions of the corresponding linearized equation are
known. The solvability of boundary value problems for the Boltzmann equa-
tion in situations close to equilibrium is studied in [6], [7], and [8]. The unique
solvability of internal stationary problems for the Boltzmann equation at large
Knudsen numbers is established in [10]. Existence and uniqueness of stationary
solutions of the linearized Boltzmann equation in a bounded domain is proved
in [9]. A classification of the well-posedness of some boundary value problems
for the linearized Boltzmann equation is made in [4]. Stationary solutions of
the BGK model equation are derived in [11]. There are only few mathemati-
cal results on large data boundary-value problems for the non-linear stationary
Boltzmann equation. A serious technical problem in such studies is the scarcity
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of known useful a-priori estimates. In particular, there is no entropy bounded-
ness available, which in the time-dependent case, together with the boundedness
of mass and energy, provide weak L!-compactness. Measure solutions of the
steady Boltzmann equation in a slab have been obtained in [3] for a collision
kernel truncated for a small z-component of the velocity. The proof is based
on the weak-* compactness of uniformly bounded measures and does not refer
to any entropy argument. The entropy production term is used in [2] for prov-
ing, via non-standard arguments, that the same problem has solutions z a.e. in
L, (R3).

In the first section of the present paper, a connection is established between
lower bounds on the solutions and bounds on the integral [(1+ |v|)? f(z,v)dz dv.

Then we use the boundedness of the entropy production term to derive a com-

1
loc

sections we apply this compactness result to solve the stationary Boltzmann
equation in a slab. The existence is proved for the stationary slab problems
with:

pactness result in L ([0,a] x R3) for general collision kernels. In the following

e given indata fy, f, and reduced collision rate for small £ in Section 2,

e given total inflow with diffuse reflection and reduced rate for small £ in
Section 3,

e reduced collision rate for small v, and rotation symmetry around the £-axis
with respect to n? 4 (2 for given indata in Section 4.

1. The main compactness result and some solution properties.
Let (fn)nen be a sequence of nonnegative functions on [0,a] x R3.

Lemma 1.1. Assume

(H1) Je; : Vn, Yz € [0,al, E fo(z,0)dv < c1,
R3

and

(H2) Jdey 1 Vn, D(faafa) < ca.

If there exists a measurable bounded set Z C R with |Z| > 0, and a constant
¢ > 0 such that for every n € N, (fo(z,v) > ¢ for a.e. z in [0,a] and for v in a
measurable subset Z,, C Z, with |Z,| > |Z|/2, then

(1.1) sup/ fn(2,0)(1+ |v])P dzdv < co.
ne€NJ(0,a) xR3

Proof. We shall use the notations

aAb:=min(a,b), aVb:=max(a,b).
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The domain R? is split into three: S; = {v € R3; [¢]* > 2 Aet(n? +(?)},
S.={veR? ¢ <e n?+(% <e?}, and R?\ (S;US.). For the first domain
S1, (1.1) follows from (H1). For the other two domains, we use the elementary
inequality

¥ <2+2(2—1)lny.

It follows that

* 1 plx * ! plx fnf:
. nin = ndn nJn — Jnn 1 T plx "
(1.2) fafn 20000+ (fafn — f )nfnfn

Then, keeping Z fixed in one half space £ > 0 or £ < 0 and away from £ = 0, we
can (if needed) decrease ¢ and let v € S;, v, € Z,, and, say, | — /4| < 7/16.
We take v" and v/, in (1.2) defined by ¢ in a suitable sector of witdth, say, 7/8 and
e so small that € < |¢'| A€, for all ¥, ¢ in the set S,, above. (1.1) for the domain
S, follows from an integration of (1.2) multiplied by B over (0,a) x S X Z,, x S,
with the help of (H1) and (H2). Here in the integration of f] f/* with respect
to S X Z, xS, we switch from unprimed to primed velocity variables. The
Jacobian of that transformation is one. Finally, for v in the remaining part of
R? and v, in Z,, |[v—v.]® ~ (1+v])?. And so the corresponding part of (1.1)
can be estimated in the same way. O

All along the paper, c1,co,... will denote positive constants independent of
n, and subsequences of (f,) will be denoted by (f,). Now we state the main
result of this section.

Theorem 1.2. Let (f,) be a sequence of nonnegative measurable functions
on [0,a] x R? verifying (H1), (H2), and

For every measurable bounded set Z C R®, with |Z| >
0 and inf,cz|£| > 0, there exist a constant ¢ > 0 and

(H3) for every n € N, a measurable set Z, C Z, with
|Z,| > |Z|/2, such that fn(z,v) > c, v € Z,, x €
[0,a].

Then (fn) is weakly relatively compact in Li_ ([0,a] x R?).

Proof. The proof consists of two steps. Lemma 1.1 implies that a sub-
sequence of (f,(1+ |v|?) converges to a measure p for the weak—* topology
on M([0,a] x R3). Here M([0,a] x R?) denotes the set of bounded measures
on [0,a] x R3. The first step proves that u belongs to L ([0,a] x R?). The

loc
second step achieves the proof of the weak relative compactness of (f,) in

LL ([0,a] x R?).

loc
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STEP 1. Suppose that u does not belong to L (]0,a] x R3). It means that

loc
1 has a singular part of strictly positive measure contained in an open set A of

finite measure

A C[0,a] x {v; € € [q1,p1], In| <p1, || <p1}-

So dc3 such that Vn, 3A,, open C A such that
1
|A,| < — and / dp > cs.
4n A,

Then

k—o0

lim/ fu(z,v)drdv > cs.
Ay

Let a subsequence of (f,), constructed by a diagonal process, be such that
c3
(1.3) Vn, / frn(z,v)dzdv > 5
Ap

Let B,, be defined by
B, = {(%,U) € An; fn(-’EyU) > C31’L}.

Then
/ fu(z,v)dxdv > =y
B. 4

Let p2 and p3 be real numbers such that
(1.4) P1—q1 < p3—p2 < p2—p1.

Applying assumption (H3), with Z = [pa,p3] x [—p1,p1]?, leads for every n
to the existence of a set Z,, C Z such that |Z,| > |Z]|/2, and a constant ¢4 such
that
(1.5) fao(z,0) > ¢4, a.e. x €0,a], veE Z,.

For every (z,v) € By, let us define

T 37

En(IZI,U) = {(0*719#’)3 Vs € va e |:§7§:| ) P € [07271—]

and /Fa(@0)Fa@0.) 2 fulw,v) fule,vl) }.
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Assumption (H2) implies that

fntn
fufir

(1.6) / / B(v —va,w)(fufr — fhfi)In dv.d¥dpdzdv < co.
B, J E,(z,v)

But, for (z,v,v.), such that (z,v) and v, belong to B,, and Z, respectively,

fn(l‘,’l./)fn(li,’l}*) Z ncscy.

Hence f,(x,v)fn(z,vs) is at least of the same order as m, which implies that
nor n large enough, and (v',v}) constructed from (z,v) in B, and (v«,¥,¢) in
En(a:7v)’

fufe . fuf
> gfndnln g

falit 2
> L fim (i f).

(1.7) (fufn — fnf)n

Moreover, due to assumption (K1), and the fact that Z,, and the v-component
of A are bounded disjoint sets,

(1.8) B(v—wvs,w) >c5,  (2,0) € By, v € Zy, U € E’%ﬂ .

Then (1.5), (1.6), (1.7) and (1.8) imply that

(1.9) ln(n)/B |En(z,v)] fr(z,v)dzdv < cg.

n

(1.9) leads to
3
(1.10) / fo(z,v)dzdv < =,
c, 8
where C), = {(z,v) € By; |En(z,v)| > 8¢s/(csln(n))}. Hence by (1.4),

/ fu(z,v)dxdv > =y
(2,0)€Bn\Ch 8

So there is (2,,v,) in B, such that |E,(z,,v,)| < 8¢/(c3ln(n)), which implies

|En(20,v,)] <

In(n)
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Let F), and F* be defined by
F, ={v; v = v, — (vn—0s , W)w, vs € Zy,

9 e [33—”} € [0,27], (00, 0,0) ¢ Enlanvm)},

8" 8
and
= {vy; vy = ve 4 (vn—0s , w)w, 04 € Zy,
3
RS [g’g} , € [0727@7 (0*719790) € En(iﬂn,vn)}
Then

Fn(@ny ) fr (@0, 0)) > A/ fr(Tny0n) fr (@0, 04) > /nics,

and v € F), v, € F* for ¥ € [7/8,3n/8], ¢ € [0,27], (vi,,0) & Ep(Tn,vn).
We recall that the diameter of the sphere in R? with poles at v and v, is bounded
from below by ps —p;. Also for each (9,¢), v and v are antipodal on that
sphere. Set

5, = ((0.00)i v € 20, 0 € | 1. 5] o € D.2AINE

|Sn| is uniformly bounded away from zero. Hence for any n and some n?, (I, the
set of (&«,9,¢) such that ((£,n2,&0),9,¢) € Sy, has positive Lebesgue measure
uniformly in x bounded away from zero. Since lim,, . |F,| = 0, for n large,
1y, (I can be chosen so that the corresponding set of £, has Lebesgue measure
uniformly bounded away from zero, and for each &, the corresponding set of
(9, ) maps into a set of v’, v), covering at least, say, 90 percent of the area of a
sphere with poles at v and at (&,,n7,£"). Hence for n large and such v,, 9, ¢, due
to geometry, either [{v/ € F; fn(zn,v") > (ncg)/4Y| or |[{v] € F"; fo(z,,vl) >
(ncg)/4}| is bounded from below, say by co > 0. Let us denote this set by F,,.
The condition p; — q1 < p3 — p2 <K p2 — p1, together with & € (7/8 , 37/8) imply
that F! and F)* are contained in {v; |{| > p1}. Then, using assumption (H1)
and the last remark,

(1.11) (an)1/409 < Jn(zp,v)dv < —.

The left hand side of (1.11) tends to co as n tends to co, whereas the right hand
side is uniformly bounded with respect to n. This leads to a contradiction and
proves that u belongs to Li ([0,a] x R?).
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STEP 2. Let us verify the assumptions of the Dunford-Pettis theorem. The
uniform boundedness of (f,) in L{ _([0,a] x R?) is given by Lemma 1.1. More-

over, (f,) is uniformly absolutely integrable in L (([0,a] x R?). Else, restricting
(z,v) to some [b,d] x V, with [b,d] C [0,a] and V a compact set of R?, there would
exist a constant ¢, a sequence of sets (A,) C [b,d] x V of measure respectively

smaller than 1/(4n), and an increasing sequence of integers (j,) such that

/ fin(z,v)dzdv > c,
An

which is the setting of (1.3), and was contradicted in Step 1. Hence the Dunford-
Pettis theorem applies, which proves the weak relative compactness of (f,) in
Llloc([O,a] x R3). |

Remark. It follows from Lemma 1.1 that, moreover, for 8 = 0, (f,) is
uniformly bounded in L'([0,a] x R®) and for 8 > 0, (f,) is weakly relatively
compact in L*([0,a] x R3).

For the rest of this section we only consider ( f,,)nen which are weak solutions
(cf. (2.4) below) of (0.1) satisfying
fg(U)an(O,U)ZEf()(’U)/\TL, §>07

fa(v) = fu(0,0) 2 efa(v) An, £ <0,

where ¢ € ]0,1]. Throughout the paper we shall assume that f, and f, are
measurable, with

(1.12) /£>0£(1+|v2)fo(v)dv<oo, /€<OI£I(1+|UI2)fa(v)dv<007

and
113 [ en@l@d<oe, [ lelfau(f)e)d < oc.
£§>0 £<0
A variant of the previous theorem will be neded in Section 2. Define x,, by
(1.14) Xn = 1,
when

min([¢], [, [€'],1€L) > (Inn) 78, o — v, > (Inn) 75, (o + |o.|* < (Inn)'/%,
and x, = 0 otherwise. Define x, by
(1'15) xa(v,v*,v’,v;) =1 if mln(|£|7|§*|7|€/|v|£;|) 2>,

and otherwise let x,, equal one multiplied by 512» /a? when |¢;| < o, and &; = &,
&, &, &L (Several factors may be incorporated simultaneously).
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Theorem 1.3. Assume that —1 < 8 < 0 and f,(0,-) < n, fu(a,) <n.
For any o > 0, if (fn) verify (H1), (H3), and if each f, is a solution to (2.5)

below, verifying (H2) for D,, instead of D, where

ff* 3 f/f/*
1+lff>k 1+lflf/*
n n

fre

hl f/f/* ?

Dulf,f) = / XnXaBv—v. , w)

then (€2 f,,) is weakly relatively compact in Li (]0,a] x R3).

loc

Proof. We shall concentrate on the deviations from the proof of the previous
theorem. (H1) implies that a susequence of (£2f,) converges to a measure y
for the weak—* topology on M([0,a] x R?). Lets us prove that p belongs to
L'([0,a] x R?). The weak relative compactness of (§2f,) in Lj_.([0,a] x R?) then
follows as in Step 2 of the previous theorem. Suppose that p does not belong to
LY([0,a] x R?). It means that u has a singular part of strictly positive measure
contained in an open set A of finite measure

A C [0,a] x {v; € € [q1,p1], Inl <p1, [€] <p1}-

By elementary computations, in the present case

sup sup / §2fj($,v) dv = O(EH"B)
[€]<e

7 0<z<a

when ¢ tends to 0. Indeed, define ¢ as a regularisation of the indicatrix function
of [-1,1] and ¢.(x) = ¢(z/e), so that |Vp| ~ 1/e. Multiplying (0.1) by ¢ and
integrating on (0,7) x R3 leads to

/ (O () d
0<é<e

= 2 fo(v)dv ’ v—1,)P
- /Mgms)g folw)do+ / /5 /S =) "b(0)
X [f(y,v") f(y,v) — f(y,0) f(y,04)] 0 (€) dy dv dv, dw

= 2 fo(v) dv ’ v—1,)P
- / L PAOE R / / ) H)
X [pe(&)E" — 0 (O)E]f (y,v) f (y,v4) dy dv dv,dw,

and the last two terms are respectively of order ¢ and e'*t#. This implies that
for a suitable € > 0, we can either choose A C {v; £ > ¢}, or A C {v; £ < —¢}.
Let us discuss the first case, i.e. with ¢; > 0. Then

1
Jes such that Vn, 3A4,, open C A such that |4,| < in and /
n

dp > cs.
An
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And so
lim / fi(z,v)dzdv > cq.
Ay

j—o0

Let a subsequence (f;,) of the original sequence (f;), constructed by a diagonal-
ization process, be such that

Vm/ fin(z,v)dxdv > “
A, 2

Write the subsequence as (f,,). Let B,, be defined by
B, = {(z,v) € Ap; fn(z,v) > cyn}.
Then
/ fu(z,v)dxdv > “
B, 4
Let ps and p3 be real numbers such that
p1 < p3—p2 < P2 —P1.

Applying assumption (H3) with Z = [pa,p3] x [—p1,p1]? leads, for every n, to
the existence of a set Z,, C Z such that |Z,| > |Z|/2, and a constant c5 such
that

fo(z,0) > c5, a.e. x€]0,a], vE Z,.

Also, using (H1) and Tchebycheff’s inequality, we can moreover require that
fulz,v) < 5, (x,v) € Z,, for some (large) ¢ independent of n. For every
(z,v) € By, let us define

E,(z,v) = {(v,&gp); Vs € Zp, ¥ € [% , 3%} , ¢ €[0,27] and

VI > fn<x,v'>fn<x,v;>}.

Assumption (H2) implies that for n large enough

n(z,v)

* 1% *
/ / B frif” - f’if” In f:lff* dv, dddedrdv < cs.
bn J E 1+.*fnf: 1+7fT/LfT/L* fnfn
JIn In

But, for (z,v,v,) such that (z,v) and v, belong to B,, and Z,, respectively,

fn(iﬂw)fn(x,v*) > Ncycs.
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Hence f,(x,v)fn(x,v.) is at least of the same order as n. Since
Fn052) < iy fa(@s) < Gy ol < Gl 7%, X B < eln jn) 7,
% < j’ru
14224
In

it follows from the solution written in mild form that
fn < Cjn(lnjn)5/16
in the present case. So either cn < f, < jn(lnn)*1/32 or jn(lnjn)’l/?’ < fan <

¢jn(Inj, )%/, In the first case, for large n,

I A ¥
L dndn T 1te(ng,) Tt
In

And so

IS 3 -l Y

* ! pl % n ! pl x —
In In

\%

(O.anfn* - \/fnfn*) In \/fnfn*

Y

In the second case, for n large,

IS PR A N 1

Jn In
L _fufa Vinfi
> mor = e (In(faf)
2\ gy dndn VS
Jn Jn
3 ful
= s (fufy)
8. f;fn

L VRI |1 1

1
2 4 1 n V£ 14 V k'
VIS Jn Jn

In(fnfy),
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where the last term is positive for n large. Hence for n large enough, and (v/,v"")
constructed from (z,v) in B,, and (vs,9,¢) in E,(z,v),

RfinE
1+jifnf; 1+jif;f,2* Intn

N AT )

Arguing as in the proof of (1.10), we can from here conclude that for n large

/ fu(z,v)dxdv > 6—4,
(2,0)€Bn\Cn 8

where B, \ C,, is a set {(z,v) € By; |En(z,v)] < ¢/In(n)}. So there is (z,,v,)
in B,, such that

(1.16) |En(2n,vn)| <

Let F and F!” be defined by
i 371

Féz{v’:v':vn—(vn—v*,w)w, Vs € Zy, ¥ € [§’§

€ [0,27], (vi,¥,¢) ¢ En(xn,vn)},

and
1% ’ ’ T 3
E, =qv,: v =v,+ (0n—0s, ww, v € Zp, ¥ € 38|
€ 0:27] (00.0,6) ¢ Eulonsin)
Then

fn(mnv )fn Tp,V > \/fn [L‘n,’Un fn(mnavn*) > \/717097

andv' € F/,v. € F'" for9 € [71'/8 ,31/8], ¢ € 10,27, (vs,9, ) € Ep(2p,vn). So
for n large and such v, 9, ¢, due to the geometry, either |{v' € F.*; f.(zn,0") >
(neg) 4} or [{v., € F.*; fu(2n,v.) > (nco)/*}| is bounded from below for

n large enough, say by c19 > 0. Let us denote this set by Fj,. Then using
assumption (H1) and the last remark, we obtain

(ncg)4eip < / Jn(@n,v)dv < ?
1

This leads to a contradiction as n tends to co and proves that u belongs to
L1([0,a] x R?). |
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Define ||v|| by,
o] = €2 v (n* + ¢,
and for any € > 0, define ¥, and ¥, by

7262 for ||v|| <,

1 otherwise,
and

1 for min(fJol, flvu]l, [[o]] s lvi]]) > e,

(117) Xe = 52
-5 for [|v;|| < e and v; = v, v, V', VL.

Starting from (1 An2¢2)f, for ||v|| < e and from . f,, for ||v|| < €, and arguing
as in the proof of Theorem 1.3, we may also prove the following result.

Corollary 1.4. Assume that —1 < 3 < 0. Let (f,) verify (H1), (H3), and
a
SUP/ / (A ARZED (14 |v))P fu(z,v) drdv < co.
n Jo Jvl>e

Let each f,, be a solution of (0.1) under (K2) with Xqe which verifies (H2) for

Dn(fn7fn) instead Of D(fn7fn); where Xae = Xa when Xs = 17 and Xae = Xe
otherwise, and

[
e

and oo = 1/n. Then (Xaefn) is weakly relatively compact in Li, ([0,a] x R?).

Dn(f,f) = /XQEB(U —v,w)(ff = ff7)n

Here Xae = 1 AN2E2 when Xe = 1 and Xae = Xe otherwise.

Finally, for any sequence (f,,) of solutions (0.1), satisfying (1.12)—(1.13), the
following partial converse of Lemma 1.1 holds.

Lemma 1.5. Assume that
sup/fn(lJr [v)? dzdv < oco.

Then for any bounded measurable subset Z C R3, |Z| > 0, where fo > 0 for
E>0and f, >0 for £ <0, and any € > 0, there is a constant ¢ > 0 and for
every n € N | there is Z,, C Z with |Z,| > |Z|(1 —¢), such that

fulz,0) > ¢, a.e. x€l0,a],ve Z,.
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Proof. Given Z, let ¢ > sup,¢ |[v|. Then

(1.18) sup sup/ / [v — v, fn(2,0,) dzdv, < c0.
vEZ mENJQ |vi|>e

Further, for g8 > 0,

(1.19) sup sup/ / [v = v, fn(2,0,) dzdv, < co.
veZ neNJO J|v.|<é

Finally, for —3 < 8 < 0 since fv v,|? dv is uniformly bounded with respect

to v, such that |v,| < ¢,

a
sup/ / / [0 — 04| fr(2,0,) dv, dz dv < 0.
neNJveZ JOo J|v.|<é

And so, given Z, there is a constant ¢ > 0 and Z,, C Z such that |Z,,| > (1 —¢€)|Z]
and

ezlv—

a
(1.20) sup sup/ / lv — v, |P f(2,0,) dzdv, < E.
neEN veZ, Jo Jlv.|<é

Since f,, is a solution of (0.1), it satisfies

Afn _
5% +v(fn)fn = Q+(fnafn)a

in weak form, where

(1.21) v(f)(z,v) = / B(v—v, , w)f(z,v.) dv, dw,
(v ,w)ER3 X S2
and
Q (1.haw) = [ B(o—o. , ) (,0") (2,01 dv. do.
(v, w)ER3 X S2

Then the following exponential formulas also hold:
- v v ‘1 Y v z,)dz
fulz,v) > folv)e fo 1/&v(fn)(y, )dy+/ EQ+(fnafn)(y7v)€fm (1/&)v(fn)(2,v)d dy,
0

z €0,al,ve Z,£>0,

and
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- ViJn v ‘1 Y v(fn)(z,v)dz
Falz,v) > fo(v)e Y ZEMIC )dy+/ EQJF(fn,fn)(y,v)efz (1/&)v(fn)(z,v)d dy,
a

xz €[0,a],ve Z,£<O.
Hence,
Ful(@,0) > fo(v)e o /OG0y
z €[0,a],ve Z,£>0,
and
Fu(@,0) > falv)e o VOV
x €0,a],ve Z,£<0,

which leads to the result, given (1.18), (1.19), (1.20), (1.21) and the assump-
tion of positivity of fo (resp. f,) on the component of Z where £ is positive
(resp. negative). |

Remark. The previous lemma also holds for diffuse reflection boundary
conditions, where the total inflow

gn@wm+éomnwmw
>

£>0

equals a given positive constant.

2. The stationary Boltzmann equation in the slab, with given
boundary indata and reduced collision rate for small £. In this section
we assume (K1) with —1 < 8 < 0, and (K2) with (1.15). Our aim is to prove
the existence of a solution of the boundary value problem

(21) €20 =Qu(r.p), weloal, v=(Enoc®,
(22 F0.0) = folv), €0,
(23) f(a,v) = fa(v)a § <.

To describe the weak form of this problem, we consider as admissible, test func-
tions ¢ which are bounded and continuous, such that (1/£)(d¢/0x) is continuous
and such that ¢ is Lipschitz continuous with respect to v (with a Lipschitz con-
stant not depending on x) and with compact support. In addition, we require
that

p(0,0) =0 if &€ <0,
ola,v) =0 if &> 0.
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We define f as a weak solution of (2.1)—(2.3) if

| [er etz — [ erop00d
0

£>0

+ {fa(v)p(a,v)dv
£<0

_ /Oa/v/v*/s2[go(m,v')—@(x,v)]Ba(v,v*,w)ff*dwdv*dvdac,

for all admissible test functions. This concept of weak solution is equivalent to
the usual mild and exponential ones (cf [5]).

Theorem 2.1. Assume fo > 0 for £ > 0 and f, > 0 for £ < 0. Then the
stationary problem (2.1)—(2.3) has a weak solution which is weakly continuous in

z, in the sense that [ o(z,v)&% f(z,v)dv is continuous in x for each test function
®.

Proof. An approximate sequence (f,,) of solutions of

Ofn

5% = Qn(fnvfn)v

will first be constructed in C([0,a]; LY (R?). The operator @, is obtained from
Q. by the following substitutions. B,, is replaced by

Ba(v,v*,w) = Ba(’l},v*,UJ)X”(U,’U*,UI,U;),

where Y, is defined by (1.14). The products ff* and f'f'* in Qu.(f,f) are
respectively replaced by

11 and L
1+i 1+f/f,
n n

The corresponding problem (2.1)—(2.3) with the boundary conditions fo An, f, A
n has an L solution. This can be proved by the type of fixed point argument
used in [3], but here in an L context. Let X be C([0,a]; LY (R?)). For f in X
we define

po(f) = sup , peL'(R}).

z€[0,a]

[ e
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Define the mapping T'(7) on X by g = T(7)(f) if
9(0,v) = fo(v) An  for £ >0,
9(a,0) = fulw) A for € <0,

29 0, Jel<(un) S or [¢] > (1),
or
0 - i
6%%9/ oo = Q)+t [
R3 1+Eff* R3 1+Eff*

(Inn)~Y/® < |¢| < (Inn)'/16,

The right hand side of the last equation is positive when f is positive, if 7 is
larger than |S?|c(n), where c(n) is a bound of B, from above. Choosing such a
7, T(7) maps X into a set

Br(0) ={f € X; [ fll« <R} C X.

Here R depends on n. In particular, T(7) maps the convex and closed set Bg(0)
into itself. Evidently T'(7) is continuous and T'(7) is relatively compact in X
with respect to the topology defined by the family of semi norms (p,). Hence,
by Schaefer’s fixed point theorem, T'(7) has a fixed point in Br(0). We denote
the fixed point by f,. Clearly f, belongs to C([0,a]; L5°(R?)) and satisfies

Ofn
in weak L!'-sense. Moreover,
(2.6) sup sup [ Efu(z,0)dv < C(fo, fa),

n  ze[0,a] JR3

where
Clfad) = [ €@+ e+loP)fowydo+ [ Jel+ o) hale)do
£>0 £<0
Indeed,
/§2fn(ac7v)dv = /§2fn(0,v)dv

= §2f0(v)dv+ §2fn(0,v)dv,
£>0 £<0
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and

Efo(w)dvt [ € fa(0,0)dv < ﬁth+/ €1£2(0,0) do
>0 ¢

£€>0 £<0 3 <0;]¢|<1
w RO
£<05¢]>1
< C(f07fa)

since

/'mn@ww+ £ fo(a,0) dv = MMWw/ €1 fu(v) do
£<0 £<0

£>0 £>0

and

[t prnooas [ gl
£<0 £>0

= [ el atwrdor [ lel 0P sae)do
£>0 £<0

It follows essentially by approximation from (2.5) that
(2.7) /an(a,v) In f,(a,v)dv — /ffn(O,v) In f,,(0,v)dv

= /a/ (Qnfn)(z,v)In fr(z,v)dvde.
o Jms
And so

(2.8) Sup Dy, (fn, fn) < 00,

where D, (f, f) is defined by

Dy (f,f)
= / B, (v,v4,w) f/f:*,* - ff,* + | In fjij:“ dw dv, dvdzx.

Because of the x,-factor, the estimates (1.18), (1.20) hold in the present case.
Then the conclusion of Lemma 15, i.e. (H3), holds. Using this together with
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(2.6)—(2.8), we conclude by Theorem 1.3 that a subsequence of £2f, weakly

1
loc

discuss the convergence of the integral of

converges to some £2f in L ([0,a] x R?). For the collision term it is enough to

[QO(CL’,U/) - (p(xvv)}XnXah) - U*|Bfn($vv) fn(.’E,U*)

over [0,a] x Q, x R? for any C} test function ¢ and any bounded measurable
set Q, in R3. Because of the |v—wv.|? factor with 8 < 0, it is even enough
to consider the weak compactness in L'([0,a] x Q, X {v.; |v.| < A}) for A >
0. But there [p(z,v') — ¢(z,v)]|v —v.|? is bounded because —1 < (. Also
SUP Xn Xa/(£2€2) < 00 , and so in L1([0,a] x Q, x {v.; |v«] < A}), the weak com-
pactness of Xpn Xafn(7,v) fr(z,v.) follows from the weak compactness of £2 f, (x,v,)
and from the fact that

sup/§2fn(x,v)dv < 0.
n,x
Hence we can pick a L*-weakly converging subsequence of [p(x,v") — ¢(2,v)]Xn Xa
|v — v, | fr(2,v) fn(2,v4). By choosing suitable factorized test functions, it is
easy to see that the limit equals [¢(x,v") — o(2,v)]Xa |V — Vi |® fr(2,0) fr (2, v.).
Also,

(') —so(m)ﬂv—v*\ﬂxnxa%

1+

n

has the same limit. This is so because the sequence XnXafnf, is uniformly
bounded in L', and it is uniformly integrable. Hence, given ¢, there is a constant
c such that fxnxafnf;xX”XO‘f"fﬂ* dv < ¢ for all n, and for § > 0,

fnfn

XnXo

n

weakly converges to xo.ff*. Evidently the other terms of f,, in (2.4) also converge
to the corresponding terms of f when n tends to co. Moreover, the continuity
of [¢(z,v)&?f(z,v)dv with respect to z can be deduced from (2.4).

Remark. Theorem 2.1 holds also when the condition of a given incoming
flow at © = a is replaced by reflexion at x = a, as well as for the case of a
diffusive boundary condition at = 0 and reflexion at = a. It also holds (with
some technical complications in the proof) in the case when

fo>0, fo>0, fo<v)£dv+/§ Ofa(v)lé‘Idv > 0.
<

£>0
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3. Diffuse reflection boundary conditions. In this section we shall
keep the Boltzmann equation (2.1) with —1 < 8 < 0 in (K1) and (K2) with
the reduced collision rate in the slab direction (1.15), but change the boundary
conditions to diffuse reflection

(3.1) £(0,0) = Mo(w) / 10,0 def, €50,
£'<0

(32) f(a,v) - Ma(v) f'f(a,’u') dvl7 §<0.
£'>0

Here, for j € {0,a}, M; is a (normalized) Maxwellian

92 oy
(33) My(0) = gresp (-0l ).

9¥; > 0 being the inverse boundary temperature. This implies that the inflow is
equal to the outflow at each endpoint separately. We follow a suggestion by N.
Maslova and consider the case of fixed total inflow (or outflow)

(3.4) ff(O,v)dv—&—/& 0|§|f(a,v)dv: 1.
<

£>0

Theorem 3.1. The stationary problem (2.1), (3.1)—(3.4) has a weak so-
lution, which is weakly continuous in x in the sense that [¢(z,v)&%f(z,v)dv is
continuous with respect to x for each test function .

Proof. We start as in the proof of Theorem 2.1, by solving the truncated
and mollified equation (2.5) with the boundary conditions (3.1)—(3.4). For 7 >
|S2|c(n), where ¢(n) is a bound of B, from above, define

T(r) : Br(0) x [0,1] — Br(0) x [0,1]

by (g,9) = T(7)(£,9) if

9(0,0) = 9Mo(v), for £ >0,
g(a,v) = (1—9)M,, for& <0,

5% =0, for[¢] < (nn)™"/% or [¢] > (Inn) !/,
Z
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dg f [
§-—+Tg Xn dv, = Qn(faf)+Tf Xn dv,
ox /]RS 1_’_%]0](-* R3 1_’_%]{-]@*

for (Inn)~1/8 < [¢] < (Inn)'/16,

and

—1
i= [ a0y ( | s [ eglado)

Using Schaefer’s fixed point theorem on the mapping T' and arguing as in Section
2, it follows that the problem (2.5), (3.1)—(3.4) has a solution. Letting n tend to
00, a solution of (2.1), (3.1)—(3.4) with the desired continuity properties can be
obtained as in the proof of Theorem 2.1.

Remark. Theorem 3.1 also holds if My and M, are replaced by nonnegative
functions ¢ and ¢, satisfying (1.12)—(1.13) and

Epo(v)dv =1, /5 . |€]¢a(v)dv = 1.
<

£>0

4 The slab problem with solution and data only depending on
¢ and 7?4+ (2. In this section, we discuss the Boltzmann equation (0.1) with
—1 < B8 < 0in (K1), when the density f and the boundary data only depend on
¢ and n? + (2. We consider the case of given indata (2.2)—(2.3). In (K2), xa of
(1.15) is replaced by ¥. of (1.17).

Theorem 4.1. Assume fo > 0 for &€ > 0 and f, > 0 for & < 0, together
with the cylindrical symmetry above. Then the stationary equation (0.1) with
given inflow (2.2)—(2.3) has a weak solution, which satisfies

/ (14 |v)P f(z,v)dzxdv < 0o,  sup /§2f(x,v)dxdv < 0.
llvl|>e

0<z<a

Moreover, it is weakly continuous in z in the sense that [ p(z,v).(v)€? f(z,v)dv
is continuous in x for each test function .

Proof. We first construct approximate solutions. For this purpose, let x4
be given by (1.15) and take a = 1/n. Let f, be a solution of Theorem 2.1 with
the kernel of @ equal to XaeB(v—v, , w), where Xqe is defined in Corollary 1.4.
Let fJ be an approximation of f,, satisfying (2.6). The convex function
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is, for fixed (t,s), increasing as a function of n. And so, D (f,f) < ﬁn(f,f) for
m < n. Hence, using (2.6) and (2.7),

(4.1) sup sup Dy, (f2, f1) < C(fo, fa),

m j>m

where C(fo, fo) only depends on fy and f,. But any convex function which is
lower semi-continuous for the strong topology of L' is also lower semi-continuous
for the weak topology of L', and (fJ f*) is weakly converging in L' to f,, f when
Jj tends to oco. It follows that (H2) holds by (4.1), i.e.,

s%pDn(fn,fn) < C(fos fa)-

For proving (H3), it is enough, as in the proof of Lemma 1.5, to prove that for
A >0,

sup/ /|v — 0, fr(2,0.) Xaeb (V) dz dv dv, dw < 0.
n S|

Given 0 < €1 < g, under the present hypotheses this evidently holds with respect
to the domain of integration

(4.2) {va; €] > 1} Uf{vss & <er, 2+ <el}.

So it remains for some g1 > 0 to consider the complement Q of (4.2) in R?. But

/ [0 — 0, |P f (2,05 Xaeb(9) dz dv, dw
V. EQ

. o\ 1/2
< (a/ dx (/ [V — 02 |P fn (2,0:) Xaeb(9) dus dw) ) .
0 Q

It is enough to consider the case when [£| > 2¢;. Then for |{] < &; and
lv] < A, |[v—v4|? behaves like (1+ |v,])? for n2+¢2 > €. So it is enough to
prove that

a 2
sup | dw( / %(&)(Hv*>ﬂfn<w,v*>dv*) < oo,

where ¥, (£,) = min(1,n2¢2). For convenience, let 1 < e. Let the variables
(n,¢) and (n«,Cx) be in two opposite quadrants of R? with 72 + (% > ¢, n2 + (2 >
e. Take |£] < e and €| < e, ¥ € [7/8, 37/8] and ¢ in a ‘uniformly large’ part
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of [0,27] so that |¢/| > &/2 and |£.| > £/2. Multiplying (1.2) by b(9)|v — v|PXae
leads to

ful ) .

b9 — 2P o F < B0 — s P (2f;f;* i~ 2 0

Integrate this last inequality over €);, which is the set of the v, v,, ¥ and ¢
variables defined just above, and = € [0,a]. The right hand side is bounded by a
finite constant independent of n, because of (H1) and (H2). Hence the left hand
side is also bounded. But for the v, v, above, when |v —v,| > €, then

v = v.|? > e(1+max(|v], |v.]))?,

and so

2

sup [ [on(@ a1+ 10)av) as

<c sup/ b(9)|v — Vi |P Xae fr(2,0) fr (2, 0,)dO dv dv,. dae

n Qq

futn )

< csup /Q B(O) [ — 0] X (2f,af;* i faf

n
q

< 00.

This completes the proof of (H3), and also proves that
(4.3) sup/ / (1 AR2E2) (14 |v])? fulz,v) dzdv < co.
n Jo Jv|>e

By Corollary 1.4 there is a subsequence of Yqaefn, Where Xqe is defined in
Corollary 1.4, weakly converging in Li ([0,a] x R?) to some fi.. From here,
the convergence of all terms in the weak equation for f,, to the corresponding
term for f is immediate except for the collision term. For the collision term the
arguments of the proof of Theorem 2.1 prove for § > 0 the correct convergence
with respect to the domain of integration where |£| > ¢ and |£,| > 4. It remains
to prove that the collision term of (2.4), with kernel x,.B, integrated over the
complement, tends to zero uniformly in n when ¢ tends to zero.

Consider first the domain of integration with |£| < § and [, < 4. In the set
where |v — v,| < 41, it holds for some A > 0 independent of ; < & but depending
on supp(p), that ||v]| < A, [|v«]] < XA when p(z,v") # 0 or p(z,v) # 0. Moreover,
for |v — .| < 41,

lp(z,0) = p(@,0)] [o—v.]? < ;7.
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y (4.3), for n € N,

2
/ dx (/(1/\n2§2)fn(x,v)dv> < ¢
e<[lvll<A

sup /v|<6 Xe(v) fn(z,v)dv < c.

0<z<aJ|

Hence the collision term of (2.4) for f,,, integrated over the set where |v — v, | < §;
is O(6117) uniformly in n. Next

lv—vi|> sup |7],
desupp(p)

in the set where |v| > supp{|0|; ¥ € supp(p)}, when p(z,v") # 0. Uniformly
over such v and v,, for 7/8 < ¥ < 37/8 and ¢ in a suitable subinterval of [0,27]
of length, say 7/8, the quantities |¢/| and |€,| are of the same magnitude as
|[v —vy|. Now (cf. [2])

(44)  b(I)Xaclv — vl fufr

< 80 oclo —0-1° (g€ a2+ e~ Fof L)

¢, fufn

So choosing k large and then A large, the collision term integrated over the set
where |v| > A can be made arbitrarily small uniformly in n and in § < e. Tt
remains for || < ¢ and |&,| < & to discuss the collision term integrated over the
set where |v] < A, |[v—wv.| > A;. Using (4.4), uniformly in n and in ¢ < €, the
integral over the set where |v.| > A, tends to zero whern A, — co. It remains to
consider for arbitrary A and A, the collision term integrated over the set where
[v—wvi| > 81, [v] <A Jus] < Asy |€] <6, [€4] < 6, when 6 — 0. Again using (4.4)
together with (H1) and the compactness obtained in Corollary 1.4, uniformly in
n, the collision term integrated over this set tends to zero when § — 0.

Finally the domain of integration where |£| < § and || > & or conversely,
can be treated as the previous one |£] V [€,] < § with some slight changes in the
arguments due to the different geometry. The above analysis of the collision
term also shows that the continuity of [ ¢(z,v)¢.(v)f(z,v)dv with respect to =
follows from an obvious estimate of the collision term with respect to the domain
of integration with [£| > 4, |£.| > 0, from z to x + h, and which tends to zero
when h — 0.

Remark. Theorem 4.1 also holds for diffuse reflection boundary conditions
as in Section 3.



The Stationary Boltzmann Equation in a Slab 839

REFERENCES

[1] L. ARKERYD, Loeb solutions of the Boltzmann equation, Arch. Rat. Mechs. Anal. 86
(1984), 85-97.

[2] L. ARKERYD, Some examples of NSA methods in kinetic theory, Lecture Notes in Math-
ematics 1551 (1992), Springer-Verlag.

[3] L. ARKERYD, C. CERCIGNANI, R. ILLNER, Measure solutions of the steady Boltzmann
equation in a slab, Comm. Math. Phys. 142 (1991), 285-296.

[4] F. CoroN, F. GoLsE, C. SULEM, Classification of kinetic layer problems, Comm. Pure
Appl. Math. 41 (1988), 409-435.

[5] R. J. DIPERNA, P. L. LioNs, On the Cauchy problem for Boltzmann equations: Global
ezistence and weak stability, Ann. of Math. 130 (1989), 321-366.

6] A. G. GEINTS, Solvability of a boundary problem for the non linear Boltzmann equation
in a bounded domain, Aereodynamics of rarefied gases 10 (1980), 16-24,229, Lenin-
grad Univ., Leningrad.

[7] H. GrAD, High frequency sound recording according to the Boltzmann equation, J.
SIAM Appl. Math. 14 (1966), 935-955.

[8] J.P. GUIRAUD, Probléme auz limites intérieur pour l’équation de Boltzmann en régime
stationnaire faiblement non linéaire, J. Mécanique 11,2 (1972), 183-231.

[9] N. MasLova, Ezistence and uniqueness of stationary solutions of the linearised Boltz-
mann equation in a bounded domain, Non linear equations, Kinetic approach, Series on
advances in Mathematics for Applied Sciences 10, World Scientific.

[10] N. MasLova, The solvability of internal stationary problems for Boltzmann’s equations
at large Knudsen numbers, USSR Comp. Math and Math. Phys. 17 (1977), 194-204.
[11] S. UkAI, Stationary solutions of the BGK model eqn on a finite interval with large
boundary data, TTSP 21 (1992), 487-500.
L. ARKERYD A. NOURI
Department of Mathematics Laboratoire J. A. Dieudonné
Chalmers Institute of Technology URA 168 du CNRS, UNSA
Goteborg Parc Valrose 06108
Sweden Nice Cédex 02 France

Received: May 23rd, 1994; revised: September 21st, 1994.



