Bose-Einstein condensates at very low temperatures. A mathematical
result in the isotropic case.

A. Nouri !

Abstract. A system coupling the condensate density to the non-condensate
distribution function of a gas at very low temperature is considered. A global
existence in time of a solution to the Cauchy problem is proven for an initial

datum with finite mass and energy.

1 Introduction.

Since the recent discovery of Bose-Einstein condensation in ultracold trapped
atomic gases [1] [3], that makes possible to observe fundamental properties

of quantum statistics, the interest in the quantum framework of the
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Boltzmann equation has increased. In the 1920’s, Bose and Einstein
theoretically predicted the existence of Bose-Einstein condensates. A fun-
damental result of quantum statistics stated that above a certain critical
density all added bosons enter the ground state, so that Bose-Einstein con-
densates form. Since then, the presence of Bose-Einstein condensates has
been inferred rather than observed in a number of phenomena, like super-
conductivity and supraconductivity in helium. It is in 1995 only that they
were produced in a very low temperature context for a gas of rubidium
in a trapped potential. Mathematically, the quantum Boltzmann equa-
tion presents formal analogies to the classical Boltzmann equation, but its
solutions present quite different features. In particular, the boundedness
of the classical entropy provides L' compactness for the distribution func-
tion, whereas the boundedness of the quantum entropy does not. Indeed,
the quantum entropy is bounded from above by a multiple of the mass.
Hence the a priori bounds of mass, energy and entropy reduce to bounds
on mass and energy. Therefore, concentrations of the distribution func-
tion are expected. Splitting the gas distribution function into its Lebesgue
absolutely continuous part and its singular part enables to distinguish the
non-condensate from the condensate parts of the gas. For a mathematical
analysis of the quantum Boltzmann equation we refer to [8], [2], [4]. In [§],
global existence and time asymptotics of isotropic solutions to a modified

quantum Boltzmann equation are studied in a space-homogeneous frame,



under a cut-off condition on the collision kernel. This cut-off prevents Dirac
measures to form in finite time. For an initial mass bigger than the mass of
the Planckian distribution function, some velocity concentration is proven to
occur at infinite time. In [9], distributional isotropic solutions to the homoge-
neous quantum Boltzmann equation are determined in a hard sphere frame.
In [2], some modelling and numerical aspects in quantum kinetic theory for
a gas of interacting bosons are reviewed. In order to study the evolution of
the condensates, a system is presented, coupling the Gross-Pitaevskii equa-
tion for the condensate wave function and a quantum Boltzmann equation
for the non-condensate distribution function. In [4], the questions of well-
posedness, i.e. existence, uniqueness, stability of solutions, and long time
behaviour of the solutions are treated in some particular cases.

In this paper we consider a system of equations coupling the non-condensate
and the condensate parts evolutions. This results in a quantum kinetic
equation for the non-condensate distribution function, coupled to a Gross-
Pitaevskii equation for the condensate wave function. In a very low temper-
ature setting, only the coupling source terms remain in the quantum kinetic
equation. Isotropic non-condensate distribution functions are considered in
a space-homogeneous frame. Existence of solutions to the coupled system
is proven, with bounded condensate densities and measure non-condensate
distribution functions. The boundedness of mass and energy allows to give a

weak sense to the collision term of the non-condensate distribution function,



as the derivative of a bounded measure.

2 The model.

For the derivation of kinetic quantum models and the use of the Gross-
Pitaevskii equation for the condensate wave function as well as their physical
study, we refer to [6], [10], [11], [12], [13]. The observation of Bose-Einstein
condensation in some atomic gases motivates a description of the evolution
of the condensates that takes full account of the microscopic nature of atomic
interactions in a trap, both close to and far from equilibrium. The conven-
tional description relies on the well-known Gross-Pitaevskii equation, also
known as a nonlinear Schrédinger equation. In this equation, one assumes
that the atoms are all effectively condensed and the atomic interactions can
be accurately modeled by a pseudopotential, expressed in terms of the s-
wave scattering length. The resulting equation of motion for the condensate

wave function 1 is

N 2
i E—(—%Agﬁ-‘/%—g“ﬁ .

Here h is the Planck constant, m the mass of the atoms, V an external
potential, and g = % is the interaction strength determined by the s-

wave scattering length as. If the atoms are in the dilute gas, they can be



studied by a kinetic quantum equation of Boltzmann type,

oF

S+ vaF = [ Bo-py ) (FEO+ P04 E)

—FFE,(Q1+F)(1+ F£)>5(p +pe=p + 0, 7 +pt =+ pP)dp.dpdp (2.1

where B is a given collision kernel and F' = F(p), F. = F(p',), F = F(p),
Fy = F(px).

After the time of condensate formation, the kinetic equation (2.1) is inap-
propriate, and the finite number of particles in the condensate corresponds
to the infinite value of the distribution function at energy zero. In order to
describe the system of particles interacting with the condensates, the simul-
taneous treatment of both condensate and non-condensate parts has been
developed in [8]. The resulting equations of motion reduce to a generalized
Gross-Pitaevskii equation for the condensate wave function, coupled with a

quantum Boltzmann equation for the thermal cloud,

- Oy h?

zha(aﬁ,t) = —%Agﬂb(x,t) + V(x)Y(x,t)

+[Uo(ne(z, t) + 2n(z,t)) —iR(z,t)](x, 1), (2.2)
O 2 U0,k = QUE) + QuE). (2.3)

Here, n.(t,z) =| 1 (x,t) |* is the condensate density and V(z) the confining
potential. The collision integral Q(F) is the quantum operator defined in

(2.1), whereas Q.(F') describes the collisions between condensate and non-



condensate particles and is given by

8a2n,
- /5(pc +pe=p +p et =€ +e)p=p)—dp=p)-0dp=r)

<F’F,ﬁ(1 +E) - F.(+F)1+ F;))dp*dp’dp’*. (2.4)

Here, € = 3p? + U(x,t), where U = V + 2Up(n. + n) is the mean field

potential, and n denotes the non-condensate density

1
n(x,t) = W /F(m,p, t)dp.

F, (resp. F', F]) denotes F(p.) (resp. F(p'), F(p,)). The source term R is

given by

h
R(z,t) = W/QC(F)dp

In the space-homogeneous case, the system (2.2-3) becomes

z’h%—f = (V + Up(ne + 2n) — iR)p, (2.5)
oF -
S = Q+Qub), (2.6)

so that the condensate density n. and the non-condensate gas density F'

evolutions are given by hnl, = —2Rn,., i.e.
1
= (F)dp, 2.7
W=~ | Q)b (27

and equation (2.6). Solving the system (2.5-6) comes back to solve (2.6-
7) first, where the unknowns are F' and n., then easily compute the wave

function ¢ from (2.5). Therefore, we aim at solving (2.6-7). Notice that this



system can also be formally obtained by starting from the quantum kinetic
equation (2.1) with collision kernel identically equal to one for the total -

condensate and non-condensate - gas distribution function f,

of _
ot

(FALQ+F+ L) = FEQ+ 1 + 1)) dp.dpldp,,

Sp+p=p +p 02+ =p2+p2)

then splitting f into its condensate part n.(t)dp—p. and its non-condensate

part F, ([10], [12])
f(t7p) = nc(t)(spipc + F(t,p).
It means that n. and F' should respectively satisfy

[0 = net) [ Slpet p. =1 #0252 = )P

—F.(1+ F' + F.))dp.dp'dp, + n2By + n}Cy,

oF
o = [ S +p=p +p,. 0" +p2=p"? +p'3)<F’F£(1 +F+F,)
~FF.(1+F + F,ﬁ))dp*dp'dp'* + neA +n?By +n3Cs,

where

By = /5(pc tpe=p +0 D2+ =2+ 1) (F’é(p'* =p.) + F.6(p) = pe)
—F.5(p' =pc) — Fuo(p', = pe) — (L+ F' + F)o(ps = pc)>dp*dp’dp’*,
O = /5(pc +pe=p + 0,02 +pt=p"? +p’i)<5(p’ =p, =pe)

+8(ps =0 =pl =pc) —0(p« =p' =pc) = (ps =7, = pc))dp*dp’dp’*,



A= /5(]? .= p/ +p/*,p2 +pz = p/2 +pli)<F/Fi5(P* = pc)
+F'(1+F+F)p, =pe) + FI(1+ F + F)é(p = pe) — FF.3(p' = pe)

—FF(p , =pc) —F(1+F + F)d(ps = pc))dp*dp’dp’*,

By = /5(p +p.=p + 0P Pl =p? +) <F'5(p’* = P = Pe)

+FO(p = pe = pe) — FO(pe = p' = pe) = Fo(pe = 9’ = pe)

+(1+F+F)p =p, = pc)>dp*dp'dp'*,

Cy = /5(19 +p. =0 400" 0l =P+ =P, = p. = pe)dp.dpdp’,.
Moreover, the four first terms in Bj cancel each other. The set defined by
2p. = p' +p',, 2p% = p + p/? reduces to p = p, = p., so that the integration
on it of the measure F' which support does not contain p. is zero. And so,

By = 0. The term C4, equal to

/5(1% +pe =p + L, 02 +p =0+ p2)(26(ps = pc)

—0(p'x = pe) — 0(p" = pe))dp.dp'dy’
vanishes. The term A can also be written as

/5(pc +pe=p +pl,p2+pl=p" +p§3)<5(p =p.)—6p=p)—dlp="p.))

(F'F — F.(1+F + F;)) dp.dp/dyp,.

It follows from the same arguments as for By that Bs = 0. And so, the

system (2.6-7) is recovered for n. and F'.



In a way similar to the procedure used by Lee and Yang ([7]) for the
equilibrium properties of a condensed Bose gas, two regions can be distin-
guished, namely
- a moderately low temperature region,
and
- a very low temperature region.

In this paper, we restrict to the second region of very low temperature.
Moreover, if the number of particles in the condensate is sufficiently large,
the interactions with the condensate will dominate the dynamics of the sys-
tem, so that @Q is negligible compared to Q. ([5]). If we finally consider a
space-homogeneous frame and isotropic distribution functions, and denote
by € and F'(t,¢€), respectively %pQ and the distribution function of the dilute

gas, the collision operator Q. writes Q.(F) = n.(X — 2Y'), with

X = /5(29* =+ 962 =2+ p2)(p = p.) <F'Fi - FQQ+F + FL))dp*dp’dp’*,

Y = /5(19* =p' +pl.p2 =0 +p2)s(p =1, (F’Fl —FE(+F + Fl))dp*dp’dp;-
Then, if ¢y = Arcos\/g,

€ 21 T
X = / V2e / / sz’mp’a( — 4Vedcosy + 4é = 0)
0 0 0



<F’F(e — )= F(1+F + F(e - e'))dgp’d@'de'

=2 [ Vad( [ sing! (4 simpu) ¢ - o) = 0)d)
(F(&)F(e €)= F(e)(1+ F(e) + F(e — ¢)) )de

— = [ (FOFE=)= PO+ @)+ Fle = )))ae.

Moreover,

Y =27 / @(/OW sing' 6(4Ve€ cosy' = O)dgp’) <F'F —Fle+)1+F' + F))de'
—or / \/2_6’/; simp'5<4\/g(tp' -3 = 0) <F’F —Fle+ )1+ F + F))dap'de'
- \/% / (F'F — Fle+ €)1+ F(e) + F(e))de'.

Forgetting the constant % for the sake of clarity, Q.(F) = %Q(F), with

Q(F)(t,¢) = /O 6 <F(e')F(e - 4F(6)F(e')>de' —2F(e) / o F(¢)de

+o0
+2 / Fle+€)(F(€) + F(e))de' — eF(e) + 2 F(e)de.
And so, the system to be studied is
(t) = nelt) [ QF)de, 29
O (VeF) = neQ(F),  F(0.0) = Fi(e), (29

with the initial data n.(0) and F; given. The total mass and energy are

assumed to be bounded, i.e.
n.(0) + /\/EFi(e)cle < 00, /egFi(e)de < 00. (2.10)

10



3 A priori estimates.

Lemma 3.1 For any function p,

[ exaptaae=2 [ o [ F@)(pte+ )+ ple — ) = 20(6))acde
—i—/F(e) <2 /0E o(e)de — eap(e)>de (3.1)

Proof of Lemma 3.1. For any function ¢ defined on IR,

/ / F()F(e — €)de de = /F(e)F(e’)ap(e + €')dede’

_2/F / 6+6)de'>de,

[+ )+ Fendcde= [ / F()(ple — ¢) + () de'de.

And so,

/Q(F)( €)de = 2/ / F(€)(ple+€) + pe — €) — 2p(€))de de
+/F<e>(2/06 ole)de' — p(e)) de.

Lemma 3.2

+ / VEF(t, €)de = no(0) + / VeF,(e)de, (3.2)
/G%F(t, €)de = /E%Fi(e)de, a.a.t € [0,T]. (3.3)

Proof of Lemma 3.2. (3.2) follows from adding (2.8) integrated from 0 to

t and (2.9) integrated on (0,t) x R;. (3.3) follows from Lemma 3.1 with

o(e) =e.
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Lemma 3.3 Under (2.10), the bilinear part of Q(F),
€ +oo
/ <F(e')F(e —¢€)— 4F(6)F(6/)) de’ — 2F (¢) / F(€)de
0 €
+2 / Fle+ ) (F(¢) + F(e))de,
is the derivative of a bounded measure.

Proof of Lemma 3.3. By Lemma 3.1 and (2.10), for any function ¢ € C(IR,)

such that ¢ and ¢’ are bounded,

| [ e@)ow(ee
<2/\fF /\/_F |\/>/ "(e + \€') (e—Ae’))dee’de

<1]¢ | ([ ver(oe)’

§C|SD/|00-

It follows from Lemmas 3.1 and 3.3 that weak solutions of the Cauchy prob-

lem (2.8-9) can be defined.

Definition 3.1 A weak solution to the Cauchy problem (2.8-9) on the in-
terval of time [0,T] is (n., F) € C1([0,T]) x L>=(0,T, M j(IRy)) such that

or any function ¢ € CY(IR,) such that ¢ and ¢’ are bounded,
Jor any f @ + @ @

nc(t) = nc( ) fo J €F(s,e) deds

/ﬁF(t, e)p(€)de — /\@Fi(e)w(e)de — nc(o)/o o~ Jo [ eF(r.e)dedr

([ verea [ vere nﬁ / @+ M) — e — A))drde de
+ [P [ pteyad = epfe)ie) as.
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4 The existence theorem for the Cauchy problem.

Theorem 4.1 Under assumption (2.10) of bounded initial mass and energy,
there exists a weak solution (n, F) € C'([0,T]) x L>(0,T; M /:(IRT)) to the

Cauchy problem (2.8-9) in the sense of Definition 3.1.

The proof of Theorem 4.1 splits into two parts. An approximation pro-
cedure first leads to a sequence (F7), solution to a Cauchy problem with ap-
proximated collision operators behaving smoothly close to the energy zero.
Then the passage to the limit in the equation satisfied by F7 when j — +o00

provides a weak solution to the Cauchy problem (2.8-9).

Lemma 4.4 For any j € IN*, there is a unique solution (nl, F7) € C([0,T])x

CH(0. 7], LY (R ) to

nt! = —n [ Q()de, i(0) = nu(0) (4.1

VeI < niQy(F), FI(0,6) = (o) (4.2)

where

1

Q;(F)(c) = 73F/F(e—e')de'—4xe>;1F(e) / " Flde

&L\»—‘\
a

+ +
—2y 1F(e)/ OOF'de'—i—2/ OOF'F(e—i—e')del
€>3 .

400
+2Xe>%F(€)/F(€+€/)dEI—X6<j€F(€)+2X}<E<j/ F'dé.

Proof of Lemma 4.1 Denote by ¢; = n.(0) + [ /€F;(e)de. Starting from a

nonnegative function f(¢,€) such that [ \/ef(t,e)de < ¢y, t> 0, there are
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functions (N (t), F'(t,€)) solutions to

N'= <N [ @t Fyde, N(O) = ne0), (4.3)
VeI~ NQY(1.F), F(0.6) = o) (4.4)

where Qj(f, F) is defined by

1

Qo= [ 1=l — 1y @ [ fae

+00 +o00
—2X€>31F(6) / flde + 2[ ' fle+€)de + 2XE>%f(e) /f(e + €' )de

—+00
_X€<j6F(€) =+ 2X%<e<j f’de’.
€

Indeed, consider the sequence (F7) defined by F? = 0, and

HFI+1

\/2875

= NIQ;(f, FI*Y),  FITH(0,¢) = Fi(e),

where N7 is the solution to

NI = <N [ Q7 e, N(0) = ni(0).

From N7 and F7*! written in exponential form, it follows that N7 > 0 and

FIt1 > 0. Then a contraction argument is used in C°([0,7*],L! -

\/-) for T

small enough, to prove that (F7) converges. The time T* is chosen so that

uniformly in 7,

/\/EFj(t, €)de <2¢y, te€][0,T7].
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It can be done in the following way. Since

NI () = ne(0)e~Jo | Qi(f.F)deds,

| @it s il [ verae)' +a5( [ vesae) ([ verac)

i [ Veraer 2t [ verae

and

[Vetdese. [ Veriie<ze,
it holds that

Ni(#) < ne(0)e200°T" € [0,T%], je V¥,

and

eFITL(t, €)de < | /€F;(e)de 4+ 20¢25%n.(0 T*e20e15°T"
1

<c + 200%j2nc(O)T*eQOC%j2T* < 2¢q,
for T* small enough. Let us prove that

sup [ Vel (172 = FI,0) | de <k sup [ Vel (P = F)(t,0) | de
] ]

te[0,1* te[0, T

for some k < 1, uniformly with respect to j.

First, writing Q;(f, F) as a(f) — Fv(f), the difference \/E%(Fj+2 — Fitl)
can be split into

ﬁ%wm — Pty = NI (a(f) — FIP20(f)) — Ni(a(f) — FIt1u(f))

= a(f)(NTF1 = N7) = NTFLFIF2 — PO (f) + (N7 = NT) PP (f).

15



Then,

| (NTHE = N)(2) < me(0)e Jo ] alhdeds
% ’ efgfu(f)Fj+1(s,E)d5ds _ ef(ffu(f)Fj(s,e)deds ‘
t . . *
< n.(0) | / /V(f)(F]+1 — FI)(s,€)deds | T
0
t
< c/ /\/E| (FITL — Fi)(s,€) | deds.
0

Consequently,

g € e AR (A e<c t € I+l _ FiY(s, €)deds
at/\[’(F F )(ta)!dé/o/\f](F F9)(s, €)ded
+e / Ve | (FIT2 — Ity (¢, €)de.

Hence,

€ +2 — +1 € € C t € +1 — ‘ S, € €as.
/WW” W)@Hdéé/fmw Fi)(s, €)ded

And so,

sup /\/E | (F72 — FITY)(t,€) | de < ET* sup / | (F7Y — FI)(t,€) | de.
te[0,7%] t€[0,7%]

It is sufficient to choose T™ < % to end the contraction argument. And so,
there are (N, F') solutions to (4.3-4) on [0, 7%]. But adding equations (4.3)

and (4.4) implies that

N(T*) + / VeF(T* e)de = N(0) + / VeF (0, €)de < 1.

This means that the whole argument for defining (N, F') solution to (4.3-4)

on [0,7%] also holds on [T*,2T*], ...finally on the whole interval [0, T].

16



Consider the map 7 that maps (n, f) € C°([0,7]) x C°([0,T], L* (IRT)) such

that

nc(t)+/\/gf(t,e)de§cl, te R,

into (N, F') solution to (4.3-4). It follows from the expressions of N(¢) and
F(t,e) written in exponential form that they stay nonnegative like their

initial data. Then,

N(t) + /\/EF(t, €)de < ¢cq. (4.5)

For T small enough, 7 is a contraction in C°([0,T])xC°([0,T], L :

\/). Indeed,

consider (nq, f1) and (ng, f2) such that (4.5) holds, and

(N1, F1) =T (n1, f1), (Na, Fy) =T (na, f2). Then,
%/\@ | F1 — F» | de < N1/ | Qi(f1, F1) — Qj(fo, F2) | de
HIN =N [ 1@ ) | de
§02N1(/ﬁ|F1—F2|d€+/\@|f1—f2|d€>+03|N1—N2|-

Here, and in the following, ¢;, ¢ > 2, denote constants depending on ¢; and

j. Moreover,
A
Ni(t) = ne(0)e Jo [ QiUfuFideds 1 < < o

so that

Ni(t) < n0(0)662T7
| N1(8) = No(t) |< czesT /Ot / Vel (B — By)(s,€) | deds, t<T.

17



And so,

%/\/ﬁ (F1 — F2)(s,6) |< 05/\/E| (F1 — F2)(t, €)de

+06667f/0 /\/E| (Fy — F>)(s,€) |de+08/\@| (fi— f)(t,€) | de, t<T.

Hence, z(t) := fot [ Ve | (Fi — F>)(s,€)deds satisfies a second-order linear
differential equation with a source term h(t) < cs [ e | (f1 — f2)(t,€) | de.

Hence,

t
x(t) = 1 / h(s)(ecg’(t*s) — eclo(t*s))ds.
c9 —¢10 Jo

Consequently,

/\/— | (Fy — Fy)(t,e) | de < ————— (cg(ecmt — 1) + cro(et — 1)

N—

\09—010\

Xsug/\/ﬂ (f1 — f2)(s,€) | de, t<T.

s<T

Hence,

sup [ Ve[ (F = Fa)(t,6) | de < en(eT — 1)sup [ Ve| (= f)(t.0) | de

t<T t<T
sup | (N1 — No)(t) |< cr3Te T (ee2T — 1) sup / Ve | (fi — f2)(t,€) | de.
t<T t<T

And so, a Banach fixed point argument can be applied to 7 in C°([0,T]) x

c([o,T7], Lt

\/g) for T small enough. It follows from (4.5), holding on [0, 77,

that the previous procedure can be applied on [T,27T], ..., up to T. By

(4.1-2), (n/, F7) belongs to C1(]0,T]) x Cl([o,T],Li/E(JRg).

End of the proof of Theorem 4.1
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It remains to pass to the limit in (4.1-2) when j tends to +oo. Let a
subsequence of (y/eF7), still denoted by (y/eF7), weakly-* converging to
some bounded measure \/eF' in M. Integrate (4.2) multiplied by ¢ on (0,¢),

so that

[ Verit.ogeie - [ Vet
= [ [ vewsa [ vers 02 [ e 3) = e = A pana s

v [ [T e ms i [ e apaad)as

1

Q=

where

né(s) = ne(0)e” fOSfGFj(’T,e)dedT.
In this weak formulation, it is possible to pass to the limit when j — +oo.
BY A DIAGONAL PROCESS???

The existence of a solution (n, F) € C([0,T]) x L>(0,T, M(IR,)) to the

Cauchy problem (2.8-9) is therefore proven.

5 Conclusion.

In this paper, we have proven the existence of a global solution to an homo-
geneous quantum coupled system describing the evolution of a gas at very

low temperature, for an initial datum with finite mass and energy.
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