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ABSTRACT. This paper deals with a half-space linearized problem for the distri-
bution function of the excitations in a Bose gas close to equilibrium. Existence
and uniqueness of the solution, as well as its asymptotic properties are proven
for a given energy flow. The problem differs from the ones for the classical
Boltzmann and related equations, where the hydrodynamic mass flow along
the half-line is constant. Here it is no more constant. Instead we use the
energy flow which is constant, but no more hydrodynamic.

1. Introduction. This paper studies a linearized half-line problem related to the
kinetic equation for a gas of excitations interacting with a Bose condensate. Below
the temperature T, where Bose-Einstein condensation sets in, the system consists
of a condensate and excitations. The condensate density n. is modelled by a Gross-
Pitaevskii equation. The excitations are described by a kinetic equation with a

source term taking into account their interactions with the condensate,

OF

E—I—p-VwF:Cm(F,nc). (1)
With F the distribution function of the excitations, and n. the density of the

condensate, the collision operator in this model is
Cr2(F,ne)(p) = nc/5053 ((1 + F1)Fo by — Fi(1+ Fy)(1+ F3))dp1dp2dp37 (2)
where F'(p;) is denoted by F;, and
8o = 6(p1 = p2 + p3,Pi = P5 + P3 + ne),
d3 = d(pr =p) — 6(p2 = p) — d(p3 = p)-
This corresponds to the ‘high temperature case’ |p| > /n. in the superfluid rest
frame with the temperature range close to 0.77,, where the approximation p? + n.
for the excitation energy is commonly used.
Multiplying (2) by log HLF and integrating in p, it follows that Ci3(F,n.) = 0 if
and only if
I 2 F;
1+F 1+ FR14+F

p1 = p2 + p3, T = P + p3 + N
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This implies that the kernel of C'15 consists of the Planckian distribution functions

1
Pa’ﬁ(p) - ea(@®*+ne)+Bp 1’

peR3? for a>0, geR

We refer to [1] and references therein for a further discussion of the two-component
model, and to [2] where its well-posedness and long time behaviour are studied
close to equilibrium. In that context the linearized half-space problem of this paper

is connected to boundary layer questions for (1), for which n. may be taken as a
2

constant n. Take o = 1 and write (|p|* +n)+8-p=|p+ §|22+ n— %. With the

approximation (close to diffusive thermal equilibrium) n — % =0, ie. |B] =2v/n,

the Planckian P(p) takes the form

1

. B
= m with Po=——.

P(p) 5

Changing variables p — pg — p gives

D p—

Tl 1

The Dirac measure &y in (2) changes into §. = §(p1 = p2 + p3 + po, P7 = p3 + p3).

With F = P(1 + f), the integrand of the collision operator becomes
(1+ F)FF; — Fi(1+ Fy)(1 + F3)
=—(1+PR+P)Pifi+(Ps—P)Pfo+ (P — P)Psfs
+ PoPsfafs — PiPafifo — PAPsf1fs.
Here we have used that (1 + P) = M~ P, where
M(p) =, pe R,

and that M (p1) = M (p2)M (p3) when p? = p3 + p3. It follows that the linear term
in the previous integrand gives the linearized operator

L(f) = %/5c53[—(1+P2 +P3)P1f1+(P3—P1)P2f2+(P2—P1)P3f3]dp1dp2dp3-

We shall here consider functions on a half-line in the z-direction, which in the vari-

able p = (ps, py, p-) are cylindrically symmetric functions of p, and p, =, /p2 + p2.
Assuming py = (0, poy, Po=), this changes the momentum conservation Dirac mea-
sure in L to §(p1z — P2z — P3=)- Being in the high temperature case, we introduce
a cut-off at A > 0 in the integrand of L, given by the characteristic function x for
the set of (p, p1,p2,p3), such that

The Milne problem is
poOcf =Lf, x>0, py €R, p €RT, [p| > A, (3)
f(0,p) = fopz:pr), pa>0, [p| =, (4)

where fj is given. The restriction |p| > A will be implicitly assumed below, and
J dp will stand for f‘p‘»\ dp.
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We shall prove in Section 2 (see Lemma 2.1) that the kernel of L is spanned by
Ip|?(1+ P) and p,(1+ P). For any measurable function f(z,p) such that for almost
all z € RT,

(p — f(%p)) € LIQ,T(1+|;D|)3L(R X R+)7

i+pP
where |p| = /pZ + p7, let
f(a,p) = a(@)[pl* (1 + P) + b(x)ps(1 + P) + w(z,p) (5)
be its orthogonal decomposition on the kernel of L and the orthogonal complement

in L2 . ,ie.
Priyp

/pzw(xap)Pprdpwdpr = / |p|2w<x7p)Pprdpa:dpr =0, z¢€ R*. (6)

Denote by D the function space

_ . [ee] +.72 +
D={f; J € LR L2 1, 0 = (RXRY)),

D20 f € L%oc(RJr; L;,(lﬂp‘)—aL(R X R+))} .

1+P
The main result of this paper is the following.
Theorem 1.1. For any £ € R and fy € L? s p (RTXRY), there is a unique
pr(1+Ip)? 55
solution f € D to the Milne problem,

pzamf = Lf; x>0, py € R, Pr € RJra (7)
/ palp2f(z,p) P(p)dp = €, € RY. (9)

Moreover, for the decomposition (5) of the solution, there are (a0, bso) € R? with
boo = %, where = /pi|p|2P(1 + P)dp, (10)

and a constant ¢ > 0, such that for any n €]0, 1],
/(1+|p|)3w2(3?»l?)1+ipdp+|a($)—aoo\2+|b($)—boo|2 <ce”?", weRT. (11)

Here with vy defined by (2.4),

Vo Vo

_ Y Yo _ 2 4 2| 14 B
cl—m1n{2,262}, 62—7(/p$P(1+P)dp/pw|p\ P(1+P)dp). (12)

Remarks. This result should be compared to the analogous result concerning the
Milne problem for the linearized Boltzmann operator around the absolute Maxwelli-
an in [5]. In [5] the mass flow is constant and well-posedness for the Milne problem
is proven for a given mass flow. In the present paper on the other hand, the mass
flow may not be constant, since mass is not a hydrodynamic mode. But the energy
flow is constant, and well-posedness here is proven for a fixed energy flow. That
this energy flow is proportional to the asymptotic limit of the mass flow, is a new
low temperature result.

A separate complication in the present case is that, whereas the given mass flow
in [5] is a hydrodynamic component of the solution, here the energy flow is not in
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the kernel of L. Another differing aspect compared to classical kinetic theory, is
that the collision frequency is asymptotically equivalent to |p|?, when p — oo.

The interest in half space problems such as (7)-(8) is partly due to their role in
the boundary layer behaviour of the solution of boundary-value problems of kinetic
equations for small Knudsen numbers. This subject has received much attention for
the Boltzmann equation ([13], [15], [16], [17], [18], [3]) and related equations ([7],
[14]). Starting from the stationary Boltzmann equation in a half-space with given
in-datum and a Maxwellian limit at infinity, the unknown is assumed to stay close
to this Maxwellian, giving rise to the linearized stationary Boltzmann equation in a
half space. A general treatment of the linearized problem for hard forces and hard
spheres under null bulk velocity, is given in [12] and references therein. The case of
a gas of hard spheres (resp. of hard or soft forces) and a null bulk velocity at infinity
is independently treated in [5] (resp. in [11]). The case of a gas of hard spheres and
a nonzero bulk velocity at infinity is considered in [9], positively answering a former
conjecture [8]. The Milne problem for the Boltzmann equation with a force term is
analyzed in [10]. Half-space problems in a discrete velocity frame are studied in [4].
For a review of mathematical results on the half-space problem for the linear and
nonlinear Boltzmann equations, we refer to [6].

The plan of the paper is the following. In Section 2, the linearized collision
operator L is studied, including a spectral inequality. In Section 3, Theorem 1.1 is
proven.

2. The linearized collision operator.

Lemma 2.1. L is a self-adjoint operator in L? , . Within the space of cylindrically

T+ P
invariant distribution functions, its kernel is the subspace spanned by |p|*(1 + P)
and py(1+ P).

Proof. It follows from the equalities

Py(14 P)(Ps — Py) = Ps(1+ P3)(Py — Py) = Py(1+ Po)(1+ P3),
P (1+ P)(1+ Ps)
1+ P ’

Pi(1+Py+P3)= PPy = pi = p3 + 13,

that for any functions f and g in L?, ,

i+P
- = % fi fa
iy pP ey = n/X50P1(1+P2)(1+P3)<1+P1 1+ P,
f3 g1 go g3
N - - dp1dpadps.
1—|—P3)(1+P1 1+ P, 1+P3) p1dp20ap3

This proves the self-adjointness of L in L?, . Moreover, Lf = 0 for f € L?,
1+P 1+P

implies that

SR 4 I3
1+P 1+P  14+DP

Ple = D2z + D3zs Py = DP5 + D3
It is a consequence of this Cauchy equation that the orthogonal functions

Ip|*(1 + P) and p,(1 + P) (13)
span the kernel of L. O
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The operator L splits into K — v, where

2n B
Kf(p) = %(/Xﬂpx = pow + D3, p° = P + P3)(P3 — P)Ps fodpadps
+/>25(p1x = Po + P32, Py =P+ p3)(1+ P+ Ps) Py fidpidps
+/>25(p1m = Pe + P3as Py =P +03)(PL — P)P3f3dp1dp3) (14)
and

v(p) == n/>25(px = paz + P30, p° = p3 + p3) (1 + Py + Ps)dpadps

+2n/>~<5(p11 = Py + P3a, p1 = p° + p3)(Ps — P1)dpidps. (15)

Lemma 2.2. The operator K is compact from L?> , in L>_, . . The collision
VITE vl

frequency v satisfies
w(l+p)? <vlp) < +1p)°, p= (p2,pr) €RxRF, (16)

for some positive constants vy and vy.

Proof of Lemma 2.2. K = Ky + K5 + K3, where
Kih(p) :== 27m/k1(p,p2)h2dp2, K>h(p) = QWn/kz(Papl)hldph

Ks(p) = 2mn / ks (p. ps)hsdps,

P;—P
P

P
ki(p.p2) = 7/5 (e = D22 + P32, P* = P5 + P3) dps
1
= P2 Xp2—p3—(pa—p2a)2>0 PP A1) L),

P 1+P+ P
ka(p,p1) = 71/5 (p1z = Po + P32, D] = p* +13) #Sdpz

1
P(eri—r® — 1)) ’
pP-P

P

1
= P1 Xp%—pQ—(p1m—pm)2>0 (P + 1 +

P
k3(p, p3) = ?3 /5 (p1e = Po + P32, P7 = P° +13) dpy

1
= Py Xy 03— (o 3?50 <p(ep+p_1) B 1) '

Let m € N*. We treat separately the parts of K; with % and with %, and notice

that for |p|, |p2|, [ps| > A, factors P = % may be replaced by M for questions of
boundedness and convergence to zero. For m > A fixed, split the domain of py into

|p2| < m and |p2| > m. The mapping

h — k11 (p, p2)hadps,
|p2|<m

where

_ -1
k11(p, p2) = Ma M3 M Xp2—p3—(pa—p2s)2>0,22< |p2 |2 <p2—A2>
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is compact from L? , into L?_, , . Indeed
Viyp voiixp

/| | V_le/’%l(]Lpg)l/;lM;ldpdpz < o0.
p2<m

T2
pal>m k11(p, p2)hadps tends to zero in LV”HLP when m — oo,

The mapping h — fl

uniformly for functions h with norm one in Lz _p . Namely, it holds
i+P

</ ylM(/|p2|>m kn(p,p2)h2dp2)2dp>

2
</ ( / ulea(p,pQ)dp) hadps
[p2|>m

1
2

< / ( / u—lMdp> hadps
[p2|>m |p|>p2|
1
M§
<e / 2 hydps
pal>m |P2]

c 3
< — (/ M2V2h§dp2> .
m
Py

The other term in K; only differs in the factor % < 2. The compactness of K
follows.

An analogous splitting of Ky with respect to velocities smaller and larger than
m, gives for K5 and |p;| < m that the dominating term corresponds to the factor
%. The mapping becomes

1
2

h — ko1 (p, p1)hidpa,
|p1|<m

with
ka1 (pp1) = M1M_lxpf—p2—(p1w—pm)2>0,>\2<pf —p?-
Since the kernel ks is bounded on the domain of integration which is bounded, this

mapping is compact. The mapping h — f‘p1|>m ko1(p, p1)h1dpy tends to zero in

L?ﬁ1 » when m — oo, uniformly for functions ~ with norm one in L? , . Here
1+P 1+P

2
/IflM (/ kzl(%pl)hldPl) dp
[p1]>m

2
< / / v M~ tdp Mlél/;E (MlVl)% hidp,
lp1|>m \Jp2<p?

_5 1
S C/ 141 6 (]\4—1111)é hldpl
\p1\>m

1
5 2 3
< / vy *dpy (/Mwm?dpz),
\p1\>m

1
2
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which again tends to zero, uniformly in h when m — oco. In K3 the dominating
term corresponds to the factor %. For the kernel

k31(p,P3) = M3Xp2 1 p2— (po+p52)2>0,Ips|> A0
it holds that

/| ‘ y_le;gl(p,pg,)yglM;ldpdpg < 00,
p3|<m

and

1
2

2
/V_lM (/ k31(]9ap3)h3dp3> dp
[p3|>m

1
2
S/ </V1Mk?2,1(p,p3)dp) hadps
|p3|>m

2
S/ M3hsdps (/ l/lMdp>
[ps|>m
: :
<c (/ M3V31dp3> (/ M3I/3h§dpg) .
|pa|>m

This ends the proof of the compactness of K.
The function v is bounded from below by a positive constant, since

Py— P >0, pi=p*+p;.

For |p| > X the first term of v(p) belongs to the interval with end points

p27‘dp2rdp2w

27r2n/
p2r>0,p3,.42(p2s — 3P2)2 < Ep2+p2

and

2
27T2n (1 + 2 1> / p?rdp2rdp2w~
et - p2r>0,p3, +2(p2a— 3 pa)2 <3 p2+p2

With the change of variables (x,y) := (p2s, p3,),

2 / p27'dp2rdp2x
p2r>0,p3, 4+2(p2s— 3p2)2<ip2+p2

= / dxdy
y>0,y+2(x—3p,)2<$p2+p?

1p2+p2
= / / dxdy
0 (= 3ps)2 < (P2+2p2—2y)

$p2+p;

= VP2 + 2p2 — 2ydy
0
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The second term of v(p) is bounded. Indeed,

1
0< ﬁ/&pm = po + P3a, 01 = p° + p3)(Ps — P1)dpidps

1 oo
< / <2_2 - Pl) (/ 5(P§r =pi, —p° — P2+ 2pupia)
p1->0 ePiTPT —1 0

pgrdp3r)plrdplrdplm
+oo 1
= // e ry—p? _ 1 \¥>P*Hpi—2eps dydz
0 _

9 5 +oo
kp —kx —k
= E :e /6 / e Xy>p2p2 —20p, dydz
0

k>1

O
Denote by (-, ) the scalar product in L2, , and by P the orthogonal projection

1+P
on the kernel of L.
Lemma 2.3. L satisfies the spectral inequality,
—(Lf )z A+ P U =P UI=P)f), fell e . (7
( ‘Hp‘) i+pP

Proof. For the compact, self-adjoint operator K, the spectrum behaves similarly
to the classical Boltzmann case. Namely, there is no eigenvalue a > 1 for % Else
there is f # 0 such that Lf = (o — 1)vf and so (Lf, f) > 0. But

- fi f2 2\
= — — — - < .
(Lf7 f) n/Xéc (1 + P, 1+ P, 1+ P; dpldPded <0

In the complement of the kernel of L, the eigenvalues of % are bounded from above

: 2
by ag < 1. Spanning L(1+\p\)3 e
the kernel of L, we obtain the spectral inequality

(Lf, f) < (0‘0 - 1)(V(I - P)fa (I - p)f)v f € L?l+|p|)31+LP'
From here, (17) follows by (16).

with the corresponding eigenfunctions of % and

3. The Milne problem. This section gives the proof of Theorem 1.1.
Let

F=1=Sp0+P) falo) = folo) ~ Spul1+ ).

Solving the Milne problem (7)-(8)-(9) for the unknown f is equivalent to solving

p:0:f =Lf, x>0, p, €R, p, € RT, (18)
F0,p) = folp), pz>0, (19)

[ palo e p)PEIp =0, xR, (20)
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for the unknown f .We first study the behaviour of a solution f to the Milne problem
(18)-(19)-(20), when x — +o0.
Set
(@, p) = (a(@)|pl® + b(a)p.) (1 + P) + w(z, p),
with

/pszdp = / lp|*wPdp =0,

an orthogonal decomposition of f . Denote by

W) =5 [ePen) o (21)

the linearized entropy flux of f . It holds that
1 L P

WO <5 [ nfio) g (22

By (20)
W)= [pal o) pide— - [ 1280 P@y [0 P
2 1+P ~y z ’ * ’

_ 1
=3

P s 5
/pwwz(x,p)ﬁdwra/pw\p|2wpdp+b/pindp+abv

— %(/pindp + a’y) (/px p|*wPdp + 57>,
ie.

1 P 1
W(z) =5 / psz(rE,p)HiPdpf S / p2wPdp / Ppa|p|*wPdp. (23)

This differs from ([BCN]), where the linearized entropy flux of the solution is equal
to the linearized entropy flux of its non-hydrodynamic component.The expression
(23) for W in terms of w is important in the proof.
Multiplying (18) by fH_LP, integrating on (0, X) x R x R™ (resp. R x R"), and
using (17), gives
X P
W(X)+ uo/ /(1 + |p\)3w2(m7p)1_|_7pdpdm <W(0), X >0, (24)
0

and

W)+ [ (4 ) (o p) o <0 (25)

Since f € D, it holds that W € L>®(R*). Then by (24) and (23), W € L'(R"). By
(25), W is a non-increasing function. Hence it tends to zero, when = tends to +oo
and is a nonnegative function. Let n €]0, ¢;[. Multiply (25) by €*7%, so that

P
(W(x)eznz)/ —2nW (2)e*™ + vpe?® /(1 + |p|)3w2(x,p)1+7pdp <0.
By the Cauchy-Schwartz inequality,
2 2 < B/ 2 )
’/pxw(%p)Pdp/pxpl w(m7p)Pdp‘ <5 | wEp) W

Hence,

(W(:U)ez”z)/+62”m/ (1/0(1+|p\)3—77(p1+63)>wz(x,p)HLPdp <0, x>0.(26)
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By the definition (12) of ¢;, the nonnegativity of W and (22), it holds that

/ / (1 + [p])*w?(x p)idpdac <ec, (27)
for some constant c¢. Moreover, by (26) and (25),
0<W(x) <W(0)e 21 < e 2 >0. (28)

(27) implies that f (x,-) converges to a hydrodynamic state when x —> +00. In order
to prove the exponential point-wise decay of [(1 + |p|)3w?(x, p) L5 rpdp in (11), let
0 <Y < X be given and introduce a smooth cutoff function ®(z) such that

O(x) =0, xz € [O,};{ UJX + 1,400, @(z)=1, z€l[Y,X]

Denote by p(x) = " ®(x). Then,

2030 f) = L(@:(of)) + @' Lw + po¢" . (29)
Multiply (29) by 8x(cpf)H_LP, integrate over R, x R} and use (17). Hence,
1d ., P , , P
el - 1 _—
32 | PO D ot v (L4150 (0w)*

/3 <pf ’Lw +pls0”f)1+P

P P -~ P
= /3 pw)Lw =5 dp + ¢ /pra frpdn+¢'e" /prQﬁdp,
i.e.
1d ~ P P
- _ 1 3 -
5 [ PR ot v [ (U415 0u0w)* i
P
<o [ oulou) Lo pdp + (0 W) + (5 — W,
Integrate the last inequality on [0, +00], so that
+o0 P
Vo/ / (1+ [p])* (02 (pw))? ﬁdpdm
—+oo
/ / O (pw) L —5 dpdar + / (" = oYW (2)dz

“+o0
/
1 -
5 / + lply? sow))HPdpdx

“+oo
dd
2a/ /1+Ip| ) e

+ / (0" — @)W (x)de

“+o0
/
1 -
L5 [ [ o) pnta

“+oo
— 1 3w? ——dpd
+2a/0 /<+\p|>w1+pr

+o0
+/ (" — oW (2)dz, a > 0.
0
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Choose a < o /HQ Use (27), the Cauchy-Schwartz inequality, and the exponential
decay of W expressed in (28) in the W-term. It then holds

+o0 P

for some positive constant c. Finally,

P
mx [ (q 32(X
[ (14 B (X P p

X
:2/0 /(1 + |p|)3(8z(gow))2l+ipdpdx <X >0. (30)

The exponential decay of (a, b) to some limit (aoo, Boo)~ when z tends to 400, can
be proved as follows. The solution f(x,p) = (a(z)|p|> + b(z)p.)(1 + P) + w(x,p) is
solution to (18) if and only if

(pelpl® +92) (1 + P) + podow = Lu.

Multiply the former equation by p, P (resp. |p|?>P) and integrate with respect to p,
so that

!

(a+1 [ )Pdp)':(m}y / px|p|2w<-,p>Pdp) )

Denote by

1 - 1
aoo = a(0) + ; /pfuw(o,p)Pdp7 beo :=0(0) + ; /px\p|2w(0,p)Pdp.

By the Cauchy-Schwartz inequality and (30),

[N

P
e <o [0+ e pin) <,

|a(2) = ac| = 5

1

1 P o
i)~ | = 2| [ loPutemiPan| < o [t pan)” < e

(31)
By (28) »
ngfoo pr (z, P)ﬁdp =0. (32)
By (30) »
. 3,2
L [ A+ [p) (@, p)—pdp =0 (33)

Using the decomposition f = (alp|® + l;pm)(l + P)+w of f into its hydrodynamic
and non hydrodynamic components, and setting

oo = lim a(z), be = lim b(z),
T—+00 r—+00

it follows from (32)-(33) that
) 5 = 2 p ) -
tim [ po((@(@)lpf + b@pe) (14 P)) - pdp =0, e ashs =

T—r+00
Below this will be improved to (10) bs = 0.

But first we prove the existence of a solution f € D to the Milne problem (18)-
(19)-(20). Tt will be obtained as the limit when | — +o00 of the sequence (f;);en=
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of solutions to the stationary linearized equation on the slab [0,1] with specular
reflection at z = [, i.e.

peO:fi=Lf1, x€0], p. €R, p, € RY, (34)
RO =R, pe>0. (35)
fl(l>pw7p’r‘) = fl(l7 _p267p’l“)7 Dz < 0. (36)

Switch from given in-data and no inhomogeneous term, to zero indata and an inho-
mogeneous term. Let ¢ > 0 be given. Let the subspace D(A) of L? ((0,1)x

pr(1+1pD)? 125
R x RT) be defined by
DA)={g€eL (1+‘p‘)3 - ((0,1) x R x R"); p,0,9 € L? pr (1P 125 ((0,1) x Rx
R"),9(0,p) =0,p: >0, gL, s, pr) = (I, =P&, pr), Po < O}.
The operator A defined on D(A) by
(Ag)(xz, p) = eg(x,p) + p20rg(z, p)

is m-accretive since I — 2-A is bijective. Indeed, for any f € Lp (141p)* -2 ((0,1) x
r irpP
R x R*) | there is a unique g € D(A) such that
1 . 1 1
<I - 2614) g=1[ lie 59 - meaxg = (37)

Here g is explicitly given by

g(z,p) = —*/fypeprdy, Pz >0,

'c+y2l
/fyp dy+/fype“dy) Pz < 0.

It belongs to L2 0,1)x RxR*) since multiplying (37) by 2g(1+|p|)3 1+P,

pr(1+Ip)3 o5 ((
then integrating on [0, l] X R3 implies that

1 P
2 1 ——dxd 7/ (1 390, p) —=d
[P b) rpdedrt g [l ) 0 e

—2/fxp (2,0)(1 + [p])? 1Tpdp
/f 7, p)(1 + o))<

+ [P b PP

It then follows from (37) that p,0.g € Lp (11?125 ((0,1) x R x RT).

Since —L is an accretive operator, from here by an m-accretive study of A — L,
there exists a solution

feeL2

dxdp

dxdp.

Lo 25 ((0,) X R X RT)

to
E.fe erxaxfe = Lf;, x>0, p €R, p, € RJra (38)

fe(oap):fo(p)a Dz >07
fe(pr’pT):fﬁ(l7_pw7p7“)a Pz <O
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In order to prove that there is a converging subsequence of ( fe) when € tends to
zero, split f, into its hydrodynamic and non-hydrodynamic parts as
fe(@,p) = (ac(@)|p® + be(2)po) (1 + P) + we(z, p),
with
/pmePdp = / |p|*we Pdp = 0. (39)
Multiply (38) by feuiw integrate w.r.t. (z,p) € [0,]] x R x RT and use the spectral
inequality (17), so that (w.) is uniformly bounded in Li (14 p)® -2 ([0, x R x RT).
r i+P

Notice that the boundary term at [ vanishes. And so, up to a subsequence, (w.)

weakly converges in L? pe(141p)* 25 ([0,1] x R x RT)) to some function w. Moreover,
the same argument as for gettlng (30) can be used here, so that
- P
o [ e ) pdp < e @€ 0.0 (10)

Expressing f >0pg;fe(O D) dep (resp. fpm>0px|p|2fe(0,p)l+%dp) in terms of
a¢(0), b (0) and we (0, +) leads to

as(O)/ pxlp\QPderbe(O)/ p2Pdp
pz>0 pz>0

- P P
= Pz fo(p 7dp—/ Pzwe(0,p dp
ADO oW pile = [ peeOp)pp

and

ae(O)/ pw\pl4Pdp+be(0)/ p2|p|*Pdp
pz>0 pz>0

~ P P
2
= pzpfpidp—/ Pa|p[“we (0, p dp.
| RO i [ b0 e

By the Cauchy-Schwartz inequality and (40) taken at = = 0, it follows that

P P
pawe(0,p)——dp and / pau|p[*we(0, p) ——dp
/p,:>0 ( )1+P pa>0 Pl )1+P

are bounded. Consequently, (a.(0),b(0)) is uniformly bounded with respect to e.
Moreover, f. solves (38) if and only if

€((aclpl? +bp.)(1+ P) 4+ we) + (alpalpl® + bp2) (1 + P) 4+ podyw, = Lu. (41)

Multiplying the previous equation by p, P (resp. (p? + n)P) and integrating w.r.t.
p, implies that

/
€be /piP(l + P)dp + val + (/piwePdp) =0,

!/
cac [P+ P)dp+ b+ ([ palpPucdp) =0,

Consequently, denoting by

a—\//pZP 1+ P)dp and ﬁ:\//|p|4P(1—|—P)dp7
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it holds that

afey
Yae(z) = —/piwe(w,p)Pder (va.(0) +/piwe(0,p)Pdp)e v
x 2
+e/ (/pacoi(p2 +n)we(yyp)Pdp)eTﬁ("’_y)dy, z € [0,1],
0 v
_abe,
Yoe() = / PalpPwe(, p) Pdp + (1,(0) + / palpPwe(0, p) Pdp)e

x 2
+e/ (/gpiwe(y,p)Pdp)e_TB(”_y)dy, z € [0,1].
0 Y

Together with the bounds of (ac(0),be(0)) and (40), this implies that (ac) (resp.
(b)) is bounded in L?. And so, up to a subsequence, f. weakly converges in

Lir(1+lpl)314%p((0’l) x R x RY) to a solution f; of (34)-(35)-(36).

Similar arguments can be used in order to prove that up to a subsequence, ( fl)
converges to a solution f of the Milne problem (18)-(19)-(20) when [ tends to +occ.
Indeed, if f; admits the decomposition

fila,p) = (a(@)|pl* + bi(2)p2) (1 + P) + wi(x, p),
with

/melpdp = / |p|?w, Pdp = 0,

then the sequence (w;) is bounded in L2 s » (RT x R x RT) and point-
pr(14|p|) irP

wise in z as in (40). And so, up to a subsequence, (w;) converges weakly in

L? s p (RT x R x RT) and also weak star in x, weak in p in L®(RT;
pr(1+|P)3 55
L

12)7\(1+|p|)3 (R x RT)). The sequences (a;) and (b;) satisfy

!/ !
(w; +/p§szdp) =0, (Vbl +/pz|p|2szdp) =0,
so that

yay(z) = — / paw(z, p)Pdp + va, (0) + / p2w; (0, p) Pdp,

() = — / pelpl?wn (. p) Pap + 4, (0) + / palp[?wi (0, p) Pdp.

It follows that the sequences (a;) and (b;) are uniformly bounded on RT, and so,
up to a subsequence, converge weak star in x. The limit of ( fl) is a weak solution
to the problem. This weak solution belongs to D.

We can now prove that beo = 0. For this we notice that the discussion of this
section up to (28) included, also holds for fi, W being nonnegative on [0, 1] because
it is non increasing and vanishes at [. The discussion from (29) leading up to (32)
is valid as well. But for f; it holds that b;(I) = 0, and so (31) taken at x = [ leads
t0 |bioo| < ce .

Take 8 > a > 0. Using (31) again implies that for all [ > 3,

by ()| < |by(x) — broo| + ce™" < 27, x> a.
It follows that

b(x)] < 2™, x> a.



A MILNE PROBLEM FROM A BOSE CONDENSATE WITH EXCITATIONS 685

Hence

lim b(z) = 0 = buo
T—r00
The uniqueness of the solution of the Milne problem (18)-(19)-(20) can be proven
as follows. Let f € D be solution to the Milne problem (18)-(19)-(20) with zero
indatum at z = 0 and zero energy flow. Let

f(z,p) = a(@)lpl* (1 + P) + b()ps (1 + P) +w(z,p)
be its orthogonal decomposition. By (28)

. ~2 —
Lm | pef*(z,p) 7 pdp = 0. (42)

Multiply the equation
by f HLP, integrate over ]0, +o0o[xR? and use the spectral inequality. Then,

1/ 1pa P20, p)—E—dp + /+OO/ dpd
2pz<0px ’leer 0] 5(;171+Ppm

1
<1y

=0.
And so,

Equation (43) reduces to
awf =0,

so that together with f(0,-) = 0, it holds that a(-) = b(-) = 0. Hence f is identically
Zero. ]
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