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Abstract. Existence of a weak solution of the Navier-Stokes problem de-
scribing a multifluid flow is proved. The velocity fields associated to each
fluid solves the Navier-Stokes equations in a time-dependent domain. Clas-
sical immiscibility conditions on the varying fluids interfaces are taken into
account by a new formulation of the problem. This formulation was in-
troduced in [3] and used in numerical computations. This paper follows a

previous one where an existence theorem for Stokes multifluid problems was
derived ([5]).

Introduction. Fluid interface computation has recently become a subject
of interest because of its many industrial applications. In a previous paper
([5]), we studied the mathematical problem associated with coextrusion, i.e.
extrusion of several polymers. In this case, the flows of the polymers could
be modelled with Stokes equations. Here, no smallness assumption of the
Reynolds numbers is introduced, so that the flow of N fluids filling time-
dependent subdomains € (t),k = 1,..., N of a fixed domain Q ¢ IR”, D = 2
or 3, is described in each subdomain by Navier-Stokes equations. Non-
miscibility conditions at interfaces are shown to be equivalent to a transport
equation on the whole domain for the viscosities and the concentrations.
Transmission conditions at interfaces are the continuity of the velocity and
of the normal component of the stress tensor. These conditions are obtained
by variational considerations. The aim of this paper is to derive an existence
result of weak solutions for the non-linear system of equations obtained by
coupling this transport equation with the Navier-Stokes equations. A first
difficulty arises because of insufficient smoothness of the velocity field for



using classical result concerning transport equations. Therefore, using the
concept of renormalized solutions introduced by R. J. DiPerna and P. L.
Lions ([2]) is necessary. Following the classical proof of existence of the
Navier-Stokes equations, the linearized multi-fluid Navier-Stokes system is
first solved, and the problem of then passing to the limit in non-linear terms
is overcome by properties induced by the renormalized solutions and a com-
pactness result of Aubin’s lemma type. Finally the existence proof of so-
lutions for the coupled system is obtained by means of the Schauder fixed
point theorem.

1 The multifluid Navier-Stokes problem
We consider NV viscous fluids with viscosities
Nk, L<ESN, m<me<..<nn, (1.1)

flowing in an open domain © of IR”. The k¥ fluid occupies at time ¢ the
open subdomain Q(t). Let n be the globally defined viscosity such that
n(t,x) = ny, if the point = € Q is occupied at time ¢ by the k** fluid. We
have

() == {z € Gt z) = m) (1.2)

The velocity u is globally defined on Q2 by

u=ug(t,x),x € Q(t),k=1,...,N, (1.3)

where uy(t, 2) denotes the velocity of the k' fluid for = belonging to ().
In the following, letters without subscript, such as 7, denote functions de-
fined on the whole domain €2, and the same letters with subscripts, such as
vk, denote the restriction of these functions to the subdomains Q(t),k =
1,...,N.

The strain tensor € is defined by

e(ug) = %(Vuk +vup), € Q(t). (1.4)

Denote p the globally defined density. The incompressibility of the fluids is
expressed by

div(ug) =0, p=pr € R in Q). (1.5)



where div denotes the divergence with respect to the space variables. The
newtonian behaviour gives the expression of the stress tensor o with respect
to the viscosity, the strain tensor and the pressure py

O — 2nke(uk) - pkfd. (1.6)

Denote f the applied exterior force. The conservation of the mass and the
fundamental law of mechanics are respectively

pt + div(pu) =0, (1.7)
(pu)¢ + div(o) = f. (1.8)

Denote hy,(t) an interface between fluids k£ and [ and define

= [0,7] x Q,
Iy ={(t,z) st. 0<t<T and x € Q(t)},
Hy, ={(t,x) st. 0<t<T and x € hp(t)}. (1.9)

Denote N the normal to IIj at the boundary, U = (1, u(t,z)) and V and H
the spaces

V = {ue (H"(Q)",div(u) = 0,u/9q = 0}. (1.10)
H = {u e (L*()?, divu = 0}. (1.11)

We first recall a trace property ([5]).

Lemma 1.1 Assume that the bounded set Il is Lipschitz. Then there is a
continuous trace mapping Ty, from Vi (Ig) onto Vi (0ly), where Vi (1) and
2
Vl(ank) are defined by
2

Vi(Ig) = {uym,u € L0, T; (HY ()P}, (1.12)

Vi (01l = {v o vv € L(0,T; (Hz(0B1))"))}, (1.13)
with

By ={z € R”;| z |< 1}, (1.14)

Y € Lip([0,T] x By;10g),% isonetooneandonto. (1.15)



For the time-dependent case, the non-miscibility condition is classically (see
1)
UN =0, (t,z) € Hp,. (1.16)

We introduce a transport equation for the viscosity on the whole domain
which can be proved to be equivalent to (1.14). Indeed we have

Lemma 1.2 Assume that 1,k = 1,..., N, are Lipschitz domains and u
belongs to L>°(0,T;V). Then the following conditions are equivalent

(i1) % +u.vn=0 inD'(®). (1.18)

For a proof of Lemma 1.2 we refer to [5]. Let us point out that equation
(1.18) is equivalent to

on + div(nu) =0, (1.19)
ot

since u is divergence free.

For the Navier-Stokes multifluid problem to be well posed, it remains to
recall the classical transmission conditions. They are expressed by the con-
tinuity of the velocity v and of the normal component of the stress tensor
at any interface hy,(t),

ug(t,x) = w(t,x),x € hy(t), (1.20)
Yp(t,x).N = X(t,z). N,z € hp (), (1.21)

if ¥ denotes the tensor diag(1l,0). The vector N is the normal to hy,(t)
at point z and time ¢. These conditions correspond to those obtained in
multimaterial elasticity. Let us remark that if (1.20) is interpreted for almost
every t as a trace equality in H 3 (hm(t)), it is satisfied as soon as u belongs to
L2(0,T; (HY(2))P). Finally, (1.21) is obtained the following way: multiply
(1.7) by a compactly supported in [0, 7] x €2 test function and integrate over
[0, 7] x Q. Then multiply (1.7) by compactly supported in [0, T] x Q () test
functions, integrate over [0, 7] x Q(¢) and substract in the first equality. It
comes

(px — p)U.(T(U).N) + [S.N] = 0. (1.22)



Then the kinematic condition (1.16) implies (1.21). By this way we have
proved that solving the multifluid Navier-Stokes problem (1.4)-(1.8), sup-
plemented with the transport equation (1.18), implies the usual kinematic
and transmission conditions. For this problem, we state

Theorem 1.1 Let (po,n0) € {(pk, k), k = 1,..., N} a.e., with p > 0,0 <
m <m < ..<nn and ug € L*(Q) be such that div(ug) = 0. Then there is
at least a solution (p,n,u) in (L>((0,T) x Q))? x L2(0,T; V') of the problem

Oup + div(pu) = 0 in D'((1,T) x ®), (1.23)

om + div(nu) =0 in D'((1,T) x ®), (1.24)

dr(pu) + div(pu @ u) — div(ne(u)) = f in L'(0,T;V"), (1.25)

p(t = 0) = po,n(t =0) = ng,u(t = 0) = uy. (1.26)
Moreover

(p,n) € {(pgs i), k= 1,... N} a.e.,u € L®(0,T; L*(Q)), (1.27)

and there is p € L'(0,T; L?(Q)) such that
Or(pu) + div(pu @ u) — div(ne(u)) —yp= f in D'((1,T) x ®).(1.28)
The remainder of the paper is devoted to the proof of this theorem.

Remark 1.1 Following the same strategy as in [5], we could replace the
homogeneous boundary condition for u by

w90 = o, uo = Ugan, Us € C'(Q), div(Us) = 0, (1.29)

and obtain the same result as in Theorem 4.1.

2 The linearized Navier-Stokes problem.

In this section, we are concerned with the following problem

Find u € L*(0,T;V) suchthat (2.1)
O;(pu) + div(pv @ u) — div(ne(u)) + vp = f,
{ ult = 0) = up(x). (2.2)



p,v and 7 are supposed to satisfy

ve L*0,T;V), (2.3)

(p,n) € L=(Q),pm = p = pm > 0,101 =1 2 1 > 0, (2.4)

Op + div(pv) =0, (2.5)

on + div(nv) = 0. (2.6)
The data f and ug are such that

feL*0,T,V'),u € L*(H). (2.7)

Q) is a Lipschitz bounded set, which is a sufficient condition for

V= {6 € D(®)[.LNEG) =1} (2.8)
to be dense in V. Then we have

Proposition 2.1 Assuming (2.3)-(2.7), the problem (2.1)-(2.2) has at least
one weak solution which belongs to L>°(0,T; H) and satisfies the energy es-
timate

! < pu?(t,.) > +/Ot[< ne(u) : e(u)(s,.) > — < f,u> (s,.)]ds

2
< %/ﬂpo(x)ug(x)dm. (2.9)
Moreover, if N =2, (2.9) is an equality and the solution is unique.
Recall the definition of a weak solution of (2.1)-(2.2).

Definition 2.1 A weak solution of (2.1)-(2.2) is u € L*(0,T;V), solution
of the variational problem

% < p(t, Ju(t, Jw > + < div(p(t, . )v(t,.) @ u(t,.))w >

+ < n(t, De(u(t,.))  e(w) >=< f,w>, foreverywinV. (2.10)

Here, <> denotes the integral over € with respect to x, and <> the duality
between V' and V. Let us remark that, thanks to (2.5), (2.10) is equivalent
to

%u(t, Jw >+ < (p(t, )v(t,.).Dyu(t,.)).w >

<t e(ult, ))e(w) >=< f(t,.),w> . (2.11)

<p(t,.)



The proof of Proposition 2.1 is based on the construction of an approximate
solution by the Galerkin method. Since V is separable, there is a free and
total family in V', {wy, }n=1,... 0o- Denote V;, = Spann{wy;k =1,...,n}. Then
we have

Proposition 2.2 The problem
Find u, € H'(0,T;V,,) such that

un(0) = ug eV,

< p(t, )%wk >+ < (p(t,.)v(t,.).Dyun(t,.)) wg >

+ < n(t, Je(un(t,.))e(wy) >=< f(t,.),wr, >, k=1,...,n, (2.12)

has a unique solution, which satisfies

% < plt, Yu(t,.) > +/Ot < ne(up) = €(upn) > (s,.)ds

t 1

—/ < frun > ()ds = 5 < plt =0, Jul()* > (2.13)
0

We first state

Lemma 2.1 The following estimate holds.
For any p € L>=((0,T) x Q),v(t,.) € L2((0,T); V),w; € V,wy €V,

< p(t, )u(t,.).Dywi.wy >€ L*(0,T). (2.14)
Proof.

< p(t, Jv(t,.).Dywy.we >|| 12
<l p llzell v lle20,m;pa0) | Dawr llz2ll wa [|za
<cllplizeell v llezom @)l wi llviiws v, (2.15)

from Sobolev’s imbedding.

Proof of Propositions 2.1 and 2.2.

We follow the strategy of proof of [6] for the existence of solutions of Navier-
Stokes equations with constant viscosities and concentrations. Let us con-
sider the problem (2.12)-(2.13). In view of (2.4), p is positive, so that the
matrix (< pwp.wg >); k=1, n is a definite positive symmetric matrix, hence
invertible. Then, in view of Lemma 2.1, we can write (2.12) as a finite
system of ODE’s with L2(0,T)-coefficients. This linear differential system



together with the initial conditions given by (2.12) defines uniquely u,, on
the whole interval [0,T]. Moreover, u,(t,.) belonging to V,,, (2.13) implies

(< P ) Tt ) P>+ < ot Jolt, ) Da] wnlt, ) [2) >}

+ < n(t, Je(un(t,.))  e(un(t,.)) >=< f(t,.),un(t,.) >. (2.16)
Integrating by parts < p(t,.)v(t,.).De(| un(t,.) [?) > and using (2.5) in
(2.16), we obtain

5 < (t.) | unlt, >+/<n ns,.))  elun(s, ) > ds

:/Ot<<f(t,.) n(t, )>>+ < p(0,.) | W0() 2>, t € [0, T).(2.17)

Then, using Korn and Cauchy-Schwartz inequalities in (2.17), as well as the
bounds from below of p and 7 given in (2.4), we obtain

I wn 7o) O+ | un 720,70y < el f l2@vn + 1 o [l20))4(2:18)
where ¢ is independent of n. Therefore, up to subsequences,

uy, — winL?(0,T; V)weak, andu € L°°(0,T; H), (2.19)

e(ty) — e(u)inL?((0,T) x Q)weak. (2.20)

The inequality (2.9) of Proposition 2.1 follows from (2.16), (2.18), (2.19),
the convexity of u —< ne(u) : €(u) > and the convergence of (u2) to ug
in L?. Then, in order to prove that u is a weak solution of the problem
(2.1)-(2.2), we pass to the limit in (2.13) and obtain

< plawy > + < (pv.Dyu)wyg > + < ne(u) : e(wg) >
—< fwp >, k>1 (2.21)

But pv.Dgu is bounded in L'(0,T;V’). Indeed for every smooth function
¢ = ¢(x),

|/Q(,01).Dxu).¢dx|
< pum [l v ll20,msze @)l Dt z2eo,myxon | @ 20,704 )) (2.22)

and thanks to Sobolev’s imbeddings,

| /Q(PU-DmU)-¢d$ < cllvllzzormvll Daw 20,1 @ 2 0,75v) -(2:23)



Then, since {wy },>1 is a total family,

< puw >+ < (pv.Dyu)w >+ < ne(u) : e(w) >=< f,w >,
wevV, (2.24)
is a consequence of (2.20). This proves that u is a weak solution of (2.1)-
(2.2).
Let us now prove that (2.9) is an equality for N = 2, because of more
regularity of pv.D,u. The uniqueness of the weak solution will be a direct

consequence of this equality. Let u be a weak solution of (2.1)-(2.2). First,
prove that [ < (pv.Dyu).u > ds is well defined. For any smooth function,

| / (pv.Dyu).u > ds |
<[l o [Ioo o,y xanll v 20,22 | © 220,790 | @ I 22(0,7,1)(2-25)

But for N =2, ([6]),

1 1
[ u(t, ) la@)< ell ult, ) [72q)ll wt ) 115 - (2.26)
Therefore
lw 17207z00) < € | @ llzeorizz@) w2 o.v), (2.27)

and similarly for v. By a density argument, we obtain from (2.23),

% < pu? > (t) + t < (pv.Dyu).u > (s)ds + /t[< ne(u) : e(u) >
0 0
— <L fyu>](s)ds = % < pu® > (0). (2.28)

For smooth functions ¢ ([6]),

< (pv.Dyp)p >= 0, (2.29)

so once again a density argument implies, u belonging to L2(0,T;V) N
L>(0,T; L*(9)), that

< (pv.Dyu).u >=0, (2.30)

which leads to the result.



3 The fixed point procedure.

First we recall a result of DiPerna-Lions ([2]) concerning renormalized weak
solutions. v and py belonging to L?(0,T;V) and L°°(9) respectively, we
consider the problem :

Find p in L*°(0,T;2) such that

Op + div(pv) =0, p(t = 0,2) = po(z). (3.1)
We have

Proposition 3.3 Ifv € L?(0,T;V), then there is a unique weak solution p
in L*((0,T) x Q), in the following sense

+oo
[ [ pondtosao)dadt = [ po(a)o0.2)de,o € DERN*).(32)
0 Q Q

Moreover this solution is a renormalized solution, i.e. B(p) is a weak solution
associated to the data B(po) for any B € CY(IR). Furthermore if the data

satisfies po € {pm, .., pr} a.e., then p € {pm,...,pr} a-e.

For a proof of Proposition 3.3, we refer to [2] and [5]. Let us only point
out that the problem (3.1) has not to be completed by boundary conditions
because v /5 = 0.

Describe the fixed point procedure. For every v, in L?(0,T;V,,), we solve

Op + div(pvp) = 0, p(t = 0) = po, (3.3)
O + div(nuy,) = 0,n(t = 0) = no, (3.4)

where po € {pm,...,pm} a.e. and n9 € {nm,...,nar} a.e. Then we solve
(2.12)-(2.13), with v = v,, and obtain a solution, denoted w,. Let us define
the map 7 by 7v, = u,.

Proposition 3.4 The map 7 has at least a fixed point.

Proof of Proposition 3.4.
Thanks to Korn and Poincaré’s inequalities,

1
< ne(w) : e(w) > > anC(Q) | w2, weV, (3.5)
where ¢(Q) is a Poincaré’s constant. Then, with the help of (2.14),
| wn 220,00 < el £ 220,70 + |l Uy, z2(0)) (3.6)

10



where c¢ is a constant depending on py,, par, 7m and §2. Therefore, if

R=c(| fllrzorvy + Il u) lr2@); (3.7)
7 maps the ball
B ={u € L*(0,T;Vyp)st. | ullr207r)< R} (3.8)

in itself. To use Schauder fixed point theorem, it remains to prove that 7 is
a continuous and compact map for the topology induced by L?(0,7T;V).
Let us prove the continuity of 7. Let (vE(t,.))pe v be asequence of L2(0,T; V,,)
converging to some vy, (t,.). Up to a subsequence, the associated solutions
of (3.3)-(3.4) (pP)pemv and (n”)pem respectively converge in L*°((0,7") x Q)
weak star to p and 7. Passing to the limit in the formulation (3.2) proves
that p and n are the unique solutions of (3.3)-(3.4) associated to v,,. There-
fore the whole sequence (pp,7,) weakly converges to (p,n). On the other
hand, (p”), (nP), p and n are renormalized solutions of transport equations.
It follows that the choice of 3(t) = t? gives

|27 2 0.myx= T Il po llz2@)=l o ll2((0,7)x ) (3.9)
|77 N2,y <= T Il mo 2=l 7 l20,7)x0) - (3.10)

It means that the weak convergence of (p?) and 7P in L?((0,T) x Q) to p
and 7 respectively is indeed a strong convergence. Since (uf)),cn belongs to
B}, there is a subsequence, still denoted (uf)),epv, such that

uP =, in L*(0,T;V) weak. (3.11)
More, pPvE converges to pv in L2((0,7) x Q). Indeed

| P05 — pv HL?((O,T)xQ)
<|l PP (v, =) [lL2(0,myx) + | (07 = p)v lL2(0,1)x02)
< pu || vh = v [l2(0,m)x0)

+ 11 07 = p 20,90l © ll220,7520(0)) 5 (3.12)
and v € L?(0,T; L*(Q2)) since H'(Q) ¢ L*(Q), (N < 3) and pP converges to
pin L%(0,T; L*(R)), because it is bounded in L>((0,7T) x ) and converges
in L2((0,7) x Q). Then, expressing

n

ub = apP(t)wg(z) (3.13)
k=1

11



we have, up to a subsequence,

ap? = agin L*(0, T)weak (3.14)
and
n
< (P8 .Dpub)wy, >=Y " a"P(t) < (pPvh.Dywy).wy, > (3.15)
=1
tends to
n
> oq(t) < (pvn-Dowy)wy, > inD'(1,T), (3.16)
=1

because of the strong convergence of < (pPvE.Dyw;).wy, > in L?(0,7T). Anal-
ogous arguments prove that

< nPe(ul) : e(wy) >—< ne(uy) : e(wy) > inD'(1,T). (3.17)

Let us prove that ((a)”))pen is uniformly bounded in (H'(0,7))". Denote
MP? the matrix

(MEY™! = (< pP(t, Jwrwr >) g pyefing2- (3.18)
((MPE))pemv is uniformly bounded in M\ (L°°(7,7)). Indeed
PP(t,.) > pm >0, (3.19)
and
_ 1
| (M)~ ||M\(z:oo(/,7))§ p_m (3.20)

On the other hand, the matrix

Ab = (< (pPvh Dywp)wy, + nPe(wy) = €(wi) >) k1yeltn)2s (3.21)
and the vector

Bl = (< f,wg >)rein (3.22)

are uniformly bounded in L*(0,T). If o = (a})kef1,n); then (2.12) reduces
to

aP = —(MP)"LAPoP + (MP)~BE. (3.23)

12



Knowing that (a?)ye v is uniformly bounded in (L2(0,7))", (3.23) and the
uniform boundedness of ((MP)™!),(AP) and (BE) prove that (a?),em is
uniformly bounded in (W1(0,T))". Sobolev imbedding of W11(0,T) in
C%0,T) implies that (a?)yey is uniformly bounded in (C°(0,7))". Com-
ing back to (3.23), we finally obtain that (o®)pep is uniformly bounded in
(H'(0,7))". Then

< pP(t, ubwy, >—< p(t, Yugwy, > inD' (1, T). (3.24)

It follows from (3.16), (3.17) and (3.24) that w, is the unique solution
of (2.12), so that the whole sequence (u?),emn weakly converges to u, in
H'(0,T;V,,) and strongly converges to u, in L2(0,T;V,,), since V,, is finite
dimensional. This ends the proof of the continuity of 7. Finally 7 is a
compact map, as a consequence of the uniform bound of u,, in H*(0,T;V,,).

4 Proof of the main theorem.
It consists in passing to the limit when n — +o00. Thanks to Proposition

3.4, there is a solution (uy, p™,n™) in H'(0,T;V,) x (L°((0,T) x Q)))?, of
the following problem :

Op™ + div(p"uy) = 0, (4.1)
on" + div(n"uy,) =0, (4.2)
< Pt Jun(t, ) awg > 4+ < (p"(t, Jun(t,.).Dyun(t, .)).wi >

+ < nne(un) : E(wk) >=< fiwg >, k=1,..,n, (43)

Pt =0)=py, N"(t=0)=mn0, up(t=0)=ul. (4.4)

This solution satisfies the uniform estimates

| un HL?(O,T;V)S c(ll f HL?(O,T;V/) + |l U% ||L2(Q)) <g¢ (4.5)
p" €4{pm,-pm}t a.e, (4.6)
n" € {my -} ae.. (4.7)

Then, up to subsequences,

p"t— pin L*((0,T) x Q) weakstar, (4.8)

13



n" —min L*((0,T) x Q) weakstar, (4.9)
U, — win L*(0,T;V) weak. (4.10)
We first pass to the limit in (4.1)-(4.2) with the help of the following lemma.

Lemma 4.1 Let (p")nenw and (up)nemw be such that

p"t— pin L*((0,T) x Q) weakstar, (4.11)
u, —u in L*(0,T; HY(Q)) weak, (4.12)
(Oep™ ) nevisboundedin L*(0,T; H (). (4.13)

Then p"u, tends to pu in D'((1,T) X ®).

For a proof of Lemma 4.1, see [5].

Therefore
Op + div(pu) =0, p(t =0) = po, (4.14)
om + div(nu) =0, n(t =0)=n. (4.15)

Hence the L2((0,T) x ©) norms of (pP),en and p are equal, as well as those
of (n"P)pemv and n. This leads to the strong convergence of (pP)p,cnv and
(nP)pem to p and 7 respectively in L2((0,7) x ). Then (4.3) is also

< {0 (p"up) + div(p"up @ up) fwr >+ < n"e(uy) : €(wy) >
=< fwp> . (4.16)

Multiply (4.16) by a(t) € D'(ZR) and integrate it over IR, . After integrating
by parts, we obtain
+o0
/ {< p"und(cwy) >+ < (p"up @ uy).Dy(qwy) >
0

— < n"e(uy) : ae(wy) > + < f, awg, >}ds
= a(0) < poudwy > . (4.17)

But thanks to the weak convergence of (up)nen and (e(uy))nen to u and
e(u) in L2((0,T) x ), and the strong convergence of (p")nenv and (0™)pen
in L2((0,T) x Q),

Py — puin D'((1,T) x ®), (4.18)

14



and
n"e(un) — ne(u)in D' ((1,T) X ®). (4.19)
Let us now study the limit of p"u, ® u,. First, for N <4,
| "t @ un, (|22 <Il P" [ Loo (@) | un H%‘l(ﬂ)
<Il 0" llzoo@ll wn II7 - (4.20)

Therefore (p™u, @up)nen is uniformly bounded in L1(0, T'; L?(2)). In order
to obtain a bound on 9;(p,u,), we specifically choose the free and total
family {wy} as an orthonormal basis of L?(£2) as well as an orthogonal basis
of H*(Q). Recall that (wy,)rev moreover satisfies

div(wy) = 0. (4.21)

For instance (wy)ren is the orthogonal sequence in H'(Q) of eigenvectors
of the following Stokes problems

_VAwk + Vpk = )‘kwk,dlv(wk) = O,Mk € H& (Q)’pk € LlQOC(Q)’ (422)

where (A;)r>1 are the eigenvalues of the self-adjoint Stokes operator, which
has a compact resolvent.
On the other hand, (4.16) implies that

O (p"up) = I, (div(p"up @ uy) — div(n"e(uy)) — f), (4.23)
where II,, is the L?-projection on V,, defined by

< zawg >

—wy. 4.24
< W W >wk ( )

v=1IL,(2) iff vzz

k=1

Let us remark that II, is also the H'-projection on Vj, since wy, is also
orthogonal in H'(2). We extend the operator IT,, on H~(Q) by

<T,z,¢ >=< 2,0,¢ > 2 € H(Q),$ € H}(Q)). (4.25)
Then we have the following

Lemma 4.2 (IL,),en is uniformly bounded in L(H™*°(®)).
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Proof of Lemma 4.2.
By definition of 11,

| o lz-2@n= sup || Mz [r2m-1)

”z”H—l(Q):l

= sup sup  |< Iz, ¢ >|
PeH(Q) 2l g-1(0)=1

= sup sup  |< z, 1,0 >|
PeH () N2l g-1(0)=1

< sup [ o)< c
PeHL ()

Thanks to Lemma 4.2 and the uniform boundedness of div(p"u, ® u,) —
div(n™e(uy)) — f in LY(0,T; H=1(Q)), we obtain that

(Or(p™uy)) isuniformlyboundedinL'(0,T; H1(Q)). (4.26)
(4.27) and the boundedness of (p"uy)ney in L2((0,7) x Q) imply that ([4])

(p™un) belongstoacompactsetof L*(0,T; H~(Q)). (4.27)
Then, up to a subsequence,

Py — pu in L20,T; H (), (4.28)

which states, with the help of the weak convergence of u,, to u in L?(0,T; H}())
that

P U @up — pu@u in D'((1,T) x ®). (4.29)

Given (4.30), (4.18) and (4.19), we can pass to the limit in (4.16). Since the
family {wy} is total in V', we finally obtain that (4.16) holds for every w in
V', which ends the proof of the existence result stated in Theorem 1.1. In
order to complete the proof of Theorem 1.1, it remains to prove that (p,n) €
{(pk,nK)s k = 1,..., N} ae.. We already know that p € {p,k = 1,...,N}
a.e. and n € {ng,k =1,..., N} a.e, but it remains to establish that p and n
have the same k' value together. Denote

Ap =maz | py — pi |, An =maz | np —m |, (4.30)
and choose A > 0 such that

AAp < A, (4.31)
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Then A\p + 7 is also a solution of the transport equation (4.31). Hence

Ap+n€{ Aok + ik} ae. (4.32)
It follows that

(p,m) € {(pr,m) st Apr+m = App +1p}- (4.33)
Then

[y —m |= A pp— pi [< AAp < An, (4.34)

which implies 7, = n;, and then p, = pg, i.e (pr, m) = (pp, Mp)-

17



References

1.

Astarita, G., Marrucci, G., ”Principles of Non-Newtonian Fluid Me-
chanics”, McGraw-Hill, New-York, 1974.

DiPerna, R. J., Lions, P. L., Ordinary differential equations, transport
theory and Sobolev spaces, Invent. Math. 98 (1989), 511-547.

Fortin, A., Demay, Y., Agassant, J. F., Computation of stationary
interface between generalized Newtonian fluids, Preprint.

Lions, J. L., ”Quelques méthodes de résolution des problémes aux
limites non linéaires”, Gauthier-Villars, 1969.

Nouri, A., Poupaud, F., Demay, Y., An existence theorem for the
multifluid Stokes problem, Preprint (1993).

Temam, R., ”Navier-Stokes equations”, North Holland, Amsterdam
New-York Oxford, 1977.

18



