On fluctuations and the exponential statistics of return times

B Saussol†

†Faculté de MathInfo, Université de Picardie – Jules Verne, 33, rue St Leu 80039 Amiens Cedex 01, France

Abstract. This paper presents some facts related to the exponential statistic of return times. We first investigate the question of computing the speed of convergence to this limiting law. We show that this speed carries some informations about the system under consideration, while via a local analysis we can relate it to some combinatorial property of some orbits. Next, we prove that for an arbitrary dynamical system, the existence of an exponential statistic for the return times implies the equivalence between the fluctuations of the empirical entropies and the repetition times.

AMS classification scheme numbers: Primary: 37B20, Secondary: 37D25, 37D50, 60F05, 94A17

Submitted to: Nonlinearity

1. Introduction

Given a map T : X → X which preserves a probability measure μ, and a measurable subset A ⊂ X, after Poincaré we know that almost any point from A will return into A again under iterations of T . In this setting, it is natural to ask for the quantitative version of this observation. Which proportion of points inside A will return before a time t into A ?

An approximate answer may be obtained by Chebychev’s inequality via Kac’s theorem, which says that the expectation on A of the return time into A is finite, bounded by 1/μ(A), with equality if for example the measure μ is ergodic.

To be more precise, given a measurable A ⊂ X of positive measure we define τ_A(x) = inf{k > 0 : T^kx ∈ A}. We call τ_A(x) the first return time or first entrance time into A whether x belongs to A or not, respectively. Setting μ_A^{def}=^1_{μ(A)} μ|_A we can define the distribution of return times into the set A by

F_A(t)^{def}= μ_A ( x ∈ A : τ_A(x) > t μ(A) ) . In a wide variety of (sufficiently) mixing dynamical systems it was proven that the distribution of return times is close to an exponential, which means that F_A(t) converges to exp(−t) as μ(A) → 0, when A is chosen in a suitable family of sets (e.g.

balls, cylinders). Suppose that for each point x a sequence of neighborhood (Ω_ε(x))_ε with μ(Ω_ε(x)) → 0 as ε → 0 is given. We say that the return times on the family {Ω_ε(x): x ∈ X, ε > 0} are exponentially distributed if

E_μ(Ω_ε(x)) → 0 as ε → 0, for μ-almost every x, (1)

where for any measurable A of positive measure we set

E_μ(A)^{def}= sup_{t≥0} |F_A(t) − exp(−t)| .

This kind of result is proven for Axiom A diffeomorphism [9], some intermittent maps of the interval [10] and some rational maps [8]. The exponential distribution of entrance times — which is implied by the exponential distribution of return times [10] — has also been proven in a variety of different systems. Among them, topological Markov chains [15], intermittent map of the interval [5, 4, 3] some φ-mixing dynamical systems [7] and some Collet-Eckmann unimodal maps [1].

At this time it seems that this exponential statistic holds very often, thus it makes sense to ask for the reciprocal question: what kind of systems may enjoy an exponential statistic for the return times ?

A partial answer is that F_A is close to the exponential law if and only if F^∗_A^{def}= μ(τ_A >^t_{μ(A)} ), the distribution of the first entrance time, is close to F_A; see (5). This can be viewed as a (kind of) mixing property. Yet it is not easy to relate this property to well known characteristics of the system, like hyperbolicity.

Indeed, all the available explicit estimates of E_μ(A) are given in terms of mixing properties of the system and short recurrence of the set A (see Sections 2 and 4 for details). However, it is unclear if these properties are really essential. That is why we are particularly interested in the effect of slow mixing and short recurrence on the statistic of return times. We give in Section 2 a comprehensive answer to these questions, by showing that the speed of convergence to the exponential law is intimately related to these characteristics. First, this question is addressed in a one-parameter family of intermittent maps (with polynomial rate of mixing), and we show in Subsection 2.1 that this rate of convergence vanishes when the map looses its hyperbolicity. We believe that this rate of convergence can be used to recover some hyperbolic properties of much more general systems. Second, for subshifts of finite type with Gibbs measures (with exponential rate of mixing), we obtain in Subsection 2.2 that the rate of convergence is equal to some quantity defined in terms of a first return time of cylinder sets, and also vanishes for points with short recurrence.

After this attempt to understand which ingredients a system needs to possess in order to have an exponential statistic of return times, we look at an interesting possible application of this statistical property. There is a deep link between recurrence and entropy, as expressed by Ornstein and Weiss theorem [13], which says that a stationary ergodic process will repeats its first n symbols after a time of order exp(nh) where h is the entropy of the process. This is of particular interest in the theory of compression algorithms and sequences analysis [18, 13, 11, 6].

For numerical analysis of dynamical systems this provides a new way of computing the measure theoretic entropy of a map, simply by looking at a typical orbit. Moreover, no storage of information is needed. Let Z be a finite partition of Z, and denote by Z^x_n the element of the partition Z∨T^{−1}Z∨· · ·∨T^{−n+1}Z which contains the point x ∈ X. If μ is ergodic, then the Ornstein-Weiss theorem says that^1_n log τ_Zx_n (x) converges almost surely to the entropy of μ relative to Z. Another method to compute the entropy is well known. Take the same partition and compute the measure of the set Z^x_n around the typical point x. By Shannon-McMillan-Breiman theorem, −^1_n log μ(Z^x_n ) converges almost surely to the entropy. The problem here is to estimate the measure of Z^x_n. With the repetition time there is no need to know the measure, only a typical point is needed, hence it is in principle much simpler to implement.

It could be that for numerical purpose the (Lempel-Ziv)-Ornstein-Weiss method is not adapted, because the fluctuations of^1_n log τ_Zx_n (x) could be much stronger than the one of −^1_n log μ(Z^x_n ). We prove in Section 3 that this is never the case when the return time are exponentially distributed on cylinders of Z. Under this assumption, the fluctuations in the two methods are exactly the same (this phenomenon was addressed and prove in [11, 6] in the case of rapidly mixing dynamical systems with log-normal fluctuations).

2. Speed of convergence to the exponential law

We consider a measure preserving dynamical system (X, T, μ) together with a countable measurable partition Z. For φ-mixing process with φ summable, Galves and Schmitt have shown in [7] an upper bound of the type |F^∗_A(t) − e^{−t}| = O(μ(A)^β ). We want here to give a precise meaning to this exponent β.

Definition 2.1 We define the local (lower and upper) rates of convergence of the distribution of return times to the exponential-one law by

β_Z (x) = lim_{n→∞} log E_μ(Z^x_n) log μ(Z^x_n ) and β_Z (x) = lim_{n→∞} log E_μ(Z^x_n) log μ(Z^x_n ) . We recall Proposition 2.3 in [10] which says that for any dynamical system with a measurable partition Z, and for any point x ∈ X, the rate of convergence to the exponential law lies in the interval [0, 1].

0 ≤ β_Z (x) ≤ β_Z (x) ≤ 1. (2)

A rate of convergence β_Z = 1 is therefore optimal. We will try now to see how this quantity depends on the system under consideration. As already pointed out in the introduction, the estimates for E_μ involve a rate of mixing and short recurrence. In Subsection 2.1 we try to understand how β evolves while the rate of mixing becomes slower and slower, as a map becomes less and less “hyperbolic”. On the other hand, even if the rate of mixing is exponential it is unlikely that the return times statistic around a periodic point is exponential, because too many points would return too fast, hence for these points we should have β_Z (x) = 0; the effect of short recurrence will be treated in Subsection 2.2.

2.1. Speed of convergence versus hyperbolicity

Let α ∈ (0, 1) and consider the map T_α defined on X = [0, 1] by

T_α(x) = { x(1 + 2^αx^α) if x ∈ [0,^1_2 ], 2x − 1 otherwise.

The rate of decay of correlation depends strongly on hyperbolic properties of the map, as showed in the family T_α. In this sense the non-uniform hyperbolicity of the map reflects in the decay of correlations. We would like to show that the exponent β may also contain some informations about the hyperbolicity of a map.

Let Z be the countable partition generated by the left preimages a_n of 1, Z = {A_m : m ∈ N} with A_m = (a_{n+1}, a_n]. Let μ_α denotes the invariant measure absolutely continuous with respect to Lebesgue (see e.g. [17, 12] for the existence and properties). Next proposition shows that for any cylinder of the dynamical partition Z, the tail of the distribution is polynomial.

Proposition 1 Let Z ∈ Z_n = Z ∨ T^{−1}Z ∨ · · · ∨ T^{−n+1}Z be any cylinder of the dynamical partition of order n. The distribution of entrance time is bounded from below, for some constant C(Z) > 0 by μ_α(τ_Z > t) ≥ C(Z) t^{1− 1α} for any t ≥ 0.

This shows in particular that the first moment of the entrance time does not exist whenever α >^1_2 , since in this case ∫ τ_Z dμ_α ≥ tμ_α(τ_Z > t) ≥ Ct^{2− 1α} → +∞ as t → ∞. Note that this does not contradict Kac’s theorem, which says that the first moment of the return time always exists; the existence of the first moment of the entrance time is in fact equivalent to the existence of the second moment of the return time (Proposition 1.5 in [16]). Despite this polynomial tail, when the cylinders Z^x_n shrink to almost any point x —due to the normalization by 1/μ_α(Z^x_n )— this tail goes away, and we recover an exponential distribution of the return times, as proven in [10], with a rate at least 1 − α. These observations are essential to establish the following.

Theorem 2 For any α ∈ (0, 1) we have for the system ([0, 1], T_α, μ_α) 1 − α ≤ β_Z ≤ β_Z ≤ 1 α − 1 μ_α-a.e..

In particular, if α > 1/2 then β_Z < 1 almost everywhere, and ‖β_Z ‖_L∞_{(μα )} vanishes as α tends to one.

Note that the upper bound is interesting only when α ∈ (^1_2 , 1). This non optimal rate of convergence to the exponential law corresponds also to the range of parameter α where the central limit theorem may fail to hold (due to a non-summable decay of correlations, see Theorem 4.1 in [12]).

2.2. Speed of convergence versus short recurrence

From now on, let (X, T ) be a topologically mixing subshift of finite type. The statistic will be done with respect to the Gibbs measure μ associated to an Hölder continuous potential φ : X → R (see [2] for details). Let Z be the finite partition of X into 1-cylinders. We focus on the dependence of the speed of convergence with respect to some local quantity defined in terms of first return time of cylinders, the first return time of a set A ⊂ X being defined by τ (A) = inf_{x∈A} τ_A(x).

Definition 2.2 We define the local (lower and upper) rate of return for cylinders by

R_Z (x) = lim_{n→∞} τ (Z^x_n) n and R_Z (x) = lim_{n→∞} τ (Z^x_n) n . Note that R_Z ≤ 1 by specification, and for periodic points one has R_Z = R_Z = 0.

By an easy construction it can be shown that the set of points x for which 0 < R_Z (x) < R_Z (x) = 1 is dense in X.

Definition 2.3 A point x ∈ X is called, say, φ-regular if it is a generic point for the function φ, which means^1_n ∑_{n−1} k=0 φ(T^kx) converges as n → ∞.

We emphasize the fact that a lot of points are φ-regular; for example, by Birkhoff theorem almost all points with respect to any invariant probability measure are φ-regular. Note also that the set of φ-regular point is invariant. When φ is (cohomologous to) a constant, that is to say that μ is the measure of maximal entropy, then obviously all the points are regular.

Theorem 3 The rate of convergence of the distribution of return times to the exponential-one law and the rate of return for cylinders are the same for φ-regular points, which means that if x ∈ X is φ-regular then β_Z (x) = R_Z (x) and β_Z (x) = R_Z (x).

Theorem 3 not only says that for the points with neighborhoods with long recurrence (i.e. R_Z (x) > 0) the convergence to the exponential law is fast (exponential), but also that this is a necessary condition. We believe that this phenomenon appears in much more general situations. This explains why to establish the exponential statistic of the return time one really has to consider the problem of short recurrence.

Remark 4 From the equality given by Theorem 3, it is clear that β_Z (resp. β_Z ) has the same properties than R_Z (resp. R_Z ) on φ-regular points. Hence, by Proposition 3.6 in [10] we obtain that for any ergodic invariant measure ν we have ν-a.e. x ∈ X β_Z (x) = R_Z (x) = const and β_Z (x) = R_Z (x) = const.

An easy adaptation of the proof of Proposition 3.7 in [10] yields to the following theorem, which was stated in the same paper in this special setting. Theorem 5 ([10]) For every Gibbs measure ν with Hölder potential, R_Z = R_Z = 1 ν-a.e..

Collecting the results of Theorem 5 and Theorem 3 we find out that almost all points with respect to Gibbs measures with Hölder potential have an optimal rate of convergence (β_Z = 1) to the exponential law.

Remark 6 In a forthcoming paper with S. Vaienti and S. Troubetzkoy we show that indeed for any invariant measure ν with non zero entropy we have R_Z ≥ 1, ν-a.e..

3. Convergence in law of the repetition time

In this section, (X, B, μ) is a probability space, T : X → X is a measurable map, and Z is a countable measurable partition of X. We define the n-repetition time of x by R_n(x) = τ_Zx_n (x). R_n(x) is the smallest time k > 0 such that x and T^kx lies in the same component of Z_n. Let a = (a_n)_{n∈N}be some sequence converging to +∞ and let h ≥ 0. We define the law of the fluctuations of the measure of n-atoms and of the n-repetition time by

M^{(n)}_a (t)^{def}= μ { x ∈ X : − log μ(Z^x_n) − nh a_n > t } , R^{(n)}_a (t)^{def}= μ { x ∈ X : log R_n(x) − nh a_n > t } .

We also define the corresponding limiting law by

M_a(t) = lim_{n→∞} M^{(n)}_a (t), M_a(t) = lim_{n→∞} M^{(n)}_a (t), and M_a(t) = lim_{n→∞} M^{(n)}_a (t)

whenever the last limit exists. We do the same for the repetition time R_a.

We are now able to give our results saying that the fluctuations of the measure are equal to the fluctuations of the repetition time when the map has an exponential statistic for the return times.

Theorem 7 If the return times are exponentially distributed on cylinders of Z (see (1)) then the following properties hold:

(i) for all t ∈ R we have

M_a(t+) ≤ R_a(t) ≤ M_a(t−) and M_a(t+) ≤ R_a(t) ≤ M_a(t−);

(ii) in particular for all but countably many points we have

R_a = M_a and R_a = M_a;

(iii) moreover, the limit M_a exists on a dense set if and only if M_a and R_a exists for all but countably many points, and in this case the two limits are equal;

(iv) finally, one can exchange R and M is all of these statements.

It is possible to sharpen this result when the distributions are continuous.

Theorem 8 Suppose that the return time on cylinders of Z are exponentially distributed (see (1)).

The limiting distribution M_a exists and is continuous if and only if the limiting distribution R_a exists and is continuous. In this case, R_a = M_a and R^{(n)}_a converges uniformly to R_a if and only if M^{(n)}_a converges uniformly to M_a.

Remark 9 We emphasize that in Theorem 7 and Theorem 8:

(i) the measure μ does not have to be invariant;

(ii) it is in fact not necessary that the sequence of partition Z_n is given by Z ∨T^{−1}Z ∨ · · ·∨T^{−n+1}Z for some fixed partition Z. Actually all the results remain true when (Z_n)_{n∈N}is an arbitrary sequence of countable measurable partitions, such that the return times are exponentially distributed on atoms of (Z_n)_n.

We now discuss the case of an ergodic measure preserving dynamical system (X, T, μ). Suppose that H_μ(Z) = − ∑ Z∈Z μ(Z) log μ(Z) is finite. Under these assumptions, the Shannon-McMillan-Breiman theorem tells us that −^1_n log μ(Z^x_n ) converges μ-almost surely to the metric entropy relative to Z denoted by h_μ(T, Z). A similar result holds for the repetition time, as proven by Ornstein and Weiss [13]. Namely, if Z is finite,^1_n log R_n converges μ-almost surely to h_μ(T, Z). Hence we must set h = h_μ(T, Z) in order to obtain a non-trivial law. Theorem 8 applies, hence the fluctuations of the measure and of the repetition time are equal if they are given by a continuous distribution.

For log-normal fluctuations, taking a_n = σ √ n for some σ ∈ (0, ∞) and h = h_μ(T, Z) we get the immediate corollary of Theorem 8.

Corollary 10 Let (X, T, μ) be an ergodic measure preserving dynamical system. Assume that the return times are exponentially distributed on cylinders of Z. For any σ ∈ (0, ∞) we have the equivalence:

(i) the random variable^{log Rn−nh}_σ^√_n converges in law to N(0, 1); (ii) the random variable^{− log μ(Zn )−nh}_σ^√_n converges in law to N(0, 1). In [6] an explicit formula is given in the case where the variance σ vanishes. However, in this full generality we do not know what happens when the variance is zero or infinity.

The case of log-normal distribution was treated in some papers using the following sketch (see [6, 14]), and inspired us to formulate Theorem 8 : (i) the measure of the cylinders have log-normal fluctuations;

(ii) the law of entrance time in cylinders is exponential, with some sharp control on the rate of convergence to the limiting law, | |μ(τ_{Zxn} > t/μ(Z^x_n)) − exp(−t) | | = O(μ(Z^x_n)^β );

(iii) small returns have small probabilities.

Another approach of a more probabilistic nature was developed in [11] and was essentially a strong approximation between the measure of a cylinder and the repetition time for strongly mixing stationary processes.

4. Proofs of the results in Section 2

Before the proofs, we recall the definition of the quantities involved in the paper [10] and the related results.

Proposition 11 (Theorem 2.1 and Lemma 2.4 in [10]) Given a dynamical system (X, T, μ) and a measurable set U with positive measure we define a_N (U ) = μ_U (τ_U ≤ N ), b_N (U ) = sup { |μ_U (T^{−N} V ) − μ(V )|; V measurable } , c(U ) = sup_{k≥0} |μ_U (τ_U > k) − μ(τ_U > k)|, E_μ(U ) = sup_{t≥0} |μ_U (τ_U > t/μ(U )) − e^{−t}|.

The distance to the exponential law of the distribution of return time on U is bounded from above by E_μ(U ) ≤ 4μ(U ) + c(U )(1 − log c(U )) ; (3) and conversely c(U ) ≤ 2μ(U ) + E_μ(U )(2 − log E_μ(U )); (4) while the quantity c(U ) may be estimated by c(U ) ≤ inf{a_N (U ) + b_N (U ) + N μ(U ) : N is an integer }. (5)

4.1. Proofs of the results in Subsection 2.1 Proof of Proposition 1 Let α ∈ (0, 1) and denote by μ = μ_α the T_α-invariant measure absolutely continuous with respect to Lebesgue. Let Z be a cylinder of the dynamical partition Z_n and let m = m(Z) ≥ n be the minimal integer such that T^mZ = X. This implies that Z ∩ [0, a_m) = ∅, hence for any integer k, any point inside [0, a_{m+k}) has an entrance time in Z bigger than k, which gives μ(τ_Z > k) ≥ μ([0, a_{m+k})). An easy modification of Lemma 3.2 in [10] gives a_p ≥ c_1p^{− 1α} , while the density h_α of the invariant measure μ_α satisfies h_α(x) ≥ c_2x^{−α} (see [17]). Hence

μ([0, a_{m+k})) = ∫_{am+k} 0 h_α(x)dx ≥ c_1c_2(m + k)^{1− 1α} ≥ c_1c_2(m + 1)^{1− 1α} k^{1− 1α}

which proves the proposition, with C(Z) = c_1c_2(m(Z) + 1)^{1− 1α} . □ Proof of Theorem 2 Let α ∈ (0, 1) and set μ = μ_α. Let x ∈ X be such that β_Z (x) ≥ 1 − α > 0 and lim_{n→∞} −^1_n log μ(Z^x_n ) = h_μ > 0; by Theorem 3.8 in [10] and the Shannon-McMillan-Breiman theorem this concerns μ-a.e. points. Let ε ∈ (0, 1−α) be arbitrary. Setting Z = Z^x_n, by (4) in Proposition 11 we get for any k > 0 μ(τ_Z > k) − e^{−kμ(Z)} ≤ |μ(τ_Z > k) − μ_Z (τ_Z > k)| + |μ_Z(τ_Z > k) − e^{−kμ(Z)}| ≤ 2μ(Z) + E_μ(Z)(3 − log E_μ(Z)).

With k = 1/μ(Z^x_n)^{1+ε}, Proposition 1 yields to β_Z (x) ≤ lim_{n→∞} log[C(Z^x_n)μ(Z^x_n)^{( 1α −1)(1+ε)} − exp(−μ(Z^x_n)^{−ε})] log μ(Z^x_n )

. (6)

Note that Z^x_n = Z^x_{m(Zxn )} where m(Z^x_n ) is as in the proof of Proposition 1 and that lim_{n→∞} −^1_n log μ(Z^x_n ) > 0. Consequently, lim_{n→∞} log^{C(Zxn)}_{μ(Zxn)} = 0, hence (6) gives us

β_Z (x) ≤ ( 1 α − 1)(1 + ε).

The conclusion follows since ε > 0 was arbitrary. □

4.2. Proofs of the results in Subsection 2.2 In the sequel we suppose without loss of generality that the potential φ is normalized, so that its pressure is zero, and the invariant density is the constant function 1I. We refer the reader to [2] for details. Let P be the Perron-Frobenius operator of (X, T, φ), which satisfies P 1I = 1I, and μ(f ∘ T g) = μ(fP g) for all continuous f, g : X → R. Proposition 12 For any φ-regular point x ∈ X and 0 ≤ r ≤ 1, we have lim_{n→∞} log μ(Z^x_{[rn]}) log μ(Z^x_n) = r. Proof of Proposition 12 If r = 0 then the result is obvious, because Z generates; so let us suppose that r ≠ 0.

As usual, we write S_nφ = ∑_{n−1} k=0 φ ∘ T^k. Let x ∈ X be a φ-regular point, and φ_∗(x) be the limit of the Birkhoff average. By the Gibbs property, it is easy to see that lim_{n→∞}^1_n log μ(Z^x_n) = φ_∗(x), which implies log μ(Z^x_{[rn]}) log μ(Z^x_n) = r^1_{rn} log μ(Z^x_{[rn]}) 1 n log μ(Z^x_n) −→ n→∞ r. □

Lemma 13 There exists a constant c_3 such that for any x ∈ X, and any integer n > 0, the following bound holds: c(Z^x_n) ≤ c_3nμ(Z^x_{nrn} ). whenever r_n = τ (Z^x_n)/n ≤ 1, where c(Z^x_n) is defined in Proposition 11.

Proof of Lemma 13 We first compute a_N (Z^x_n):

a_N (Z^x_n) ≤ N∑ k=nr_n 1 μ(Z^x_n) μ(Z^x_n ∩ T^{−k}Z^x_n)

= N∑ k=nr_n 1 μ(Z^x_n) ∫ Z^x_n P^k1I_Zx_n dμ ≤ N ‖P^{nrn} 1I_Zx_n ‖_∞ ≤ N exp(S_{nrn} φ(x)) ≤ c_1N μ(Z^x_{nrn} ). The last two inequalities follow from the bounded distortion and the Gibbs property.

For b_N (Z^x_n ), we observe that since our system enjoys an exponential decay of correlations, there exists some Λ < 1 such that b_N (Z^x_n) ≤ c_2Λ^{N−n}. Thus, taking N = (K + 1)n, with K sufficiently large (but which does not depend on n) leads to b_N (Z^x_n) ≤ Λ^{Kn} ≤ μ(Z^x_{nrn} ). And finally, with this particular choice of N , applying (5) in Proposition 11 yields to the result. □ Proof of Theorem 3 Let x ∈ X be a φ-regular point.

We first show that β_Z (x) ≥ R_Z (x). We use the estimate (3) in Proposition 11, then we apply Lemma 13, and finally Proposition 12 (we set r_n = τ (Z^x_n )/n) β(x) = lim_{n→∞} log E_μ(Z^x_n ) log μ(Z^x_n) ≥ lim_{n→∞} log c(Z^x_n) log μ(Z^x_n) ≥ lim_{n→∞} log μ(Z^x_{nrn} ) log μ(Z^x_n )

= lim_{n→∞} r_n = R_Z (x).

The case β_Z (x) ≥ R_Z (x) follows in the same way.

We now compute the other bound: β_Z (x) ≤ R_Z (x). Suppose that R_Z (x) < 1, otherwise there is nothing to prove; see (2). There exists a subsequence of integers such that r_n = τ (Z^x_n )/n → R_Z (x), with r_n < 1. Fix such an integer n, and let k = nr_n and C = Z^x_n. Let us put D = Z^x_k ∩ T^{−k}C. One can check that D ⊂ C, and any point in D returns in C after exactly k iterations. We shall prove then that the measure μ_C (D) is quite big. The Gibbs property tells us that for any y ∈ D, the following holds:

μ_C(D) ≥ c_4 exp(S_{n+k}φ(y)) exp(S_nφ(y))

= c_4 exp(S_kφ(y)) exp(S_nφ(T^ky)) exp(S_nφ(y)) ≥ c_5 exp(S_kφ(x)) ≥ c_6μ(Z^x_k ).

Here we used the fact that both y and T^ky belong to Z^x_n, and the bounded distortion inequality. This ensures that between [nr_n, nr_n + 1], the distribution of return times has a jump μ_Zx_n (τ_Zx_n > nr_n) − μ_Zx_n (τ_Zx_n > nr_n + 1) ≥ μ_C (D) ≥ c_6μ(Z^x_{nrn} ),

while the jump of the exponential e^{−kμ(Zxn)} in this interval is only exp(−nr_nμ(Z^x_n)) − exp(−[nr_n + 1]μ(Z^x_n)) = O(μ(Z^x_n)).

This proves that

β_Z (x) = lim_{n→∞} log E_μ(Z^x_n) log μ(Z^x_n ) ≤ lim_{n→∞} log μ(Z^x_{rn n}) log μ(Z^x_n)

= lim_{n→∞} r_n = R_Z (x).

The case β_Z (x) ≤ R_Z (x) follows in the same way. □

5. Proofs of the results in Section 3

The following simple lemma will be of interest for the proof of Theorem 7, it shows up a very interesting property of limiting distributions (notice that distributions are decreasing functions).

Lemma 14 If u_n : R → [0, 1] is a sequence of decreasing functions, then we have the equivalence (i) u_n converges on some dense set;

(ii) u_n converges except possibly for countably many points.

Proof of Lemma 14 We first define u(t) = limu_n(t) and u(t) = lim u_n(t). Both u and u are decreasing, hence v = u − u ≥ 0 is of bounded variation. If u_n converges on some dense set then v = 0 on the same dense set. This implies that {x : v(x) > 1/n} is finite for all integer n, hence {v > 0} is at most countable, which proves the implication. The reciprocal is trivial. □ Proof of Theorem 7 (i) Let ε > 0 and define K_{ε,N} = {x : E_μ(Z^x_n) < ε for all n ≥ N }.

By assumption the set E = ∩_{ε>0} ∪_{N∈N}K_{ε,N} is of full μ-measure. Choose then N (ε) sufficiently large such that for all n > N (ε) we have μ(K_{ε,n}) > 1 − ε and exp(−a_n) < ε.

Let n > N (ε) and t ∈ R. Define A_n(t) = {x ∈ X :^{log Rn(x)−nh}_{an} > t} and set δ_n = log a_n/a_n. We are interested in the limit of R^{(n)}_a (t) = μ(A_n(t)). We first decompose the measure along cylinders Z ∈ Z_n according to whether or not they intersect K_{ε,n}: R^{(n)}_a (t) = ∑ Z∈Z_n,Z∩K_{ε,n}≠∅ μ(Z ∩ A_n(t)) + ∑ Z∈Z_n,Z∩K_{ε,n}=∅ μ(Z ∩ A_n(t)) (7)

The second term is bounded by μ(X \ K_{ε,n}) ≤ ε, while whenever Z ∩ K_{ε,n} ≠ ∅, we have E_μ(Z) ≤ ε. Thus if we notice that R_n(x) = τ_Z (x) when x ∈ Z we get that for these Z μ(Z ∩ A_n(t)) = μ(Z)μ_Z (τ_Z > exp(ta_n + nh)) ≤ μ(Z) [ exp [ −μ(Z) exp(ta_n + nh) ] + ε ] . Accordingly, we have

R^{(n)}_a (t) ≤ 2ε + ∫ X exp [ −μ(Z^x_n) exp(ta_n + nh) ] dμ(x). (8) Let f_n(t, x) = μ(Z^x_n) exp(ta_n + nh) and B_n(t) = {x ∈ X : f_n(t, x) < a_n}. We decompose the integral in (8) according to whether or not x ∈ B_n(t). First, ∫ X\B_n (t) e^{−fn (t,x)}dμ(x) ≤ sup_{X\Bn (t)} e^{−fn (t,x)} ≤ e^{−an} ≤ ε. (9)

On the other hand, ∫ B_n(t) e^{−fn(t,x)}dμ(x) ≤ μ(B_n(t)) ≤ μ ( {x : − log μ(Z^x_n) − nh a_n > t − log a_n a_n } )

≤ M^{(n)}_a (t − δ_n). (10) Using estimates (8), (9) and (10) we finally end up with R^{(n)}_a (t) ≤ M^{(n)}_a (t − δ_n) + 3ε.

If we consider the complement of X \ A_n(t) instead of A_n(t) itself, a similar computation yields to 1 − R^{(n)}_a (t) ≤ 1 − M^{(n)}_a (t + δ_n) + 3ε. Thus M^{(n)}_a (t + δ_n) − 3ε ≤ R^{(n)}_a (t) ≤ M^{(n)}_a (t − δ_n) + 3ε. (11) Since δ_n → 0 as n → ∞ and one-sided limits of M_a exists we get M_a(t+) − 3ε ≤ R_a(t) ≤ M_a(t−) + 3ε.

As ε was arbitrary, this finishes the first part of the proof. The limit R_a van be treated in the same way.

(ii) It suffices to remark that decreasing functions can have at most a countable number of discontinuities.

(iii) Lemma 14 ensures that if M_a exists on a dense set then it exists for all reals except for an at most countable set C. Moreover, M_a|_{X\C} is decreasing, hence it is continuous except may be on countably many points D. Hence M_a exists and is continuous on X \ (C ∪ D) where C ∪ D is at most countable. The first statement of the theorem implies then that R_a exists and is equal to M_a on X \ (C ∪ D).

(iv) From Inequality (11) applied once with t = s − δ_n then with t = s + δ_n we get R^{(n)}_a (s + δ_n) − 3ε ≤ M^{(n)}_a (s) ≤ R^{(n)}_a (s − δ_n) + 3ε.

The rest of the proof follows exactly in the same way. □ Proof of Theorem 8 When M_a or R_a is continuous Theorem 7 gives us that M_a = R_a. Remark then that the distribution is uniformly continuous, because the limits in ±∞ exist. Then for all ε > 0 it is possible to find a δ = δ(ε) independent of t, s ∈ R such that |M_a(t) − M_a(s)| ≤ ε whenever |t − s| ≤ δ. In addition, if the convergence of M^{(n)}_a to M_a is uniform, taking M (ε) sufficiently large we get that for any n > M (ε) and real s, |M^{(n)}_a (s) − M_a(s)| < ε and δ_n = log a_n/a_n < δ. Thus for all real t, M_a(t) − 2ε ≤ M^{(n)}_a (t + δ_n) ≤ M^{(n)}_a (t − δ_n) ≤ M_a(t) + 2ε.

Let N (ε) be as in the proof of Theorem 7. Inequality (11) in the proof of Theorem 7 gives that for all real t and for any n > max{N (ε), M (ε)} M_a(t) − 5ε ≤ R^{(n)}_a (t) ≤ M_a(t) + 5ε.

This completes the proof. □

On fluctuations and the exponential statistics of return times 12

Acknowledgments

I wish to express my sincere gratitude to Sandro Vaienti, Bernard Schmitt, Pierre Collet and Antonio Galves for fruitful discussions. I kindly acknowledge IICO-UASLP, Mexico, for invitation to the 4^{th} joint meeting AMS-SMM held in Denton, TX where part of these results were presented. I was supported by FCT’s Funding Program and by the Center for Mathematical Analysis, Geometry, and Dynamical Systems, Lisboa, Portugal.

References

[1] A. Boubakri, Distribution asymptotique des temps d’entrée pour une classe d’applications unimodales de l’intervalle, Preprint.

[2] R. Bowen, “Equilibrium states and the ergodic theory of Anosov diffeomorphisms”, Lecture Notes in Mathematics, Vol. 470, Springer-Verlag, Berlin, 1975.

[3] M. Campanino, S. Isola, Statistical properties of long return times in type I intermittency, Forum Mat. 7 (1995) 331–348.

[4] P. Collet, A. Galves, Statistics of close visits to the indifferent fixed point of an interval map, J. Stat. Phys. 72 (1993) 459–478.

[5] P. Collet, A. Galves and B. Schmitt, Unpredictability of the occurrence time of a long laminar period in a model of temporal intermittency, Ann. Inst. Henri Poincaré 57 (1992) 319–331.

[6] ——, Repetition time for Gibbsian sources, Nonlinearity 12 (1999), no. 4, 1225–1237. [7] A. Galves and B. Schmitt, Inequalities for hitting time in mixing dynamical systems, Random Comput. Dynam. 5 (1997), no. 4, 337–347.

[8] N. Haydn, The distribution of the first return time for rational maps, J. Stat. Phys. 94 (1999) 1027–1036.

[9] M. Hirata, Poisson law for Axiom A diffeomorphism, Ergod. Th. Dyn. Sys. 13 (1993) 533–556. [10] M. Hirata, B. Saussol and S. Vaienti, Statistics of return times: a general framework and new applications, Comm. Math. Phys. 206 (1999), 33–55.

[11] I. Kontoyannis, Asymptotic recurrence and waiting times for stationary processes, J. Theoret. Probab. 11 (1998) 795–811.

[12] C. Liverani, B. Saussol and S. Vaienti, A probabilistic approach to intermittency, Ergod. Th. Dyn. Sys. 19 (1999) 671–685.

[13] D. Ornstein, B. Weiss, Entropy and data compression schemes, IEEE Trans. Inf. Theory 39 (1993) 78–83.

[14] F. Paccaut, Statistics of return times for weighted maps of the interval, Ann. Inst. H. Poincaré Probab. Statist. 36 (2000) 339–366.

[15] B. Pitskel, Poisson limit law for Markov chains, Ergod. Th. Dyn. Sys. 11 (1991) 501–513. [16] B. Saussol, “Etude statistique de systèmes dynamiques dilatants”, Ph.D Thesis, university of Toulon (1998).

[17] M. Thaler, Estimates of the invariant densities of endomorphisms with indifferent fixed points, Israel J. Math. 37 (1980) 303–314.

[18] A. Wyner, J. Ziv, Some asymptotic properties of the entropy of a stationary ergodic data source with applications to data compression, IEEE Trans. Inf. Theory 35 (1989) 1250–1258.

References [10, 12, 16] are available in PostScript and PDF format at the URL:

http://www.mathinfo.u-picardie.fr/saussol/articles.html