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Abstract

We study the capacity of the range of a transient simple random walk on Z?¢. Our main
result is a central limit theorem for the capacity of the range for d > 6. We present a few open
questions in lower dimensions.
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1 Introduction

This paper is devoted to the study of the capacity of the range of a transient random walk on Z¢.
Let {Sk}x>0 be a simple random walk in dimension d > 3. For any integers m and n, we define the
range R[m,n] to be the set of visited sites during the interval [m,n], i.e.

R[m,n] ={Sm,...,Sn}.
We write simply R,, = R[0,n]. We recall that the capacity of a finite set A C Z¢ is defined to be
Cap (4) = Z P, (T} = 00),
€A
where Tf = inf{t > 1: S, € A} is the first return time to A.

The capacity of the range of a walk has a long history. Jain and Orey [5] proved, some fifty years
ago, that Cap (R,,) satisfies a law of large numbers for all d > 3, i.e. almost surely
lim 708@ (Rn) =

n—00 n

Moreover, they showed that ag > 0 if and only if d > 5. In the eighties, Lawler established estimates
on intersection probabilities for random walks, which are relevant tools for estimating the expected
capacity of the range (see [7]). Recently, the study of random interlacements by Sznitman [12],
has given some momentum to the study of the capacity of the union of the ranges of a collection
of independent walks. In order to obtain bounds on the capacity of such union of ranges, Rath
and Sapozhnikov in [I1] have obtained bounds on the capacity of the range of a simple transient
walk. The capacity of the range is a natural object to probe the geometry of the walk under
localisation constraints. For instance, the first two authors have used the capacity of the range
in [2] to characterise the walk conditioned on having a small range.

In the present paper, we establish a central limit theorem for Cap (R,,) when d > 6.
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Theorem 1.1. For all d > 6, there is a positive constant o4 such that

Cap (Rn) B E[Cap (Rn)]
NG

where = denotes convergence in distribution, and N(0,1) denotes a standard normal random

= o N (0,1), asn— oo,

variable.

A key tool in the proof of Theorem is the following inequality.

Proposition 1.2. Let A and B be finite subsets of Z¢. Then,

Cap (AU B) > Cap (A) + Cap (B)—2ZZG(:E,y), (1.1)
z€AyeB

where G is Green’s kernel for a simple random walk in 7%
G(:C, y) =E, [Z l(Xt = y)] :
t=0

Note in comparison the well known upper bound (see for instance [7, Proposition 2.2.1])

Cap (AU B) < Cap (A) + Cap (B) — Cap (AN B) (1.2)

In dimension four, asymptotics of E[Cap (R,)] can be obtained from Lawler’s estimates on non-
intersection probabilities for three random walks, that we recall here for convenience.

Theorem 1.3. ([7, Corollary 4.2.5]) Let R', R? and R? be the ranges of three independent random
walks in Z* starting at 0. Then,

2

Tim logn x P(R'[1,7] N (R[0,n] URY0,n])) = &, 0¢ R3[1,n]) = % (1.3)
and )
lim logn x P(R'[1,00) N (R?*[0,n] UR?0,n]) = @, 0 ¢ R*[L,n]) = % (1.4)

Actually (1.4) is not stated exactly in this form in [7], but it can be proved using exactly the same
proof as for equation (4.11) in [7]. As mentioned, we deduce from this result, the following estimate
for the mean of the capacity.

Corollary 1.4. Assume that d = 4. Then,

lim 228" BiCap (Ry)] = ~ (1.5)

n—soco N 8

In dimension three, we use the following representation of capacity (see [0, Lemma 2.3])
B 1
infy Z.’L‘EA ZyEA G(‘Ta y)l/((L’)V(y) ’

where the infimum is taken over all probability measures v supported on A. We obtain the following
bounds:

Cap (A)

(1.6)



Proposition 1.5. Assume that d = 3. There are positive constants ¢ and C, such that
cv/n < E[Cap(R,)] < Cy/n. (1.7)

The rest of the paper is organised as follows. In Section [2] we present the decomposition of the
range, which is at the heart of our central limit theorem. The capacity of the range is cut into a
self-similar part and an error term that we bound in Section [3] In Section [4] we check Lindeberg-
Feller’s conditions. We deal with dimension three and four in Section |5} Finally, we present some
open questions in Section [6]

Notation: When 0 < a < b are real numbers, we write R|a, b] to denote R|[[a], [b]], where [z] stands
for the integer part of x. We also write R, for R[0, [a]], and S,, /5 for Sy, o).

For positive functions f, g we write f(n) < g(n) if there exists a constant ¢ > 0 such that f(n) <
cg(n) for all n. We write f(n) 2 g(n) if g(n) < f(n). Finally, we write f(n) < g(n) if both
f(n) < g(n) and f(n) Z g(n).

2 Decomposition for capacities

Proof of Proposition Note first that by definition,

Cap (AU B) = Cap (A) + Cap (B) — Z P (T; = o0, Tj < o)

z€A\B
Z]P’ TX—ooT+<oo ZPTA<OOT§—OO)
z€ANB z€B\A
= > Pu(Tf <00, T =00) = Y Pu(T} =00, Tff =)
r€ANB r€ANB
> Cap (A) + Cap (B) — Y Pu(Tf <o) — Y P (T} <oc) —|ANB|.
z€A\B xz€B\A

For any finite set K and all z ¢ K by considering the last visit to K we get
P, TJr < oo Z G(x,y)P ) .
yeK
This way we obtain
Z Py (T} < 00) < Z ZG(w,y) and Z P, (T; < o0) < Z ZG(w,y).
x€A\B zcA\By€EB z€B\A z€B\AyeA
Hence we get

Cap (AU B) > Cap (A) 4+ Cap (B —QZZny Z ZG(x,y)

ze€AyeB r€ANB ycA

+ > Y G(z,y) - |ANBI.

z€ANB yeB
Since G(x,z) > 1 for all x we get
> Y Glay) =|AnB|
z€ANB yeA

and this concludes the proof of the lower bound and also the proof of the lemma. ]



The decomposition of Cap (R,,) stated in the following corollary is crucial in the rest of the paper.
Corollary 2.1. For all L and n, with 2% < n, we have

I, 2¢-1

ZCap( /2L)—2ZZ(S’( < Cap (R <anp< n/2L>’

(=1 i=1
where (Cap (R( }2L>, = 1,...,2L) are independent and R(ZQL has the same law as RWQL]
or Ry, jar41) and for each € the random variables (Eg(z))i are independent and have the same law as
i ~oy G(x,y), with R nd dent R.
ZwERi}ﬂ ZyER;;ﬂ (z,y), wi an independent copy of

Proof. Since we work on Z?, the capacity is translation invariant, i.e. Cap (A) = Cap (A + z) for
all x, and hence it follows that

Cap (Rn) = Cap ((Rn/Z - Sn/2) U (R[n/27n] - Sn/Q)) .

n _
n/2
Cap (Rn /2= Sy /2) and RELQ/)Q = Cap (R[n/ 2,n] -85, /2) are independent. Moreover, by reversibility,
each of them has the same law as the range of a simple random walk started from 0 and run up to
time n/2. Applying Proposition we get

Cap (R,) > Cap (R( /)2) + Cap ( 7(12/)2) -2 Z Z G(z,y). (2.1)

(1) (2)
mERn/Q GRn/Q

The advantage of doing this is that now by the Markov property the random variables R

Applying the same subdivision to each of the terms R and R(? and iterating L times, we obtain

2671

2L L
Cap (R,) > ZCap (R( }2L> - 22 Z Séi).
i=1 (=1 i=1

Here géi) has the same law as ) _.p oyl ZyeR, G(z,y), with R’ independent of R and the
n/2!
i)

random variables (Eéi), i=1,.. 2l) are independent. Moreover, the random variables (R( njoLs b=

1,...,2%) are independent. Using (1.2) for the upper bound on Cap (R,,) we get overall

L 2t-t
anp( /2L>—2225(1 < Cap (R <ZCap( n/QL)
(=1 i=1
and this concludes the proof. O

3 Variance of Cap (R,) and error term

As outlined in the Introduction, we want to apply the Lindeberg-Feller theorem to obtain the central
limit theorem. In order to do so, we need to control the error term appearing in the decomposition
of Cap (R,) in Corollary[2.1] Moreover, we need to show that the variance of Cap (R,) /n converges
to a strictly positive constant as n tends to infinity. This is the goal of this section.



3.1 On the error term

We write Gy, (z,y) for the Green kernel up to time n, i.e. ,

n—1
k=0

We now recall a well-known bound (see for instance [8, Theorem 4.3.1])

C
GO,z) < ——, (3.1)
1+ ]2
where C' is a positive constant. We start with a preliminary result.
Lemma 3.1. For all a € Z* we have
D> Gul(0,2)Ga(0,9)GO0,z—y—a) < > Y Gn(0,2)Gn(0,5)G(0,2 — y).
z€Z% yeZd x€Zd yeZd
Moreover,
Z Z Gn(oax)Gn(Ovy)G(()?x - y) S fd(n)7
xeZ4 yezd
where
fs(n) =+vn,  fe(n)=logn, and fo(n)=1 Vd>T. (3:2)
Proof. Let S, =3, , Gn(0, )pax(z,y + a)Gr(0,y). Since
ka(‘Ta y— a) = Zpk(xa Z)pk(za Yy — a) = Zpk'(zwr)pk(za Yy — CL)
letting Fo(2) = 3_, Gn(0,y)pk(z,y + a) we have
Fu(z) =Y _Gn(0,9)pr(z —a,y), and Sq=>_ Fo(2)Fa(2). (3.3)
Y z

By Cauchy-Schwartz, we obtain
Sa <) Fj(z)-) Fi(2).
Notice however that a change of variable and using (3.3)) yields
Y Fiz)=) Fiw—a)=) F(w),
and hence we deduce

52 <52 Va.

We now note that if X is a lazy simple random walk, then the sums in the statement of the lemma
will only be affected by a multiplicative constant. So it suffices to prove the result for a lazy walk.
It is a standard fact (see for instance [L0, Proposition 10.18]) that the transition matrix of a lazy



chain can be written as the square of another transition matrix. This now concludes the proof of
the first inequality.

To simplify notation we write G, (z) = G,(0,z) and G(z) = G(0,x). To prove the second inequality
we split the second sum appearing in the statement of the lemma into three parts as follows

YD Gu@)Gn()G—y) < D Gul2)Gn(y)G(z —y)
z oy

el <vi
lyll<vn
2 ) Gu@Ga)G =) +2 D Gu(@)Gu(y)G(z —y) (3.4)
Jall>vA el v
Llyl<va lyll<
=11+ 1+ I3,

where I}, is the k-th sum appearing on the right hand side of the inequality above. The first sum Iy
is upper bounded by

2 Y G@Gu)Gx—y)+d . D Gul@)Galy)G(z —y)

k=0 r=0 —
A <llell <Y v lly—sli=r_
lzl|> 111> 5

S Y aeausevs (W) (8T Y e

S <l < llyll< s lylI< 55
(3.5)
¥ 6-d
< (Vn v\
~ \ 9ok rd—2 7\ 9k
r=1
Similarly using (3.1)) again for any fixed k < logy(n)/2 we can bound
' sed S d1 6—d
NN ré NN
<<z =0 i llv—zl=r r=1
lzll> 111> 5

Therefore using (3.5) and (3.6) and summing over all k yields
I < fa(n).

We now turn to bound I». From (3.1)) we have

|| >2/n Vas||z)|<2v/n
i lyl<vn Elyl<vn

<n2.; i
~ (V)i =

dfl

5 = fa(n



where for the first sum we used that > Gp(xz) = n. Finally, I3 is treated similarly as above to
yield

1
2 -
Is <Sn”- Wohe fa(n).
Putting all these bounds together concludes the proof. O

Lemma 3.2. For all n, let R, and ﬁn be the ranges up to time n of two independent simple
random walks in Z¢ started from 0. For all k,n € N we have

k

El| Y Y Gy | <CE(fan)f,

IERn ye’fén

where fg(n) is the function defined in the statement of Lemma and C(k) is a constant that
depends only on k.

Proof. Let Ly(x) denote the local time at x up to time ¢ for the random walk S, i.e.

Let S be an independent walk and L denote its local times. Then, we get

S Y Gy < Y L@ La)Gla,y).

TE€Rn yeR,, z€Z4 yezd

So, for k£ =1 by independence, we get using Lemma

E[ Y Y Gy €3 3 Gul0,0)Ga(0,9)G0,2 — y) £ faln),

TE€Rn yeR, x€Z4 yezZd

As in Lemma [3.1] to simplify notation we write Gy, (z) = G (0, z).

For the k-th moment we have

k
k k k
EllY S Gaw| | < XY Y E|[]Lnt)| E|]] Lo | [[Gl@i—w).  (3.7)
TER, yeﬁn L1, Tk Y1502 Yk =1 =1 1=1
For any k-tuples x1,...,x, and y1, ..., yx, we have
[k k
E HLn(J«"z’)] < > Gn(zo1)) [ [ Go(@opy = 2o(—1)) and
Li=1 o:permutation of {1,...,k} =2

E H Ln(yl)] < Z Gn(yﬂ-(l)) H Gn(yﬂ'(l) - yﬂ'(’i*l))'

m: permutation of {1,...,k} 1=2



Without loss of generality, we consider the term corresponding to the identity permutation for x
and a permutation 7 for y. Then, the right hand side of (3.7)) is a sum of terms of the form

k

Gn(21)Gn (w2 — 21) ... Gu(2 = T5-1) G (U (1)) G (Ur(2) = Yn (1) - - G (i) — YUn(o—1)) | [ Glai — wi).
=1

Suppose now that the term y; appears in two terms in the above product, i.e.
Gn(Yk — Yn(i)) Gn(Yk — Yn(j))-

By the triangle inequality we have that one of the following two inequalities has to be true

1 1
e = yx)l 2 SlIYn) = Ynll 0 Nk = =) | 2 S1YG) = Y-
Since Green’s kernel is radially decreasing and satisfies G(x) =< |z|>~? for ||z|| > 1 we get

Gk — Yr()) Gn(Wk — Yr(j) S CGu(Un(i) = Un(i) (Cn(Wk — Y=()) + Gn(yk — Yr)) -

Plugging this upper bound into the product and summing only over x; and yi, while fixing the
other terms, we obtain

> Gulak — 26-1)Gn(Yk — Yn(i)) Gk — yi)

Th,Yk

= Z Gn(ok — 2p—1)Gnlyr — yw(i))G((‘rk —xg-1) — (Yp — yﬂ'(i)))

Tk,Yk

= Gu(@)Ga()G((x = y) = (@1 = Ya(e) S faln),
x?y
where the last inequality follows from Lemma[3.1} Continuing by induction completes the proof. [

3.2  On the variance of Cap (R,)

Lemma 3.3. For d > 6 there exists a strictly positive constant vg4 so that

i var (Cap (Rn))

n—oo n

=5 > 0.

We split the proof of the lemma above in two parts. First we establish the existence of the limit
and then we show it is strictly positive. For the existence, we need to use Hammersley’s lemma [4],
which we recall here.

Lemma 3.4 (Hammersley). Let (ay), (bn), (cn) be three sequences of real numbers satisfying for
all n,m

Ap + am — Cpam < Ap+m <an+am+ anrm-
If the sequences (by,), (¢y,) are positive and non-decreasing and additionally satisfy
o
b, +c
>ty <o
= n(n+1)

then the limit as n — oo of a,/n exists.



For a random variable X we will write X = X — E[X].

Lemma 3.5. For d > 6, the limit as n tends to infinity of Var (Cap (Ry,)) /n exists.

Proof. We follow closely the proof of Lemma 6.2 of Le Gall [9]. To simplify notation we write
X, = Cap (R,,), and we set for all £ > 1

ak:sup{ E{Yi] : 2k§n<2k+1}.

For k > 2, take n such that 28 < n < 28! and write £ = [n/2] and m = n — £. Then, from
Corollary 2.1 for L =1 we get
XMy x@ 25, < x, < x4+ x?),

where XM and X® are independent and & has the same law as D weR, Zyeﬁm G(z,y) with R
an independent copy of R.

Taking expectations and subtracting we obtain

v _vd) 52

| Xy — (X, + X)) < 2max (&, E[&]) .
Since 7(1) and Y(z) are independent, we get

_ _ 2 N2 172

0 x2, = (L 20)
2 2 2

By the triangle inequality we now obtain

Xullz < IX + X2z + (12 max(Er, EIE) 2
< (RO + [R2) " +20m -z < (R0 (222 + st

—0|2 | =2\
< (L [x2) + eatoen,

where ¢; is a positive constant. The penultimate inequality follows from Lemma [3.2] and for the
last inequality we used that fj(n) <logn for all d > 6. From the definition of aj, we deduce that

ar < 2Y%a, 1 + ok,
for another positive constant cs. Setting by = apk~! gives for all k that
b < 2/%bj,_q + c2,
and hence by, < 2%/2, which implies that aj, < k- 25/2 for all k. This gives that for all n
Var (X,,) < n(log n)2. (3.8)
Proposition and give that for all n,m

XU+ X2 —28(n,m) < Xpym < XD+ X2,



where again X and X® are independent and

Emm)= > Y Gay< > Y Gy (3.9)

zERR ye'ﬁ,m $€Rn+m yeﬁn-&-m

with R and R independent. As above we get

m

\Ynm - (Yﬁj) + Y@)) ‘ < 2 max(E(n, m), E[E(n,m)])
and by the triangle inequality again

il =[50 + | < a1 ml

Taking the square of the above inequality and using that YS) and Yﬁ? are independent we obtain

[nmlly < %l + [%olls + 83/ 1l + [l 1€ 1m0}y + 16 G, )
1% aly + 1%mlly < [Xnsmlly + 8 Knsmly 1€ m)l + 16 1€, )5

We set v, = HYnH;, d, = c1v/n(logn)? and d/, = cav/n(logn)?, where ¢; and ¢y are two positive
constants. Using the bound from (3.8)) together with (3.9)) and Lemma in the inequalities above
yields

Yo+ Vm — d/n-i-m < Yntm <+ Ym + dntm.
We can now apply Hammersley’s result, Lemma to deduce that the limit v, /n exists, i.e.

o Var (Xn)

n—00 n

=% >0

and this finishes the proof on the existence of the limit. O

3.3 Non-degeneracy: v, > 0

To complete the proof of Lemma [3.3] we need to show that the limit v is strictly positive. We
will achieve this by using the same trick of not allowing double-backtracks at even times (defined
below) as in [Il, Section 4].

As in [I] we consider a walk with no double backtracks at even times. A walk makes a double
backtrack at time n if S,_1 = S,_3 and S,, = S,,_2. Let S be a walk with no double backtracks
at even times constructed as follows: we set §0 = 0 and let S; be a random neighbour of 0 and
Sy a random neighbour of Sy Suppose we have constructed S for all times k < 2n, then we let
(§2n+1, §2n+2) be uniform in the set

{(,y): Nz =yl =18 —all =1 and (z,y) # (S2n-1,520)}-

Having constructed S we can construct a simple random walk in Z% by adding a geometric number
of double backtracks to S at even times. More formally, let (&;)i=2.4, .. be i.i.d. geometric random
variables with mean p/(1 — p) and

P(é=Fk)=(1-pp" Vk=>0,

10



where p = 1/(2d)?. Setting
k
Ny = Z &is
=2
7 even
we construct S from S as follows. First we set S, = §l for all ¢ < 2 and for all £k > 1 we set

I = [2]{7 +2N2(k71) + 1,2k +2N2k] If I # @, then if ¢ € I}, is odd, we set S; = §2k71; while if 7 is

even, we set S; = Soi. Afterwards, for the next two time steps, we follow the path of S , L.e.,

Sok4+2Ngp+1 = Sok+1 and  Sopion,, 42 = Sokt2-

From this construction, it is immediate that S is a simple random walk on Z4. Let R be the range
of S. From the construction of S from S we immediately get that

where the second equality follows, since adding the double backtracks does not change the range.

Lemma 3.6. Let S be a random walk on Z4 starting from 0 with no double backtracks at even
times. If R stands for its range, then for any positive constants ¢ and ¢ we have

P Z Z G(z,y) > cyn| — 0 asn — oc.

2E€Ran yER[2n, (24 )n)

Proof. Let M be the number of double backtracks added during the interval [2n, (2 + ¢')n], i.e.,

(24 )n

M= > & (3.11)

1=2n
i even

Then, we have that

R[2n, (24 ¢)n] € R[2n + 2No(,_1, (2 + )0 + 2Ny, 1) + 2M].

Note that the inclusion above could be strict, since S does not allow double backtracks, while .S
does so. We now can write

P Z Z G(x,y) > cvn

z€R2, yER[2n,(2+¢)n]

<P Z Z G(z,y) > cvn

zER[0,2n+2Ny (5, _1)] YER[2n+2No(p,_1),(2+¢/)n+2 Ny _ 1) +2M]

<P Z Z G(x,y) > evn | +P(M > Cn).

xER[O,2n+2N2(n,1)] yGR[2n+2N2(n,1) ,(2+2C’+C/)n+2N2(n,1)]

By (3.11) and Chebyshev’s inequality we obtain that for some positive C, P(M > Cn) vanishes
as n tends to infinity. Since G(z — a,y — a) = G(z,y) for all x,y, a, it follows that

11



P Z Z G(x,y) > cv/n

IER[O,QTL+2N2(”,1)} yER[2n+NQ(n,1) ,(2+20+C’)TL+2N2<7L,1>}

=P Z ZG(:{:,y)Zc\/ﬁ ,

TER1 YER2

where R1 = R[0,2n + 2Ny, 1)) — Sant2n,,,_,, and R = R[2n + 2Ng(, 1), (2 + 2C + )n +
2N2(n_1)] — 52n+2N2(n71). The importance of considering R1 up to time 2n + 2N5(,,_1) and not
up to time 2n 4+ 2N, is in order to make R; and Ry independent. Indeed, this follows since
after time 2n + 2Ny(,_1) the walk S behaves as a simple random walk in 7% independent of the
past. Hence we can replace Ro by R’(2 20+ n where R’ is the range of a simple random walk
independent of Rq. Therefore we obtain

P Z Z G(z,y) > cy/n | <P Z Z G(z,y) > cv/n

/ ’
z€R1 yeR(2+2C+c’)n IER(QC/"'Q)n yeR(2+2C+c/)n

+]P)(N2(n_1) 2 C'n) .

As before, by Chebyshev’s inequality for C” large enough P(Ny(,_1) > C'n) — 0 as n — oo and by
Markov’s inequality and Lemma [3.1

B|2erorn 206y 50,0y, &@Y)
d Z Z G(z,y) > cvn | < © (2+2C+c)n

C\/ﬁ
!
xeR(2C’+2)n yeR(2+QC+c/)n

< logn’
~Y \/ﬁ

and this concludes the proof. ]

Claim 3.7. Let R be the range of S, Then, almost surely

Cap (ﬁ[2k, 2k + n]) < P )
o | —— as  m — oo.
n 1—p

Proof. As mentioned already in the Introduction, Jain and Orey [5] proved that

lim 7Cap (Rn)

n—00 n

E[Cap (Rm)]

— (3.12)

= 04 = inf
m
with the limit oy being strictly positive for d > 5.

Clearly the range of S in [2k, 2k + n] satisfies

RI2k + 2Noj,—1,2k + 2Naj_1 + 2N)]\ {Sok+2N5, 1415 S2+2Nae 42} C RI[2K, 2k + n]

R[2k, 2k + n] C R[2k + 2Noj,_1, 2k + 2No_1 + 2N/,

12



where N/, is the number of double backtracks added between times 2k and 2k + n. We now note
that after time 2k +2Nox_; the walk S behaves as a simple random walk in Z¢. Hence using ([3.12)
and the fact that N}, /n — p/(2(1 — p)) as n — oo almost surely it follows that almost surely

li

n—o00 n

1—p

Cap (R[2k + 2Noj_1, 2k + 2Noj,_1 + 2N']) < p >
m = Qg - .

and this concludes the proof. O

Proof of Lemma [3.3l Let S be a random walk with no double backtracks at even times and S a
simple random walk constructed from S as described at the beginning of Section We thus have
Ry = Ruson, for all n. Let kn, = [(1 = p)n], in = [(1 — p)(n + Ayn)] and £, = [(1 — p)(n — A/n)]
for a constant A to be determined later. Then, by Claim for all n sufficiently large so that k,
and ¢,, are even numbers we have

~ . 3 A-ag-p 7
]P’(Cap <R[kn,zn]) > < — > \/ﬁ) ><  and (3.13)
1 A- ag-p 7
E E < Z. > L
P 2 p G(x,y) < 5 < ) ) vn | > 3 (3.14)
TER[0,kn] YER [kn in]
and
~ 3 A- Qq - P 7
>oL (2P P .
P(Cap (R[fn,kn]) > ( T > \/ﬁ) > < and (3.15)
1 A- QgD 7
<o (L% P > .
P g E G(z,y) < 3 < T > Vo | > 5 (3.16)

2€R[0,6n] YER[n k]

We now define the events

2N, — 2E[Ny ] 2N;, — 2E[N;,]
B, = " o A41,A442 d D, = n e n—a2-al
{ = € [A+1,4+ ]} an { el e | ]

Then, for all n sufficiently large we have for a constant ¢4 > 0 that depends on A

P(B,) >ca and P(D,) > ca. (3.17)

Since we have already showed the existence of the limit Var (Cap (R,)) /n as n tends to infinity,
it suffices to prove that the limit is strictly positive along a subsequence. So we are only going to

take n such that k,, is even. Take n sufficiently large so that (3.13|) holds and k,, is even. We then
consider two cases:

(i) P(Cap (ﬁ[O,knD > E[Cap (Rn)]> > % or (i) ]P’(Cap (ﬁ[O,kn]) < E[Cap (Rn)]> >

N

We start with case (i). Using Proposition |1.2| we have

cap(ﬁ[o,z'n])zcap(ﬁ[o,kn])+cap(7€[kn,in])—2 > Y Gy,

2ER[0,kn] YER [Enin]
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From this, we deduce that
~ 1 (A-aq-p
P( Cap (R[0,in]) > E[Cap (Ro)] + 5 - (=222 ) v

> P(Cap (fz’[o, kn]) > E[Cap (R[0,n)], Cap (ﬁ[kn,z'n]) > 2 : (A'O‘d'p) : \/ﬁ>

ISy G(x7y)>;.<‘4'ad'p>.\/ﬁ

2ER[0,kn] YER [kn yin]

The assumption of case (i) and (3.13]) give that
~ ~ ; 3 A- Qg - p 3
P( Cap (R0, k] ) > E[Cap (R[0,n)], Cap (Rlku.ia]) > T+ ( 220 ) - v ) > 5.
Plugging this lower bound together with (3.14)) into (3.18]) yields

p((Cop (RI.0]) = BlCap (R + 5 - (H124°0 ) - vir) =

Since N is independent of S, using (13.17) it follows that

P(Cap (ﬁ[o,in]) > E[Cap (Rn)] + % (W) -/, Dn> > %’“.

It is not hard to see that on the event D,, we have i, + 2N;, € [n,n + 3y/n]. Therefore, since

R0, k] = R0, k + 2N}] we deduce
P(a m < 3y Cap (R[0,n +m]) > E[Cap (Ru)] + <AO‘“’> . \/ﬁ) ey
Since Cap (R[0, £]) is increasing in ¢, we obtain
P(Cap (R[0,n + 3v/n]) > E[Cap (R,)] + L <W> : \/ﬁ> >4
Using now the deterministic bound Cap (R[0,n + 3v/n]) < Cap (R[0,n]) + 3y/n gives

P(Cap (R[0,n]) > E[Cap (Rn)] + (; (W) - 3> -\/ﬁ> >

and hence choosing A sufficiently large so that

1 (A -ag-p
- —]-3>0
2 ( L—p )

and using Chebyshev’s inequality shows in case (i) for a strictly positive constant ¢ we have
Var (Cap (Ry,)) > ¢ n.

We now treat case (ii). We are only going to consider n so that ¢, is even. Using Proposition
again we have

Cap (fé[o,zn]) < Cap (fé[o, kn]) ~ Cap (ﬁ[ﬁn,kn]) +2 3 Y Gy
2ER[0,4n] yER[Ln kon]

14



Then, similarly as before using (3.15)), (3.16)) and (3.17) we obtain

P(Cap (RI0.:]) < ElCap (R,)] - % . <Al'0‘dp'p) A, Bn) >4

Since on B,, we have {,, + 2N, € [n,n + 3/n], it follows that

1 [A-aq-
]P’(EI m < 3y/n: Cap (R[0,n 4+ m]) < E[Cap (R,)] — 5 (id]g])) : \/ﬁ> > %4.
Using the monotonicity property of Cap (R;) in ¢ we finally conclude that
1 A-ag-p cA
P( Cap (R[0,n]) <E[Cap (Ry)] — 5 - | ——— ) Vn ) = —,
2 1—p 4
and hence Chebyshev’s inequality again finishes the proof in case (ii). O

4 Central limit theorem

We start this section by recalling the Lindeberg-Feller theorem. Then, we give the proof of Theo-
rem [L11

Theorem 4.1 (Lindeberg-Feller). For each n let (X, ; : 1 <i < n) be a collection of independent
random variables with zero mean. Suppose that the following two conditions are satisfied

(i) >, E[Xgl} —0%2>0asn— oo and
(i) >0 E[(Xni)?1(| Xni| > €)] = 0 as n — oo for all e > 0.
Then, Sy, = Xp1+ ...+ Xppn = oN(0,1) as n — 0.

For a proof we refer the reader to [3, Theorem 3.4.5].

Before proving Theorem we upper bound the fourth moment of Cap (R,). Recall that for a
random variable X we write X = X — E[X].

Lemma 4.2. For all d > 6 and for all n we have

E[(Cap (Ra))'] $ n

Proof. This proof is similar to the proof of Lemma [3.5] We only emphasize the points where they
differ. Again we write X,, = Cap (R,,) and we set for all k£ > 1

ay Zsup{oE[Xi])lMi 2k <n < QkH}.

For k > 2 take n such that 28 < n < 2! and write n; = [n/2] and ny = n—¢. Then, Corollary
and the triangle inequality give

— — — —4 4 —2 —2 1\ /4
1Xnlla < 1%, + Xnalla + 41E(1,mo)ls < (E|Xy, | +E[Xy,] + 6B[ X0, E[X5,]) 7 +cilogn,

where the last inequality follows from Lemma and the fact that X,,, and X, are independent.

Using Lemma [3.3] we get that
2
ny

2
na

E[Y }E[Y ]an.
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Also using the obvious inequality for a,b > 0 that (a + b)'/* < a'/* 4 b'/* we obtain

IXalls < (E|X,] +E[X0]) " +evin
We deduce that
ap < 21/46Lk_1 + Cg2k/2.

Setting by, = 27%/2q;, we get

1
b, < 21/4bk 1+ cs,

This implies that (bg, k € N) is a bounded sequence, and hence aj < C2F/2 for a positive constant

C, or in other words,
4\ 1/4
(Elx)" < v

and this concludes the proof. ]

Proof of Theorem [1.1l From Corollary [2.1 we have

2f—1

ZCap( n/2L)—2ZZS( < Cap (R <ZCap< n/2L>’ (4.1)

/=1 i=1

where (Cap (R( )2L)) are independent for different i’s and R! )2L has the same law as Ry, o1

or Ry, /or41) and for each £ the random variables (SZ( )) are independent and have the same law as

ern“’ . ZyeR(z) . G(z,y), with R and independent copy of R.
n/2 n/2

To simplify notation we set X;; = Cap (R() ) and X,, = Cap(R,) and for convenience we

/2"
rewrite (4.1) as

LQll

ZXM—QZZE(Z <X, <ZX1L (4.2)

/=1 i=1

We now let
2L
— Y X - X
i=1

Using inequality (4.2) we get

221

L
E[|E(n)|] < 4E Zzgt@ <22£logn<2Llogn
/=1 i=1

where the penultimate inequality follows from Lemma for k =1 and the fact that fz(n) <logn
for all d > 6.

Choosing L so that 2° = n'/* gives E[|E(n)]] /v/n — 0 as n — co. We can thus reduce the problem

of showing that X, /y/n converges in distribution to showing that Zfil X 1/v/n converges to a
normal random variable.

16



We now focus on proving that

L
NG

We do so by invoking Lindeberg-Feller’s Theorem From Lemma we immediately get that
as n tends to infinity.

= oN(0,1) asn — . (4.3)

2 - 2L n
;n-Var(Xz,L) ~ Y 5p = >0,
which means that the first condition of Lindeberg-Feller is satisfied. It remains to check the second
one, i.e.,
2L
lim S = IE[ 2] > sf)]

n—00 n
=1

By Cauchy-Schwartz, we have

72 —_
E[X;,1(Kirl > evi)] < (E[(Xin)!] B(Kiz] > ev/).

By Chebyshev’s inequality and using that Var (Yl L) ~ 4 -n/2" from Lemma we get

P(Korl > evi) < oo
Using Lemma [1.2] we now get

oL oL

1 1 1
> E[FAKunl > v 300 5 i = g O

i=1 =1

since L = logn/4. Therefore, the second condition of Lindeberg-Feller Theorem is satisfied and
this finishes the proof. O

5 Rough estimates in d =4 and d = 3

Proof of Corollary In order to use Lawler’s Theorem we introduce a random walk S
starting at the origin and independent from S, with distribution denoted P. Then, as noticed

already by Jain and Orey [5, Section 2|, the capacity of the range reads (with the convention
R_1= @)

Cap (R Zl (Sk ¢ Ri_1) X Ps, ((Sk + Roo) N Ry = 9), (5.1)
k=0
where Roo = R[1, 00).

Thus, for k fixed we can consider three independent walks. The first is S* : [0,k] — Z¢ with
Sl = Sy — Sj_i, the second is S% : [0,n — k] — Z% with S? := Sy4; — Sk, and the third S® = S.
With these symbols, equality ([5.1]) reads

Cap (R Zl (0 ¢ RY[1,k]) x P(R3[1,00) N (R0, k] UR?[0,n — k]) = 2).
k=0

17



Then, taking expectation with respect to S, S? and S3, we get

E[Cap (R, ZIP (0 ¢ RY[1, k], R3[1,00) N (R0, k] UR?0,n — k]) = 2). (5.2)
k=0

Now, € € (0,1/2) being fixed, we define &,, := en/logn, and divide the above sum into two subsets:
when k is smaller than ¢, or larger than n — €,,, and when k is in between. The terms in the first
subset can be bounded just by one, and we obtain this way the following upper bound.

E[Cap (Rn)] < 2e, +nP(0 & R'[L,e,], R*[L,e,] N (R[0,e,] UR?[0,e,]) = @) .
Since this holds for any ¢ > 0, and loge,, ~ logn, we conclude using (|1.3)), that

7.[.2

lirILILSolip nn x E[Cap (R,)] < 3 (5.3)
For the lower bound, we first observe that gives
E[Cap (Rn)] > nP(0¢ R'1,n], R*[1,00] N (R'[0,n] UR?0,n]) = 2),
and we conclude the proof using . O

Proof of Proposition We recall L, (z) is the local time at z, i.e.,

The lower bound is obtained using the representation (1.6)), as we choose v(x) = Ly (x)/n. This

gives
n

Cap (Ry) 2 : (5.4)
% Yo yezs G(@.y) Ln(x) Ln(y)
and using Jensen’s inequality, we deduce
E[Cap (R,)] > n . (5.5)

~ 3, yezt G(@,y)E Ly (2) Ln(y)]

> Gla,y)E = > > E[G(Sk Skl (5.6)

x,yEZ4 0<k<n 0<k'<n

Note that

We now obtain, using the local CLT,
SN EGSKS= Y. > EGO S S Y. Y [+S|] ny/n
0<k<n 0<k'<n 0<k<n 0<k'<n 0<k;<n0<k’<n |k —k|

and this gives the desired lower bound. For the upper bound one can use that in dimension 3,
Cap (4) S rad(A),

where rad(A) = sup,c4 ||z]| (see [7, Proposition 2.2.1(a) and (2.16)]). Therefore Doob’s inequality
gives

E[Cap (Rn)] S E

~

sup HSkH] S vn
k<n
and this completes the proof. ]
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6 Open Questions

We focus on open questions concerning the typical behaviour of the capacity of the range.
Our main inequality is reminiscent of the equality for the range
IR0, 2n]| = |R[0, n]| + |R[n, 2n]| — |R[0,n] N R[n, 2n]|. (6.1)
However, the intersection term |R[0,n] N R[n,2n]| has a different asymptotics for d > 3
E[|R[0,n] N R[n, 2n]|] < fi+2(n). (6.2)

This leads us to add two dimensions when comparing the volume of the range with respect to
capacity of the range. It is striking that the volume of the range in d = 1 is typically of order \/n
as the capacity of the range in d = 3. The fact that the volume of the range in d = 2 is typically of
order n/logn like the capacity of the range in d = 4 is as striking. Thus, based on these analogies,
we conjecture that the variance in dimension five behaves as follows.

Var (Cap (R,,)) < nlogn. (6.3)

Note that an upper bound with a similar nature as (1.1]) is lacking, and that (1.2]) is of a different

order of magnitude. Indeed,
E[Cap (R[0,n] N R[n, 2n])] < E[[R[0,n] N R[n,2n]|] S far2(n).
Another question would be to show a concentration result in dimension 4, i.e.,

Cap (Rn) (P)

E[Cap (Ro) : (64

We do not expect (6.4]) to hold in dimension three, but rather that the limit would be random.
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