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To the one who stole my proof of the Riemann hypothesis®

'Give it back to me!



Arithmetic is being able to count up to twenty without taking off your shoes.

Mickey Mouse
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Conventions

We use the standard notations N, Z, Z,, Q, Q,, R, C for the non-negative integers, the rational
and p-adic integers, and the rational, p-adic, real and complex numbers respectively. Similarly,
IF, is a finite field of cardinality g. If £ is a field, then k is an algebraic closure of k.

By global field, we mean either a number field or a global function field, and by non-
archimedean (respectively archimedean) local field, we mean the completion of a global field at
a non-archimedean (respectively archimedean) place.

If F' is a number field, we denote its ring of integers by Zy. For a prime p of F), the
completion (respectively localization) of Zp at p will be denoted by Zp,, (respectively Zp. ,)),
with local uniformizer 7y, and F, = Zp/p = Zpy/(mp) will be the residue field at p, of
cardinality N(p). For any Zp-module M, the completion of M at p, which is isomorphic to
M ®g,. ZFy, will be denoted M. For instance, F}, is the completion of [ at p.

For a global function field, we use the notation K, and let P1(K') be the set of places of K
and Uy be the group of units in K. In this case, P stands for a place, K'p for the completion of
K at P, and Fp for the residue field of K at P, of cardinality N(P). We also use these notations
for arbitrary global fields. The ring of adeles of K is denoted by

Ag= [ K5
PEPI(K)

Unless otherwise specified, a ring A is always associative and unitary with no zero divisors,
and we let A* be the multiplicative group of invertible elements of A. For instance, the group of
invertible elements of A i is the idele group Jx = A . Concerning matrix groups, M (A) is the
ring of 2 x 2 matrices with coefficients in A, SLo(A) is the group of matrices with determinant
1 and GL2(A) is the group of invertible matrices, with quotient PGLy(A) = GLy(A4)/A*.
We denote by GL3 (R) the group of real matrices with positive determinant, and PGLJ (R)
its image in PGL2(R). If A is commutative, we let A[(X;);cs] be the polynomial ring in the
indeterminates X; with coefficients in A.

Let Z = [1, Z,, be the completion of Z. If G is an abelian group, G will denote the tensor
product G ®z, Z of Z-modules.

We denote by

H={zecC:3(2) >0}
the Poincaré upper half-plane. If T' is a subgroup of GLJ (R) or PGLJ (R), then T acts by
fractional linear transformations on #, and we let Y (I") = I'\'H.

Unless explicitly specified, a curve C' over a field k is a geometrically irreducible non-
singular projective curve defined over k. We let g(C') be its genus, and for every field extension
K'/k, we set Cs = C Xy k’. The homology and cohomology groups of C' with respect to a
sheaf .7 are denoted H;(C,.%#) and H*(C,.%) respectively, and if D is a divisor, the space of
functions whose poles are bounded by D is the Riemann-Roch space of D, which we denote by
L(D). The Jacobian of C' will be denoted by Jac(C'). If k is a number field F', we say that C'
has good reduction at a prime p of Z if C' admits a model over Z () whose reduction modulo

p is a non-singular projective curve C' over Fy,.
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INTRODUCTION

The study of polynomial equations over finite fields can be traced back to the eighteenth century,
when Gauss attempted to count the number M), of projective solutions of the equation

:1:3+y3+23:0 ()
over a finite field IF,,. His result that
M,=p+1+A,

for some integer A satisfying | A| < 2,/p, was the first example of a more general result discov-
ered by Hasse in 1933, namely that the number of rational points on an elliptic curve E defined
over a finite field FF, is given by

where ¢ is an integer such that |¢| < 2,/4q (see, for example, Silverman and Tate [ET92, Chap. IV]
for a discussion of these questions). Indeed, [T] is the equation of the Fermat curve of degree
3, which has genus 1. In 1948, Weil proved a more general result, known as the Riemann
hypothesis for curves by analogy with the Riemann zeta function, that every curve defined over
[F, satisfies

#CFy) =q+1—1t

for an integer ¢ satisfying |[t| < 2g,/q. This led Weil to formulate a series of conjectures,
known as the Weil conjectures, which describe the behavior of the number of rational points
of a (geometrically irreducible, non-singular, projective) variety V/F, of any dimension over
constant field extensions of I, (see Theorem LT for precise statements). These conjectures
played a great role in the development of algebraic geometry, until the proof by Deligne in 1974
of the higher dimensional analogue of the Riemann hypothesis using /-adic cohomology.

The introduction by Goppa [[Gop77] of a geometric class of error-correcting codes became
a motivation for a deeper study of the number of rational points of varieties over finite fields,
especially curves. Indeed these codes, now known as Goppa codes, rely essentially on the
structure of curves over finite fields as follows. Let C be a curve defined over F,. Let D1 =
P; + .-+ P, and D3 be two divisors over C' with disjoint support such that the points F; are
rational and 2¢(C') — 2 < deg(D2) < n. Let Q¢ (D1 — D2) be the space of differentials w on
C such that div(w) > Dy — D; and let resp, (w) be the residue of w at P;. The Goppa code
associated to this data is the image of the F,-linear map Q¢ (D) — D3) — [y defined by

w > (resp, (w),...,resp, (w)).

1
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For these codes, the Riemann-Roch theorem shows that the dimension & of the code satisfies the
relation
k=g—1+n—deg(D2),

and if d is the minimal distance of the code we have the inequality

Fpdop 19 )
n o n n o n
By construction, n is bounded by the number of rational points N (C') of C, and from [Z], for
given n and k, the smaller the genus, the more efficient the code. So one would like to find, for
every n, the smallest genus g such that there exists a curve C'/F, with at least n rational points.
This problem served as a motivation for Serre in the beginning of the 1980s to look for a
more precise estimate of the possible values of N(C), in particular of the maximum number of
rational points N, (g) among curves of genus g defined over [, (see Serre [Ker83H], [Ser¥34] or
[EerXq]). Serre looked at this question for fixed genus as well as when the genus of the curve
increases to infinity. In the latter context the natural object to study is the Ihara constant

A(q) = limsup M.

g—o0 g

In Chapter I we present some of the techniques which lead to better upper bounds on N,(g)
and A(q) than Weil’s result. The results we present are standard, but recent works of Howe and
Lauter ([HCOJ] and [HIT]) give refinements of the bounds in particular cases.

To have an estimate of the sharpness of the upper bounds, one needs curves with the maximal
possible number of rational points, in order to have a lower bound on N,(g). And for concrete
applications, for instance to coding theory, one needs the equations of these curves. The purpose
of this thesis is to carry out these two projects in some cases. For curves of small genus, the most
efficient techniques to produce curves with many rational points come from class field theory (in
addition to the above references, see for instance Auer [Bue@9], Lauter [Can994d] or Niederreiter
and Xing [NX0OT]). We continue in this direction in Chapter II, and the results presented there
represent joint work with Claus Fieker [DET3]. First we explain how to compute the abelian
coverings of any curve defined over a finite field, by using explicit Kummer and Artin-Schreier-
Witt theories. Subsequently we describe an algorithm to look for good curves and compute their
equations. The implementation of this algorithm in Magma [BCP37] allowed us to discover
new curves whose number of rational points improved the preceding lower bounds on N,(g) for
q = 2 and ¢ = 3, which are the most studied cases (see [HCRVAQ] for the currently best known
results). An important aspect of this approach is that we are able to exhibit equations for the
curves.

When the genus grows asymptotically, techniques from class field theory still prove to be
efficient, but in many cases one can obtain an exact estimation of the Thara constant by geo-
metric methods. Indeed, when the order of the finite field is a square, Ihara in the general case
[IRaXT], and Tsfasman, Vlddut and Zink in the cases ¢ = p? or ¢ = p* for a prime p [[TVZEA],
independently constructed sequences of elliptic modular curves and Shimura curves which are
asymptotically optimal, that is, which reach A(q) = /g — 1. Furthermore, asymptotically and
relative to their genus, all rational points are supersingular points. In Chapter III we introduce all
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the necessary background on quaternion algebras in order to study, in Chapter IV, the asymptotic
behavior of a particular class of Shimura curves, denoted X (91), which arise in the context of
Shimura varieties as formulated by Deligne [[DeIZ1l]. Using totally different methods than the
works quoted above, we study a trace formula for the action of Hecke operators on spaces of
quaternionic modular forms. Together with an explicit formula for the genus, we are able to
prove the optimality of the XO+ () in some cases. Moreover, we study separately their super-
singular points using results of Carayol [Car8d], and show that relative to the genus of the curve,
these points provide asymptotically all the rational points. We conclude our study by showing,
after Elkies [EIKJZE], that the curves X (1) naturally form (asymptotically optimal) recur-
sive towers. The potential effectiveness of this approach is confirmed by an explicit equation
determined by John Voight.
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Let C' be a curve defined over a finite field IF,. The number of points of C' over any finite field
extension of [F, is described by the zeta function of the curve, whose behavior is predicted by
the Weil conjectures. Weil was able to prove his conjectures for curves, and he derived the first
general upper bound on the number of rational points C' may have. Several improvements have
been obtained since, the most notable one obtained by Serre, Ihara and Oesterlé in the beginning
of the 1980s. Shortly after, Drinfel’d and Vladut established a sharp upper bound for curves
whose genus is asymptotically large. The aim of this chapter is to explain these results. Useful
references are Serre [BerX3], Stichtenoth [Eiil9] and Voight [Moi3].

1 Weil conjectures

Let V' be a non-singular, geometrically irreducible, projective variety over a finite field IF,. For
every integer n > 1, let
Ny = Np (V) = #V(Fgn).

Following Weil, one encodes the numbers N,, in the zeta function of V'

Z(V;T) = exp <i NnTn> .

n=1 n

In 1949, Weil proposed a series of deep conjectures on the behaviour of Z (V'; T'), still called
the Weil conjectures even though they are now theorems.

Theorem 1.1 (Weil Conjectures). Let V' be a non-singular and geometrically irreducible pro-
Jjective variety of dimension d defined over I .

i) RATIONALITY
Z(V;T) is a rational function:
Z(ViT) € Q(T).

ii) FUNCTIONAL EQUATION
There exists an integer x such that

1
Z(V:i——) = +¢™X2TxX7(V:T).
( ,da> q (VT)
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iii) RIEMANN HYPOTHESIS
The zeta function factors as

PU(T) ... Poyy(T)

Z(\V;T) = Py(T) ... Poy(T) ’

with each Py(T) € Z[T), Py(T) = 1 —T, Pyy(T) = 1 — ¢°T, and for every 1 < i < 2d — 1 the
polynomial P;(T) factors over Q as

P(T) = H(l —w; jT), where |w; j| = qi/Q.
j=1
Furthermore, x = Y2¢(—1)'b;.

iv) BETTI NUMBERS
If V is the reduction of a variety W defined over a number field F, then b; is the ith Betti number
of the variety W¢ and x is the Euler-Poincaré characteristic of We¢.

In this thesis, we are interested only in the case of curves. Hence with our conventions, if C'
is a curve of genus g we see that there exists a polynomial P(7T) such that the zeta function of
(' is a rational function of the form

P(T)
(1=T)(1—qT)

Z(C;T) =

The polynomial P(T) is of degree 2¢g because every complex algebraic curve of genus g, hence
any lift of C' to a non-singular curve over C, has Betti number b; = 2g. Moreover there exist

algebraic integers w;, for i = 1,...,2g, such that |w;| = ¢'/? and
29
P(T) =[] - wT).
i=1

Example 1.2. Let C = P! (Fq) be the projective line over F,. For every n > 1 we have
N, = ¢ + 1, so in this case the zeta function is easily computable:

Z(}P’l(Fq),T) = exp (i(qn + 1)T”> = 1- T)zl —qT)’

n=1 n
Note that
1 1
Z(PE)i ) = — T2 Z(P(F,); T),
al) (1= )1 - 7) !

as predicted with y = 2. The Betti numbers dimg H*(P*(C), Z) for i = 0, 1 and 2 are respec-
tively equal to 1, 0 and 1, so for C' = P!(F,) the Weil conjectures are easily verified.
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Corollary 1.3. We have the formula:

29
Ny = q—+ 1-— Zwi.
1=1

PRrROOF. From the definition of the zeta function, it is clear that

d(log(Z(C;T)))

Ny = .
dr T=0
On the other hand, the Riemann hypothesis implies that
d(log(Z(C;T)))
: = 1+ P'(0
i e q+1+P'(0)
which gives the result. U

Let w; be a root of P(T'), and choose an embedding Q — C. Since the polynomial P(T)
has integer coefficients, it is invariant under complex conjugation, hence we see that w; is also a
root of P(T") = 0. From now on we assume that the w; are ordered in such a way that w; , = @;
forallt=1,...,9. We set a; = w; + W;, SO

g
leq—l—l—Zai.

=1

Remark 1.4. The formula in Corollary [T3 can be generalized to any integer n > 1 as follows:

29
Np=q"+1-> wl" (L.1)
=1

This can be proved in a similar manner, but the computations are more complicated. Instead,
one deduces the result from the cohomological interpretation of the Weil conjectures, for which
the w; are the eigenvalues of the /-adic representation of the Frobenius endomorphism Frob on
HY(C,Qy), for any prime ¢ # char(F,). The result follows after noting that the w[ are the
eigenvalues of the Frobenius endomorphism Frob™ of the curve Cf,,, .

2 The Hasse-Weil-Serre bound

Let N = Nj be the number of F,-rational points of C'. The following result, which gave
the first bound on /V, is an immediate consequence of the Riemann hypothesis for curves and
Corollary CT3. It was first proved by Hasse for elliptic curves, and extended to all genera by
Weil.

Theorem 2.1 (Hasse-Weil bound). We have

IN = (¢+1)| < [29V4].
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Serre improved this result to produce a bound which is much sharper when the genus is
sufficiently big compared to the size g of the finite field, when ¢ is not a square.

Theorem 2.2 (Serre). We have

IN = (¢ + 1| <gl2vdl,

with equality if and only if the oy, fori =1, ..., g, are all equal.

This upper bound is called the Hasse-Weil-Serre bound.

PROOF. We have to prove that
g

D ai

i=1

<gl2val.

Fori =1, ..., g, define ~; by
vi=ai+ 2y + 1.

Then ~; is a strictly positive (real) algebraic integer. Therefore []; 7; is a strictly positive alge-
braic integer which is stable under the action of Gal(Q/Q), hence it is an integer greater than or
equal to 1. By the arithmetic-geometric inequality, we have

g
1
1< [0 <=3,
=1 ;

with equality between the second and third expressions if and only if the ; are all equal. This
gives

g
g< (Z az) +9[2v4] + 9,
=1

and thus
g
- i < g[2val-
i=1
The other inequality follows by replacing «; with —c; in the definition of ;. ([

Definition. A curve C'/F, of genus ¢ is called optimal if N(C') reaches the Hasse-Weil-Serre
bound and maximal® if N(C') equals the maximum number of rational points N,(g) among all
genus g curves over [y,

3 The Ihara bound

By comparing the number of F;, and F 2-rational points, Thara proved the following result.

'In many references, the two terminologies are inverted. We prefer this one because it seems more suitable.
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Theorem 3.1 (Ihara). We have

No(o) < 5 (/80 + g2+ dagla— 1)~ (g~ 24+ 1))

with equality if and only if the oy, fori =1, ..., g, are all equal.

The bound in the theorem is called the Thara bound.
PRrROOF. By [IT], we have that

2g 29
q+1—2wi:N<N2:q2+1—Zwi2.
i=1 =1

By the Riemann hypothesis we obtain

g g

2g g
—> wi == (Wi 4w == (af —2¢) =2¢9— > _ai.
=1

i=1 i=1 i=1
The Cauchy-Schwarz inequality applied to the real g-vectors («;); and (1,...,1) gives
g 2 g
(Co) <oye
i=1 i=1
and thus
N <¢®+1+299— (N —q—-1)*/g,
with equality if and only if the o, for¢ =1, ..., g, are all equal. Writing this inequality in terms
of N, we obtain

N?+N(g—2(g+ 1)+ (¢+1)* —g(¢* +2q9 + 1) <0.
The result is obtained by solving this inequality. ]
The Thara bound is better than the Hasse-Weil-Serre bound when
2(q+ 1+ g(2va)) > /(8 + 1)g? +daglq — 1) — (g — 2(¢ + 1)),

that is when

g*(1+2[2/4))* > (8¢ + 1)g* + 4qg(q — 1),
which gives, by assuming that g is non-zero,

g 4q(q — 1) _ (g —1) .
(1+2[2/q))?=8¢—1 [2y/q] + [2y/q]%? —2¢
The same computation with 2, /g in place of |2,/q] shows that the Thara bound is better than the
Hasse-Weil bound as soon as
Valva—1)

g> Yy~ 7
2
Example 3.2. Take ¢ = 19. The Ihara bound is sharper than the Hasse-Weil bound when
g > [10.05] = 11.
It is better than the Hasse-Weil-Serre bound when

g > [7.321] =8.
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4 The Oesterlé bound

When g is sufficiently large, there exist better bounds than the Hasse-Weil-Serre and Ihara
bounds, called the Oesterlé bounds. A detailed exposition can be found in Serre [BerR3] (see also
Voight [Ma13]). The method seems to come from Serre, and to have been optimized by Oesterlé,
though it was never published. Let C'/F, be a curve and, for every d > 1, let ag = a4(C') be the
number of points of CE whose field of definition is F a. Foreveryi =1,...,2g,let0; € [0, 27]
be such that

=./q e
Hence for every integer n > 1 we have the formula
g
Ny =q"+1-2¢"*" cos(nb)). (1.2)
i=1

We introduce the functions f, ¢ : R — R defined by

fO)=1+2 i ¢ cos(nb),

n=1

and
o
d
= Z Cndtn )
n=1

for a fixed sequence (¢, )n>1 of real numbers such that the above series converge for every 0
and ¢.
Note that by taking 6 = 6;, ¢, = ¢"/? and ¢,,, = 0 for any integer m # n, we find

g
Nn:qn+1+g_z.f(gz

Also, taking ¢,,q = Nyq/nd, we obtain 14(t) = Z (C’Fq s t%). We can therefore expect a relation
between the functions f and 14, and, indeed, Weil proved the following equality.
Proposition 4.1 (Weil’s explicit formula). We have

9

> dagpalg ) = i(@?) + (g VP) + g =D £(0).
d=1

=1

PROOF. First multiply [LZ] by ¢, /¢~"/? and sum over n > 1. We obtain

oo oo 00 0o g
Z Nyeng "? = Z engd™? + Z eng ? =2 Z Cn Z cos(nb;). 1.3)
1 ne1 n=1 n=1 =1

From the relation NV,, = Zd‘n dag, we see that the left hand side is of the form

Z (Z dad) cng ™™ Zdad Z Cnaq "? = Zdadwd -2,

dln
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Now the right hand side of [I.3] is equal to

g

U1(d?) + (@) + g =D F6)),

i=1
and we obtain the result. O

Corollary 4.2. Assume that the ¢, > 0 are such that f(0) > 0 forall 0 € [—7, 7| and ¢, = 0
for all but finitely many values of n. Then for any curve C of genus g over F, we have

N<1+¢1(\@+9

v1(1/va)
PROOF. By Proposition 4], we have
g o]
Noi(g ™) =41 +4a(g ) +9 - (Z F(6)) + 3 daavala™" 2)) :
i=1 d=2
hence the result, since by assumption f(6;) and 14(g~'/?) are positive for every i and d. O

Example 4.3. Take ¢; = 1/2 and ¢;, = 0 forn > 1. Then 1 (¢) = t/2 and f(0) = 1 + cos(6),
and thus we obtain
< Va4 + 29

VNG

which is the Hasse-Weil bound.

+1=q+1+ 294,

Now the problem is to compute values of the c,, providing the best upper bound on N, that

1s to minimize
14 V1(v/a) + g
vi(l/va)

But if we fix the number N of points a curve can have, this is equivalent to maximizing the lower
bound (N — 1)31(1/,/q) — 1(,/q) on the genus g of the curve. Oesterlé solved this problem,
although the first publication of his results is in Serre’s Harvard course notes from 1985 (see
Serre [BerX3], or Voight [MoiDd] for a summary of the ideas occurring in the proof).

Before stating his result, we fix some notation. Let A = N — 1, and let m be the unique
integer such that ¢™/2 < X\ < ¢(m*+1/2, Set

gmt/2 )
U= .
)\\/ _ qm/2
Theorem 4.4 (Oesterlé). There exists a unique solution T € [r/(m + 1), 7/m)] to the equation
cos(7(m + 1)) + ucos(r(m —1)/2) = 0.
Fori <n<m—1let

(m — n) cos(nt)sin(7) + sin((m — n)7)

= msin(f) + sin(mr)
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The cy, are optimal for the choice of N = N (C'), therefore we have the following lower bound
ong:
(A=1)\/gcos(T) +q— A

q—2qr—1 '

m—1
9> > ea(Mg? =g =

n=1
Example 4.5. Kenneth Shum implemented a function in MATLAB [MATTO] which computes
the Oesterlé bound for any values of g and g. Let ¢ = 2.
a) For g = 3, we find that N2(3) < 7, and this bound is sharp because the curve

x3y + :1:2y2 + 223 + 2222 + y3z + y23

possesses 7 rational points. Note that the IThara bound in this case is 8.

b) For g = 12, we find that No(12) < 15, but we do not know if this bound is sharp because
until now only curves with 14 rational points have been constructed.

¢) For g = 14, the Oesterlé bound is 16, and this bound is sharp because we will construct in the
next chapter an abelian covering of degree 2 of a genus 4 curve, with genus 14 and 16 rational
points.

S The Drinfel’d-Vladut bound

Until now we have explored the case where the genus of the curve is fixed, but what happens
when the genus tends to infinity? In this case, as we will see, little is known and many important
questions remain open. The natural extension of what has been undertaken above is to ask about
the value of the Ihara constant
N,
A(q) = lim sup M.

g—+00 g

The Hasse-Weil-Serre bound (Theorem [Z22) immediately provides that

Aq) < |2v4],

so A(q) is finite, and the Thara bound improves this result to

v8g+1—-1

Afg) < 5

Drinfeld and Vliddut [WDX3] exhibited a much sharper bound using Weil’s explicit formula
(Proposition [47T)).

Lemma 5.1. If f(0) > 0 for every 0 € [0, 2], then ¢, < 1 for every n > 1.
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PROOF. By standard Fourier analysis (see for instance Rudin [Kud&1, §9.4]),

1 2m
Cn = — f(0) cos(nd)de,
21 Jo

and
1

2
o /0 £(0)d6 = 1.

Because | cos(n#)| < 1, we obtain

1 27 1 2T
o0 f(ﬂ)cos(nf))cw’g £(0) | df |cos(nd)| < 1,

< =
on < lenl 2 Jo 27 Jo

hence the result. O

From the lemma, we cannot expect to find a function f which is positive on the angles [0, 27]
from a sequence (cy,),>1 if any ¢, is greater than 1. Instead we look at the limiting case and
construct a sequence of positive functions ( fx)r>1 such that limy_, ¢, (fx) = 1 for every n.

Set t = €%, and for k > 1 consider the sum

1
C2k+1

fi(9) Rt 1 1)

Note that fj, is positive. Now we have
1
Tu(0) = 50— 1(1t‘2’c F 27 2k 1) 4 2kt 4+ 1)

2k
2k—n+1
=142y —— 0
+ 221 Sy cos(nb),

therefore ¢, (fi) = 2’“2;_731, which tends to 1~ as k tends to infinity.

Since we are interested in the asymptotic number of points, we consider a sequence (C;);>1
of curves defined over F, such that lim; ,, g(C;) = .

Theorem 5.2. Fix an integer j > 1. For every i, let ag) = aq(C;). We have:

i i g
11m su S
i~>oop g(CZ) d—=1 qd/2 -1

PROOF. From Proposition L4, for every sequence of positive real numbers (¢, ),>1 such that
f is a positive function, we know that

> dava(1/v/a) < 9(C) + 1(Va) + $1(1/Va).
d=1
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Dividing by ¢(C;) and taking the limit, we thus get:

J

Z aa(1//a) < (14)

i—00 9

Now take f = fi. In this case

2k
(k) 2k—nd+1 ,,
t)y=> ———t
wd ( ) — 2% + 1 ’
n=1
o)
") 4 o _dj2\n 1
li = E
kgglolﬁd (1/va) n:1( )= d/2 1
We obtain the result by substituting this expression in [[.4] and letting k tend to oc. ([

By taking 7 = 1 in the previous theorem, we obtain the following corollary.

Corollary 5.3 (Drinfel’d-Vladut bound). Let g be a power of a prime number. Then

Alg) <Vq—1.

This shows in particular that the Oesterlé bound is much sharper than the Hasse-Weil-Serre
and Thara bounds when g is large compared to q.

This bound is sharp in general because Ihara [[haXT] used sequences of modular and Shimura
curves to prove that if ¢ is a square, then

Alg) = Va -1,

so in this case
Alq) = vq— 1.

The following year, and independantly of Ihara, the same result was obtained by Tsfasman,
Vlddut and Zink for finite fields of the form IE‘pz and Fp4, where p is a prime [[VZXA]. They also
used sequences of modular and Shimura curves respectively. We will recover these results with
different techniques in chapter IV, where we study the natural analogues X 0+ (M) of the modular
curves Xo (V).

Note that finite fields I, with ¢ a square are the only cases where we know the Ihara constant
exactly. For nonsquare ¢, one has to construct curves or function fields of arbitrary large genus

such that the asymptotic ratio
number of rational points

genus

is the greatest possible. This way one will obtain lower bounds on A(q). The best results over
prime finite fields are obtained by recursively constructing sequences of abelian coverings. In
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this case, the key tool to control the infiniteness of the tower is the Golod-Safarevi¢ theorem.
For instance, Duursma and Mak [DMTJ] proved that

A(2) > 0.316999 and A(3) > 0.492876,

but the Drinfel’d-VIadut bound (if attainable!) is still out of reach.

For nonprime finite fields, the best lower bounds are obtained by using recursive towers
[BEBGSTY]. A very interesting feature of these towers is that most of them have been proved to
be modular (see for instance Elkies [EIK984d] or [EIKOT]), which means that every curve in the
tower is a modular curve. Here by modular, we include elliptic and Drinfel’d modular curves,
as well as Shimura curves and modular curves of D-elliptic sheaves. We will see in chapter [V
that the Shimura curves of the form X (91) naturally form (optimal) recursive towers.
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EXPLICIT ABELIAN COVERINGS

In the previous chapter, we have surveyed the most important upper bounds on N,(g), so the
next step is to find lower bounds. The natural way to proceed is to find curves with as many
rational points as possible. In this chapter we give an algorithm based on class field theory to
compute curves with a large number of rational points. We also explain how the equations of
the curves found can be computed using Kummer and Artin-Schreier-Witt theories. The results
of this chapter represent joint work with Claus Fieker [DFT3].

1 Class field theory

In this section we summarize without proofs the main theorems of class field theory that we will
need later, first in the classical formulation, then using the more modern idelic language.

CLASSICAL THEORY IN TERMS OF IDEALS

The main results of class field theory in terms of ray class groups were conjectured by Weber and
Hilbert, and proved in 1920 by Takagi. Artin extended Takagi’s results in 1927 by describing the
isomorphism between the Galois group of the abelian extension and the corresponding quotient
of the ray class group. We refer to Janusz [[an9d], Childress [Chil9], or Milne [MiITTH] for
more details and proofs.

Let K be a global field. Let L/ K be a Galois extension of K and set G = Gal(L/K). Let
P be a non-archimedean place of K and let ) be a place of L above P. The decomposition
group Gg(L/K) of Q surjects onto Gal(Fq/Fp) with kernel the inertia group at P. Hence if
P is unramified there is a unique automorphism (@, L/K) in Gg(L/K), called the Frobenius
automorphism at (@, such that for every x € L, we have

(Q,L/K)(x) = 2NP) mod Q.

The Galois group G acts on the set of places of L above K as follows: if | - |g is the norm
associated to () and if o belongs to G, then o - () is the place such that

[2lo.q = o7 (2)lo

15
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for every x € L. This action is transitive, so every other place of L above P is of the form o - ()
for some o € Gal(L/K). In this case, it is easy to see that

(0-Q,L/K)=0(Q,L/K)o .

In particular, if L /K is abelian, as we will assume from now on, the Frobenius automorphism
depends only on P, so we will henceforth refer to it as the Frobenius automorphism at P and
denote it by (P, L/K).

If K is a number field, we say that a real place ramifies in an extension L/K if the real
embedding ¢ : K — R corresponding to the place can be extended to at least one complex
embedding of L.

Definition. A modulus m is an effective divisor over K if the field K is a global function field,
and an integral ideal if K is a number field. If K is a number field, we allow m to contain real
places in its support, in which case m must have valuation 1 at such places.

Let m be a modulus whose support contains all the (finite or infinite) places of K which
ramify in L, and let Divy, be the group of divisors of K prime to m. The map

\I/L/K : DiVm — Gal(L/K)

defined by
D= npP+— (D,L/K) = [[(P,L/K)"*

is called the Artin map. Let
Kni1={f€ K" :vp(f—1) > vp(m) for all P in the support of m}
be the group of functions ‘congruent to 1 modulo m’, and let
P ={div(f) : f € K1}
be the subgroup of Divy, generated by the elements of Ky, ;.

Definition. Let m be a modulus. A subgroup H of Divy, of finite index is called a congruence
subgroup modulo m if it contains Py 1.

Let L/K be a Galois extension of global fields, and let @ be a place of L above P. We
define a norm map on divisor groups

Nk : Div(L) — Div(K) (IL.1)
by extending linearly () — fp P, where fp is the inertia degree of P.

The following theorem is a generalization of reciprocity laws known since Euler, such as the
Quadratic Reciprocity Law, whence its name.
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Theorem 1.1 (Artin Reciprocity Law). Let L/ K be a finite abelian extension. Then there ex-
ists a modulus m, whose support S contains the set of places of K which are ramified in L, and
a unique congruence subgroup H., modulo m, such that the Artin map defines an isomorphism

U,k Dive(K)/Hy — Gal(L/K).

Furthermore, the group Hy, is of the form Pm1 - Np /¢ (Divy (L)), where m' is any modulus of
L whose support is the set of places above S.

A modulus m as in the theorem is called an admissible modulus for L/ K. It may not be
unique (whereas for a given m, the second part of the theorem implies that Hy, is), but there
exists an admissible modulus f7 5 for L /K, called the conductor of L/K, which is smaller
than the others in the sense that every defining modulus m for L/ K verifies 1, < m.

Let P be a place of K which is unramified in L and let ) be a place of L above P. The
Artin map at Ny, /5 (Q) verifies

(NL/x(Q),L/K) = (fpP,L/K) = (P,L/K)'*,

and this map is the identity since Gg(L/K) = Gal(Fq/Fp) has order fp. Hence we already
have that N /g (Divyy (L)) C ker(¥y k). So the proof of the Artin Reciprocity Law consists
in showing that there exists a modulus m such that Wy, z(Pm,1) = 1, and then that

[Divi(K) : Pu1 - N g (Divgy (L))] = [L : K].
One proceeds in two steps and proves each inequality separately:
[Divey(K) : Pu1 - Npyg (Divey (L))] > [L 2 K]
is called the First Inequality whereas the other one is called the Second Inequality.®

The following fundamental theorem is a kind of converse to the Artin Reciprocity Law and
constitutes the second main theorem of class field theory:

Theorem 1.2 (Existence theorem). Let m be a modulus over K. For every congruence sub-
group Hy modulo m there exists a unique abelian extension LK which is unramified outside
m and for which the Artin map provides an isomorphism

Divin/Hp 2 Gal(L/K).

Note also that f7,/x < m and that modulo a finite number of exceptions (namely the totally
split places PP which are in the support of m but not in the support of f7,/x), a place P is totally
split if and only if it belongs to H,.

'Historically, the Second Inequality is actually the first one which has been proved, but in the purely algebraic
setting of ideles and cohomology, one first proves that [Divy, (K) : N/ x (Dive (L))] > [L : K].
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Definition. The abelian extension L of K uniquely associated to the subgroup Hy, as in Theo-
rem LT is called the class field of Hy,.

Let m be a modulus and consider the ray class group modulo m, defined by
Picy = Divin /P 1-

There is a bijection between the set of congruence subgroups H modulo m and the set of sub-
groups H = H/ Pr,1 of Picy, hence it is straightforward to translate the main theorems of class
field theory in terms of subgroups of the ray class group, and in this case one does not need to
worry about the fact that the subgroup will contain some smaller subgroup or not, as in the case
of congruence subgroups. In this context, we summarize the two main theorems of class field
theory as follows. Set

N(Picm(L)) = (Pm1 - Ny /i (Divie (L)) /Pm,1-

Corollary 1.3. The Artin map induces a bijective correspondence L <> N(Picy, ) between the
set of finite abelian extensions of K of conductor less than m and the set of subgroups of finite
index of Picy,. Furthermore,

i) L1 - LQ <~ N(Picm(Ll)) D) N(Picm(Lg)),‘
ii) N(Picw(L1 - L2)) = N(Picw(L1)) N N(Picm(L2));
iii) N(Picwm(L1 N La)) = N(Picw(L1)) - N(Picw(L2)).

Let
Kn={f € K :vy(f) = 0forall P in the support of m},

and let
Um,l - UK N Km’l.

Theorem 1.4. The ray class group Picy, and the Picard group Pic are related by the following
exact sequence:
0= Uk/Un1i — Kn/Kn1 — Picm — Pic — 0. (11.2)

PROOF. See Milne [MAITIH, Theo. V.1.7]. O

Assume that K = I is a number field, and let m be a modulus over F'. The group Picy, is
finite, so by the Existence Theorem (Theorem 1) there exists a unique abelian extension Fi,
of F' which is unramified outside m and such that

Gal(Fin/F) = Picy(F).

The field I, is the maximal abelian extension of F’ with conductor smaller than m and is called
the ray class field of F modulo m.
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In this case, by Theorem II'T4, we see that the ray class group is a finite group of cardinality

h 1
hm = —————2"°N(m, (1 — ) , d1.3)
" Uk : Uni (mo) [ N(p)
plmo
where h = h(F') = #CI(F) is the class number of F, r( is the number of real places in m, and
mg is the modulus m without the infinite places.

Example 1.5. If m = (1), the field H = Fj is the maximal abelian extension of F' unramified at
finite and infinite places; it is called the Hilbert class field of F'. Thus, by the Artin isomorphism,
we have

Gal(H/F) = CI(F).

If m is the product of the (real) infinite primes of F', we obtain the maximal abelian extension
F of F' which is unramified everywhere except possibly at the real places of F'. The field Fi
is called the narrow Hilbert class field of F because its Galois group is isomorphic to the narrow
class group Cls (F') of F', which is defined by

Cloo(F) = {Ideals of F'}/{zxZF : (x) > 0 for every embedding ¢ : I — R}.
We denote by hoo(F) = #Cloo (F) the narrow class number of F.

Assume now that /I is a global function field, so K is the function field of a curve C'/F,
and consider a modulus m over K. In this case the ray class group Picy, is no longer finite, so
there is no canonical notion of ray class field as in the number field case. However K admits a
divisor Dy of degree 1 [BRTOY, Theo. V.5], so if we assume that m = ( we obtain an isomorphism

©p, : Pic(K) 5 7 x Pic’(K)
defined by [D] — (deg(D), [D — deg(D)Dy)), where
Pic’(K) = Pic(C) = Jac(C)(F,)

is the group of divisors of degree 0 of K. A subgroup H of finite index of Pic(K) is thus of
the form H = nZ x Hy for a subgroup Hy of Pic’(K). Let L be the abelian extension of K
corresponding to H. By definition of the Artin map and the Artin Reciprocity Law, a place P of
K splits in L if and only if P belongs to H, and in this case the residue field of any place ) of
L above P is I acx(r). Therefore the field of constants of L is a subfield of I acq(r), and more
generally an extension of [F, of degree dividing the greatest common divisor of all the degrees
of the places in H, which n. In particular, the constant field extension of K from F, to F» is an
abelian extension which is the class field of a subgroup H isomorphic to nZ x PicO(K ).

We now assume that K contains places of degree 1, thus we can take Dy equal to one of
these rational places. The image by ¢ p, of the subgroup H = ([Py]) generated by Fj is equal to
Z x {0}. The class field K p, corresponding to H is the largest abelian extension of K defined
over [F, which is unramified and in which F is totally split. We call Kp, the Py-Hilbert class
field of K. It has Galois group over K

Gal(Kp,/K) = Pic’(K) = Jac(C)(F,).
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This notion of Hilbert class field is not unique, because we have one Hilbert class field for every
rational place of K. Their Galois groups are all isomorphic but not necessarily equal, because if
P is another rational place of K such that [P;] # [Pp] in Pic(K), then the class fields K p, and
K p, will be different.

The preceding discussion can be extended to the case of a modulus m which is prime to Dj.

IDELIC THEORY

We now give the main results of class field theory in terms of ideles, since we will need them in
Chapter IV. They are essentially idelic versions of the main theorems of class field theory stated
above. We refer to Artin and Tate [BAT09], Milne [MiITTH], or Neukirch [Nend9] for the proofs.

Let K be a global field, and let Jx be the idele group of K. For a finite extension L/K and
aplace P of K, we define a local norm map

NLQ/ Kp
at every place () above P in the same way as [IL.T]. We define an adelic norm map
Npjk JIL— Ik

by taking the product over all the non-archimedean places P of K of all the local norm maps:

Nej =111 Neg/me-
P QIP

Let K be the maximal abelian extension of K inside K.

Theorem 1.6 (Reciprocity Law). There exists a homomorphism
oK T — Gal(K?/K)
with the following properties:
i) o (K*) =1;
ii) for every finite abelian extension L of K, ¢ defines an isomorphism
Or/i  Tic/(K* - Nyjie(Jp)) — Gal(L/K).

Furthermore, the group K> - Ny, i (J1) is open.

The Reciprocity Law admits the following converse.

Theorem 1.7 (Existence theorem). For every open subgroup U of finite index in Jx and con-
taining K>, there exists a unique abelian extension L of K such that U = K* - NL/K(jL).

Definition. The abelian extension L of K uniquely associated to the subgroup U as in Theo-
rem 177 is called the class field of U.
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As in the case of ray class fields, we can express the main theorems of class field theory in
terms of the idele class group, which is defined by

Cx = Jk/K*.
For an abelian extension L/ K, let
N(CL) = (N(Tp) - K¥)/K*

Corollary 1.8. The map ¢ induces a bijective correspondence L <> N(Cr) between the set of
finite abelian extensions of K and the set of open subgroups of finite index in Cx. Furthermore,

i) L1 g L2 < N(CLl) :_) N(CLQ),‘
i) N(Cp,.1,) = N(C,) "N(CL,);
iii) N(CL1 ﬂCLQ) = N(CLl) . N(CLQ).

2 Explicit cyclic extensions

In certain particular cases, class field theory can be made explicit, through Kummer and Artin-
Schreier-Witt theories, which we now present.

WITT VECTORS

Witt vectors were introduced by Witt in his 1936 paper [Mif3d]. Two basic references are
Serre [Ser79, Chap. II §6] and Lang [Cand, pp. 330-332], but we motivate the definition of
Witt vector following [Eis99] and [Kahl7].

In this section we fix a prime number p. Witt vectors appear naturally when one tries to put
a ring structure on [[;°, I, such that we have a ring isomorphism

Zp F,.

e
g

=0

The representation of a p-adic integer as a sum
0 .
=3 o
i=0

with z; in {0, 1,...,p — 1} does not satisfy this condition, so one needs something else.
For any element = € F 7, Hensel’s Lemma ensures the existence of an element 7(z) in Z,
called the Teichmiiller representative of x, such that

r(z)P7 =1.

If we furthermore set 7(0) = 0, then by Serre [Ker79, § I1.4] we obtain amap 7 : F, — Z,,
which is a section of the reduction map red : Z, — Z,/pZ, = F, (i.e. T ored = Idgz, and
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red o 7 = Idp, ), and which is multiplicative. Also, every p-adic integer can be uniquely written
as a sum

0 .
> Tl
i=0

with z; € F),.
So this gives a well defined bijective map

¢: [[Fp > Zy.
1=0

With coordinatewise addition and multiplication on the left side, this map is only a bijection.
So we want to define an addition law on the left such that the map ¢ is a morphism. For two
elements * = (zg,...,%p,...) and y = (Y0,...,Yn,...) in [[;27 F,, we must determine the
preimage s = (Sg,...,8n,...) of ¢(x) + ¢(y) in terms of = and y; s will then be “x + .
Equivalently, we must solve the system of equations ¢(s) = ¢(x) + ¢(y):

7(80) = 7(z0) + 7(y0) mod p

7(s0) + p7(s1) = 7(xo) + pr(z1) + 7(y0) + p7(y1) mod p?

Because 7 is a section of red, we have sy = zg + yg. For s1, note that

7(s0) = 7(z0) + 7(yo) mod p

implies that
7(50)P = (7(x0) + 7(yo))P mod p2.

Since 7P = 7, by definition of the Teichmiiller lift we obtain by multiplicativity

7(xh) + 7(yp) — (7(z0) + 7(10))”
p

7(s1) = 7(21) +7(y1) + mod p,

which implies

zh + yb — (zo + yo)?
b

s1=x1ty +

Solving the system for higher indices is much more difficult, but Witt noticed that we do not
need to compute all the s; explicitly. To see why, we first give names to the polynomials defining
the s;.
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Definition. Let (Xo, ..., Xj, ...) be a sequence of indeterminates. The Witt polynomials (relative
to p) are defined by the formulas

Wo = X

Wi = X¥ + pXi

n—1

n
Wn = szle = X(Z))n + e +ann

1=0

Theorem 2.1. Let (Yy, ..., Yy, ...) be another sequence of indeterminates. For every polynomial
& € Z[U, V|, there exists a unique sequence (g, ..., U, ...), where

Up, € Z[X(), vy Xy o3 Y0, o, Yo },

such that
Wo(%0, -y thn) = @(Wi(Xo, ..., Xpn), Wn (Yo, ..., Y2))

for everyn = 0.
PROOF. See Serre [SerZ9, Theo. I1.6]. O

Let So, ..., Sn, ... and Py, ..., Py, ... be the ¢y, ..., ¥y, ... associated by Theorem I to the
polynomials
U, V)=U+Vand®U,V)=U-V

respectively. Of course we recover

X0+ Yy — (Xo+ Yo)?

So(X,)Y)=Xo+Y and S1(X,)Y)=X;+ Y1 +
p

For the product, Py and P are given by
PO(X,Y) = X(]Yb and Pl(X, Y) = Xg}/l + Xl}/op +pX1Y1.

Now let R be any commutative ring. Let Z = (xq, ..., Zp,...) and § = (Yo, -+, Yn, -..) be
two Witt vectors with coefficients in R, that is & and 7/ are elements of the free product RY of R
indexed by the natural numbers.

Theorem 2.2. The following two composition laws endow RY with the structure of a commuta-
tive ring with zero (0, ..., 0, ...) and unity (1,0, ...,0, ...):

f—i_g: (SO(fv 37)3 7Sn(fa 37)7 )7
Z = (Po(Z, ) ooy Pa(Z, ), ).
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This ring is denoted W(R) and is called the ring of Witt vectors with coefficients in R. It is
not always integral, but in the case R = [F,, we obtain

W(F,) 2 Z,.
PROOF. By Theorem 1), the map W(R) — R defined by
= (20, Tp,...) = (Wo(D),..., Wy(d),...)

is a ring homomorphism, and it is an isomorphism if p is invertible in R, so for instance if
R = Z[p~!][(T;);] for any sequence of indeterminates 7;. By restriction the theorem is thus also
true for R = Z[(T;);], and by taking the quotient we see that is is again true for any ring R. O

It is useful in practice to work with the m first coordinates (x, ..., Z;,—1) only. Since by
construction the polynomials S; and P; are in Z[ X, ..., X;; Y0, ..., V5], the set of such m-tuples
forms a ring W,,,(R) called the ring of Witt vectors of length m. Note that Wy(R) = R, and
that W(R) is the inverse limit of the rings W, (R) with respect to the projection maps:

W(R) = lim W, (R).

Now let k be any field of characteristic p > 0. In this context and for later convenience, we

shift the numbering by 1, hence for instance we denote a Witt vector @ € W, (k) by
a=(ag,...,0um).
The vector & generates an algebraic extension k(&) of k by setting
k(d) = Ek(ai,...,am).

This construction is equivalent to that of the tower

b = k()
)

)

ky = ki(az)
y

ki = ko(aq)
3

ko = k

ARTIN-SCHREIER-WITT THEORY

From now on we drop the notation ~and simply denote a Witt vector by x = Z. Let k be a field,
and let £’ /k be a finite Galois extension with Galois group G. For any m > 1, we let G act on
W,,, (k') as follows: For every o € G and every z € W,,, (k) we set

ox =0(T1,...,Tm) = (0T1,...,0Tm).
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Note that the polynomials S, and P, defining addition and multiplication of Witt vectors have
integer coefficients, so if y € W,,,(k’) is another Witt vector,

o(x+y) =o0x+ oy and o(zy) = ox - oy.
The trace of a vector z € W, (k') is defined by the rule

Tr(z) = Z ox.

ceG

Note that Tr is a k-linear map.

The following very classical theorem is of fundamental importance:

Theorem 2.3 (Hilbert’s Theorem 90). Let k be a field of characteristic p > 0, and let k' / k be
a cyclic extension of degree n. Let G be the Galois group of k' [k, with generator o. For any
element 5 € W, (K), Te(B8) = 0 if and only if there exists an element o € W, (k") such that
b =o0ca—qa.

PROOF. If such an element « exists, its trace is obviously equal to 0. Conversely, assume that

Tr(8) = 0. The extension being separable, the trace map is not identically O (see for instance

Lang [Can2, Theo. VI.5.2]), so there exists an element § € W, (k') such that Tr(#) # 0. Set
1

o= gy B0+ B+ oB)07 4+ (B o+ + "R,

One easily checks that § = oca — a. O

We let o be the Artin-Schreier-Witt operator acting on o € W,,, (k) by
pla) =a? —a.

For (3 in W,, (k) the equation p(«) = [ is algebraic over k, so as above one can consider the
extension k(p~1(B)).

Theorem 2.4 (Main Theorem of Artin-Schreier-Witt theory). Let k be a field of character-
isticp > 0.

i) If k' is a cyclic extension of k of degree p™, there exists o € W, (k") such that k' = k(«),
where « satisfies the equation XP — X — a = 0 for some a € W, (k).

ii) Conversely, given a € W, (k), the polynomial f(X) = XP — X — a either has one root in
W (k), in which case all its roots are in W,,,(k), or generates a cyclic extension of degree p™
over k. This last case occurs exactly when a; ¢ p(k).

PROOF. Letk’/k be acyclic extension of degree p™ and Galois group G, and let o be a generator
of G. We have Tr(1) = 0 (it is just the sum of 1 with itself p"* times), so by Hilbert’s theorem 90
there exists & € W, (k") such that ca—a = 1, or in other words oo = a+1. So oo = a+i for
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every integer ¢ = 1,...,p"™ — 1. This means that o has p™ distinct conjugates, thus &’ = k(«)
because they both have degree p™ over k.
We note that

ol —a)=c(a)! —o(a)=(a+ 1)’ —(a+1)=a’ —a.

Hence o — « is fixed under o, so it is fixed under the powers of ¢ and therefore under G.
Therefore it lies in the fixed field k, so we have proved the first assertion of the theorem, with
a = aP — a. Conversely, let a € W,,, (k). If awis aroot of f(X) = p(X) — a, then o + 7 is also
arootfori =1,...,p™ — 1. Thus f(X) has p™ distinct roots, and it is separable. If one root
lies in W,,, (k), then all roots lie in W, (k).

So assume that no root lies in W,,, (k). It is clear that k(«) contains all the roots of f,
therefore k() is Galois over k. Let G = Gal(k’/k). There exists an automorphism o € G
such that oo = « + 1 (because « + 1 is also a root). The powers o' of o give o' = o + i for
1 =1,...,p" and are distinct, therefore the Galois group consists of these powers and is cyclic.

To conclude, note that if a; € p(k), then [k(a) : k] < p™~ 1, so one root (hence all roots)
must lie in W,,, (k). Conversely, if a1 ¢ (k) then « is a root of f(X) which does not belong to
W (k), so f(X) has p™ distinct roots and k(«)/k is cyclic of degree p™. O

Now we specialize our discussion to a global function field /& /F, of characteristic p > 0. We
are interested in the cyclic p-extensions of K. Let z € W,,,(K) be such that x ¢ o(W,,(K)),
and let y € W(K) be a solution of the equation p(y) = x. Consider the extension L = K (y);
it is cyclic of degree p™ over K. If P is a place of K which is unramified in L, for every
t=1,...,m we set

)\P,i = >\p7i(x) = —’Up(l‘i).

We define the Wirt symbol { %} in W, (IF,,) to be

{Iﬁ} =Trp, /g, (x + 29+ - +2 ¢ modP).

Schmid [Ech3d] exhibited a very explicit description of the arithmetic of the cyclic extension
L/K at a given place P in terms of this symbol and the Ap;, which we summarize in the
following theorem.

Theorem 2.5 (Schmid). Let P be a place of K.
i) Assume that \p; > 0 or (Ap;,p) = 1 for every i, and let
Mp = max{pm_i)\Ri 01 < ) < m}

We have
vp(fr k) = Mp + 1.
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ii) If P is unramified, the Frobenius automorphism (P, LK) acts on y as follows:

T

(PLKW =y+ {5}

Furthermore the symbol { 5 } is additive.

The following proposition ensures that one can always assume that the condition in Theo-
rem is verified.

Proposition 2.6. Let y € K. For every place P of K there exists an element up € K such that
either vp(y + uf, — up) is negative and coprime to p, or vp(y + ul, — up) > 0.

PROOEF. If vp(y) > 0 or vp(y) is coprime to p then up = O satisfies the conditions of the
proposition, so we henceforth assume that vp(y) < 0 and p | vp(y). Let § = (yn~*PW)(P) €
Fp, where Fp is the residue class field of K at P and 7 is a uniformizing element (that is,
vp(m) = 1). Since the p-power Frobenius is surjective, we can find a u € Fp such that u? = —y.
Now let u be a lift of @ in K. There exists a € K with vp(a) > vp(y) such that y 4+ uP7vPW) =
a. Then, since vp(y) < vp(y)/p < 0, we have

vp(y + (ur" P WP —urr W) > min{op(a), vp(y) /p} > vp(y)

(note that vp(u) = 0), and we can recurse. O

KUMMER THEORY

In the previous section we considered cyclic p-extensions, where p is the characteristic of K.
Now we are interested in cyclic n-extensions, for an integer n prime to p. The results in both
cases are quite similar, as the next theorem shows:

Theorem 2.7 (Main theorem of Kummer theory). Let k be a field, and n > 0 an integer not
divisible by the characteristic of k. Assume that k contains a primitive n-th root of 1.

i) If k' is a cyclic extension of k of degree n, there exists a € k' such that k' = k(«) and o
satisfies an equation X" — a = 0 for some a € k'.

ii) Conversely, let a € k and let o € k be a root of X™ — a. Then k(o) is cyclic over k, of
degree d for an integer d dividing n such that o is an element of k.

PROOF. The proof follows the same steps as in the main theorem of Artin-Schreier-Witt theory,
see Lang [Can?, Theo. V1.6.2] for details. O

The following theorem is an analogue of Theorem II2Z3.

Theorem 2.8. Let K be a global field of characteristic p > 0 containing a primitive n-th root
of unity, where n. > 0 is an integer such that p { n. Let L = K ({/«) for an element o € K, and
let P be a non-archimedean place of K.
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i) P splits completely in K if and only if « € (K})".
ii) P is unramified in K if and only if one can choose o such that it is a unit at P.

iii) Let (,, be a primitive n-th root of unity. If P is unramified, the Frobenius automorphism
(P,L/K) acts on {/a by
(P, L/K)(Va) = 7 Ve,
where np satisfies
NPT = ¢np mod P,

PROOF. We follow Artin and Tate [[ATO9, Theo. VI.4]. The fact that P splits totally means
that the completion of L at any place above P is Kp itself. Since the completion is equal to
Kp({/a), i) follows at once. We now prove ii). Let ) be a place of L above P. The fact that P
is unramified means that the valuation groups of Lg and K p must be the same. In Ly we can
write o = (al/ ™", s0 «v is a n-th power in L, and so its valuation at P is divisible by n, hence
vp(a) = nr for some r. If 7 is a uniformizer of K at P, then the element o(7~")" is a P-unit
and can be taken for a generator of L/K.

Conversely, assume that « is a P-unit; we have to show that L/K is unramified at P. The
element 3 = {/a is a solution of the equation f(X) = X" —a = 0, and f'(8) = np" lisa
P-unit. A classical local criterion then gives the result (see for instance Frohlich [Etaa3, p. 30]
or Stichtenoth [Sfid9, Cor. 3.5.11]). Finally, let () be a place of L above P. By definition of
(P, L/K), we have

V" = e /amod Q.
Note that Fp contains the n-th roots of 1, so N(P) = 1 mod n. Therefore, we obtain

QNP0 _ oINPT — ¢ne od P,

as required. ([

3 Computing abelian coverings

From now on, let K be a global function field defined over a finite field ;. Let m be a modulus
and let H be a congruence subgroup modulo m. In this section we explain how to compute the
class field L of H. The similar approach for number fields has been introduced by Fieker [EielT],
where one will find more algorithmic details, and for the computations of groups of units and
ray class groups, see Hess, Pauli, and Pohst [HPPO3].

REDUCTION TO THE CYCLIC CASE

First, we show how to reduce the problem to the case of a cyclic extension of prime power degree.
For this, we use the fundamental theorem of abelian groups to decompose H = Divy,/H as a
finite product of cyclic groups

— d,
:HHz

i=1
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M = K'(3/T5)

K(ga) U=IK'=K(@)  K(y)

Diagram II.1: Fields used implicitly in the discussion.

where each H; is of the form Divy,/H; for asubgroup H C H; C Divy, such that H, Z/E?“Z
for some prime number p; and some positive integer m;. For every 4, let L; be the class field
of H;, so Gal(L;/K) = H;, and let L’ be the composite field L1 Ls - - - Ly. By general Galois
theory, Gal(L'/K) is isomorphic to the subgroup of elements of [[%_, Gal(L;/K) which agree
on L1 N---NLg. The functoriality of the Artin map implies that the previous condition is always
satisfied, so

Gal(L'/K) = ﬁ Gal(L;/K).
=1

Thus Gal(L/K) and Gal(L'/K) are equal, and by the uniqueness property of the class field,
we conclude that L = Hf-lzl L;. Also, note that if we have equations for two abelian extensions
L1/K and Ly/K, then there are algorithms based on the theory of resultants to compute an
equation of L1 Lo/ K.

CYCLIC CASE: ¢ # p

Now suppose that H is cyclic of prime power degree n = ¢™ for a prime ¢ different from p and
an integer m > 1. As in the proof of the Existence Theorem, the idea consists of reducing to
the case when K contains the n-th roots of unity, and then to use explicit Kummer theory. So let
(n, be a primitive n-th root of unity, and let K = K((,). Let L’ = LK’. We will translate the
problem to the extension L’/K’. (Note that the extension K’/K is a constant field extension,
hence it is unramified.)

We will refer to Diagram [; the solid lines in the figure connect fields that are actually
constructed during the execution of the algorithm, while dotted lines connect fields that are only
implicitly used.

By Theorem X7, since L/K is cyclic of degree n, the field L' = L(¢,) = K'Lis a
Kummer extension of K’, and hence there exists a nonzero element o € K’ such that L' =
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Divey — M5 v/ K7y .
Ngr/k g/
Divy/H

Diagram I1.2: Definition of .

K'({/a). Now by Theorem [[.Z8 1), since L'/ K has to be unramified outside places in the
modulus m of L/ K, there exists a set S of places of K’, depending only on m and K’, such that
« can be chosen as an element of the S-units Ug, that is, as an element that has no poles outside
S; in particular, L'/ K’ is unramified outside S. Let m’ be an admissible modulus for L'/ K”,
and assume without loss of generality that m’ is supported on S. By the Dirichlet unit theorem,
we have

Us = (€1,...,€s)
for independent elements ¢; (1 < i < s — 1) and a torsion unit €5. Set M = K'({/Ug), so that

Gal(M/K') = (Z/nZ)*.

For any place P of K’ unramified in M /K’, the Frobenius (P, M/K') at P is defined by its
operation on the {/€;. Since M /K’ is unramified outside S, we see that we get a map

Divy — (Z/nZ)?
defined by P +— (n;), where n; satisfies
el[N(P)/M = (7 mod P.

(Theorem [LZ:81i1)). In summary, the Artin map from Divyy to (Z/nZ)® is explicit and can be
computed in K'!

To compute L’ we need to find divisors D € Divyy such that (D, M/K') fixes L'. By
the Existence Theorem, this is equivalent to D € H’', where H' is the congruence subgroup
modulo m” whose class field is L’. By standard properties of the Artin map, this reduces to
Ny k(D) € H. We use this as summarized in Diagram T2 to explicitly construct the map )
Computing (P, M/K") on the one side and N/ (P) + H € Divy,/H on the other, we collect
(small) places outside S until the full group Gal(M/K') can be generated. The field L’ is then
obtained as the field fixed by the kernel of ).

In order to find o we apply a similar idea (see Fieker [EZel, §4] for details): L'/ K is abelian
and the Galois group can be computed explicitly. Once the automorphisms of L'/ K are known,
we can easily establish again an explicit Artin map, now from Divy, to Gal(L'/K), and find the
subgroup fixing L as above. We note that the conductor of L’ can be larger than the conductor
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of L/ K, but since L' is obtained via a constant field extension, the ramified primes remain the
same, hence the map is well defined and surjective (but the kernel may not be a congruence
subgroup modulo m).

CYCLIC CASE: £ =p

Finally we turn to the case when L/K is cyclic of degree n = p™, for an integer m > 1.
By Theorem 24, we can assume that the cyclic extension of degree p™ of K is of the form
L = K(y) for some x € W,,,(K) and y € W,,(K) satisfying p(y) = z, and we now explain
how to compute z. It is clear that the extension does not change if one replaces = with = + p(2)

for some z in W,,,(K'), so we will look for z as an element of W,,,(K)/o(W,,(K)).

We first look at the case m = 1; hence we assume that L /K is a cyclic extension of de-
gree p. We also make use of the fact that the ramified places P in L/K (which appear in the
support of m) are exactly those for which there exists a up as in Proposition [I’Z6 such that
Ap = —vp(y +ul, — up) is positive and coprime to p; furthermore, the conductor 7, /K verifies
vp(fL/K) = Ap + 1 by Theorem [[.ZZ:51), so Ap does not depend on y. Thus, while Proposi-
tion XA helps us understand the ramification in L/ K, if we want to explicitly compute L we
need to find a Riemann-Roch space containing the generator x. With this in mind, we combine
Proposition [ZA with the strong approximation theorem to get a global result.

Lemma 3.1. Let y be an element of K. For every place P of K, let up and \p be as above. Let
S be the set of places P of K such that Ap > 0, and let

S"'={P € Plg : vp(y) < 0},

so that S C S'. Fix an arbitrary place Py ¢ S’, and let ng be a positive integer such that
D = noPy — Y pcg 2P is nonspecial. Then there exists an element u € K such that

e vp(y+uP —u)=—ApforP €S,
e vp(y+uP —u)>0for P ¢ SU{Py}, and

vp, (Y +uP —u) > —pny.

PROOF. By the strong approximation theorem and its proof [Sfi, Theo. 1.6.5], there exists an
element u in K such that vp(u —up) = 1 for P € S, vp(u) > 0 for P ¢ S" U {Py}, and
vp, (u) > —ng. We have

v=vp(y+ul —u) =vp(y+uh —up+ (u—up)’ + (up — u))
> min{vp(y + u}p — up),pvp(u — up),vp(up — u)},
which shows that v = —Ap if P € S,andv > 0if P € S’ \ S. In the same way,
v=uvp(y+up —up+ (u’ —u) — (p —up))
> min{vp(y +ulh —up),vp(uP — u),vp(ul —up)},

sov>0if P ¢ S"U{Py},and v > —png if P = Py (note that up = 0 when P ¢ S”). O
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Thus z = y + «P — w is an element of the Riemann-Roch space
L (pnOPO + Z)\pP) = {f € K :div(f) > —pnoPy — ZAPP} .
S S

We now return to our hypothesis that L /K is a cyclic extension of degree p™ for some
m > 1, with primitive element x. As above, let

)\p = —Up(x) = (—Up(wl), ey —Q}p(icm)).

By adding elements of the form ©(0,...,0,2,0,...,0) we can assume that there exist sets
S; C Supp(m), places Py ; not in \S;, and positive integers ng ; such that z; is in L(png ;P +
ZSZ' /\pﬂ‘P), where /\pﬂ‘ = —’Up(m'i) > (0 and ng(Apﬂ‘,p) =1for P € S;.
Setting
Mp = max{pm_i)\RZ- 11 <i<m},

we obtain vp(fy, / k) = Mp + 1 from Theorem [L.Z.51). Given that we already know a modulus
m such that §;, /- < m, we immediately get Ap; < (vp(m) — Dp=™. Ifm = > pnpP we set
D; = pnoi Py + Z(TLP —1)p'~"P.

S;

With this notation, we see that x; is an element of L(D;).
By induction, we assume that the x; have been computed for 1 < ¢ < m — 1 and explain
how to find x,,. Set

My, = K(p Yz, .. 2m1))
and D = D,,; as remarked above, we can identify x,, as an element of the F,-vector space
Lk (D) = Lk (D)/p(Lx(D)).

Let d be the dimension of this space over F,,. We compute an F,,-basis of L (D) and lift it to
a set of d elements { f1,..., fa} of Lk (D). Hence x,, is an element of the sub-vector space of
L (D) generated by the f;, and we have

d
Tm = Zazfz
i=1
for some unknown elements a; of I,,. Next, we set
M = K(p_l((xla <oy Tm—1, [’K(D)))) = Mm(p_l(oa R 707 ‘CK(D)))a
so that we have a tower K C M,, C L C M. Note that as in the Kummer case, neither M nor

M, is actually ever constructed. We will use the explicit action of the Frobenius automorphisms
on Witt vectors of length m, so we identify (x1,...,zmym—1) with (z1,...,2y-1,0) € W,,(K)
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and f; with (0,...,0, f;) € W,,(K). Let P be an unramified place of K’; by Theorem
the Frobenius automorphism (P, L/ K) acts on y via the formula

X

(PLKW =v+ {5}

We now compute Gal(M /M,,). We have canonical isomorphisms
d
Gal(M/My,) = [ Gal(Min (0, ..., 0,07 (f:)) /M) = (Z/pZ)",
i=1

and this is made explicit via the Frobenius: Every Gal(M,,(0,...,0, o 1(fi))/My,) is gener-
ated by the isomorphisms (Q, M, (0, ...,0, 0 1(fi))/M,,), where Q is a place of M,,. Be-
cause of the canonical isomorphism

Gal(Mm(O’ ) Oa p_l(fz))/Mm) = Gal(K(@_l(fz))/K)v

the generating isomorphisms are of the form

. , fi}
yl’_>y7/+{P )

where y; is a primitive element of K (p~!(f;))/K and P is the place of K below Q. Since the
symbol {-} is additive, we have

Gal( (o™ (1)/5) = ({5 1),

and so the isomorphism Gal(M /M,,) = (Z/pZ)? is made explicit via the map

s ({3 (%)

We lift the terms in {-} from W,,(F,) to Z,, and if we can find enough places P; such that the

Zy-vectors
e}z,

form a matrix of rank d over Z,, then we are done, because by class field theory every element
of Gal(M /M,,) is a Frobenius automorphism for some place ). The generator is now obtained
in exactly the same way as in the previous section for Kummer extensions, for which all that is
necessary is an explicit Artin map.

4 An algorithm to find curves with many points

We now turn to the explicit applications of the theory described in the preceding sections, and
we switch between the language of curves and function fields when necessary. Our aim here is
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to find curves of low genus (¢ < 50) defined over a small finite field (¢ < 100) such that the
number of rational points is the maximum possible; the current records can be found at mmww=
manypoints.org. So we will only be interested in the abelian extensions L of K defined
over the same finite field I, such that the number of rational places of the field L is greater than
or equal to the corresponding entry in the table? (as it was in June 2011). Furthermore, with the
aid of the theory of §IT3, we will be able to find the equations of such extensions.

Proposition 4.1. Let L/ K be a cyclic extension of prime degree { of function fields defined over
a finite field ¥ ;. The genus of L satisfies

1
gr=1+4{(gx — 1)+ 5(5 —1)degfr k-

PROOF. By the Riemann-Hurwitz genus formula, this comes down to showing that the degree
of the different Dy /- of L/K is (¢ — 1)degfr k. Let Q be a place of L and let P be the
place of K below (). The extension being Galois, the inertia degree of P relative to () is
independent of (), so we denote it fp. From the general relation deg ) = fp deg P, we note
thatdeg N /i (D) = deg Dy, - By the conductor-discriminant formula, Ny /i (D(Lk)) is
equal to (¢ — 1)fy, /K S0 by taking degrees we obtain the proposition. U

From Proposition T4, the genus of a cyclic extension of global function fields L/K of
prime degree is determined by its conductor f;, g, or even simply by deg(f;, /). On the other
hand, 1, identifies L as the unique field such that the Galois group of L/K is a quotient of
the ray class group modulo f7,/x by a certain subgroup of finite index. So, starting from a prime
number ¢ and a modulus m defined over a global function field K with field of constants I, one
can enumerate all the cyclic extensions L of K of degree ¢ and of conductor f,/x less than m
by computing all the subgroups of index ¢ of Pic,,,. We also know in advance that the genus of
these extensions will be less than

1
L+ 0(gr — 1)+ i(ﬁ— 1) degm.

Since / is a prime, all places which ramify have the same ramification type: Either they are
all wildly ramified, or they are all tamely ramified. The following proposition describes what
kind of m one should test for a given .

Proposition 4.2. Let L/K be an abelian extension of function fields. Let P be a place of K.
Then P is wildly ramified in L/K if and only if P appears in the conductor of L/K with
multiplicity greater than 2, that is,

P is wildly ramified if and only if §, /> 2P.

PROOF. From Milne [MAITT4, Corollary 7.59], we see that a place P is tamely ramified if and
only if the first ramification group in upper numbering is trivial, and from the local-global prop-
erty of the conductor, this amounts to saying that P’ has weight one in fz,.. So a place with
weight at least two must be wildly ramified. U

“Note that L will be defined over I, if at least one rational place of K splits totally in L, which will be the case
when we are looking for L with many rational places.
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We see that if £ is prime to the characteristic p of K, then m must be of the form

n

where m; > 2.

Because we want the greatest possible number of rational places for the field L, and because
of the formula
N(L)=10-#S+r

(where S is the set of rational places of K which split in L and r is the number of rational
places in the support of 1), it seems reasonable to start from a field K which itself has many
rational points compared to its genus. In this way, we will find curves with many points and their
equations recursively: We start from the projective line or a maximal elliptic curve, compute
all of its ‘best’ coverings reaching or improving a lower bound in fww.manypoints.ord,
start the process again on these coverings, and so on. We summarize the process in Algorithm [
below. Note that a reasonable restriction, especially when the size of the constant field increases,
could be to take only conductors with places of degree 1 in their support.

Algorithm 1 (Good abelian coverings)

Input: A function field K/F,, a prime /, an integer G.
Output: The equations of all cyclic extensions of K of degree ¢ and genus less than G whose
number of [F,-rational points improves the current records.
1. Compute all the moduli of degree less than B = (2G — 2 — ¢(2g(K) — 2))/(¢ — 1) using

Proposition 47,
2. for each such modulus m do

3. Compute the ray class group Pic,, modulo m.
4. Compute the set S of subgroups of Picy, of index ¢ and conductor m.
5. forevery sin .S do
6. Compute the genus g and the number of rational places n of the class field L of s.
7. if n is greater or equal to the known record for a genus g curve defined over I, then
8. Update n as the new lower bound on N, (g).
9. Compute and output the equation of L.
10. end if
11.  end for
12. end for

The complexity of the algorithm is linear in the number of fields (or pairs of divisors and
subgroups) we need to consider. The total number of divisors of degree bounded by B is roughly
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O(gP) since this is the estimate for the number of irreducible polynomials of degree bounded
by B. The number of subgroups to consider depends on the structure of the ray class group. For
tamely ramified extensions, the group is the extension of the divisor class group by the product
of the multiplicative groups of the divisors (modulo constants), so the number of cyclic factors
depends on the number of places such that £ | ¢%°8® — 1. For wild extensions, the number of
ramified places provides the same information. In the wild case, the number is bounded by B/2,
so the total number of fields to investigate is roughly O(q? - qB/ 2). For each pair we have to
compute the genus and the number of rational places. The computation of the genus can be seen
to run in time quartic in the number of (potentially) ramified places, since for each place we need
to check if it divides the conductor. This test is done by some Z-HNF computation of a matrix
whose dimension depends again on the total number of places. The computation of the number
of rational places requires the computation of discrete logarithms in the divisor class group for
every rational place of the base field. Assuming a small degree, this depends linearly on the
number of ramified places.

In summary, the total complexity is essentially exponential in the genus bound, and is thus
limited in scope.

Remark 4.3. It is possible to extend the algorithm to coverings of nonprime degrees, to in-
clude Artin-Schreier-Witt extensions for example, and this is what we have implemented in
Magma. The genus and the conductor can then be computed using techniques of Hess, Pauli,
and Pohst [HPPO3]. Note however that the computations then are much longer. This is the
reason why we presented the algorithm only for cyclic extensions of prime degree: Since their
arithmetic is simpler, the algorithm works best for them and can thus be used more efficiently
over finite fields of size greater than 2 or 3.

5 Results

In this section we present the explicit results we obtained by implementing our algorithm. All
of our computations were carried out in Magma [BCPY1], using a class field theory library
implemented by Claus Fieker.

We restrict our attention here to the case where the base field is Fs.

In Table I we give the equations for the base curves to which we applied our algo-
rithm. The curves D, have genus g and are maximal; the curves D’g have genus ¢ and satisfy
#D;(Fg) = N4(g) — 1. Note that Rigato [RigI0] has shown that the maximal curves of genus
1,2, 3,4, and 5 over [Fy are unique.

Table T2 presents data on the curves we constructed that improved the previous records for
the number of points on a curve of genus g over Fy. The first two columns in the table give the
genus g and the number of rational points N on the abelian coverings we construct. The third
column gives the Oesterlé bound on the number of rational points of a g curve of genus g defined
over [F9; in the cases we consider this is the best upper bound known. The fourth column gives
the name (from Table [) of the base curve used in the construction. The fifth column gives the
conductor of the covering; a summand of the form n; P; means that there is a place of degree @
occurring in the conductor with weight n;. The final four columns give the Galois group G of
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Name f

Dy y+y+ad+u

Dy P+ @+r+ly+ad+a2t+a3+a

Dy P+ (@3 +)y+a®+a

Dy Y+ (z+1)y?+ @ +o)y+a’+ 23

Ds 4+ @+ + @2+ o)y +a” + a8+ 2 42t

Ds  y'+ (25 + a5+ + )2+ (27 + 20 + 25 + 22)y + 2! + 210 4 28 4 22

D oyt 4+ (27 + 25 4ot a? + Dy + (28 + 28 + 25 + 2y + 210 + 8 + b 4 21

D) yHay+ai+a

b v ty+tto

Dy oyt (@t o+ )y’ + (2 )y +af 4 ad

D, yt+ay?+(z+ 1)y +a°+ a2t + 23 + 22

DLyt 4+ (23 + 1)y + (2t + 2Py + 2% + 2P

Dy i+ @ +r+1)y?+ (@3 +a)y+a+ a8+ a5+ 2t

vy (2T Dyt

Table II.1: Equations f = 0 for the base curves over [ used in our calculations. The curves D,
have genus g and are maximal; the curves Dy, have genus g and satisfy # Dj (F2) = Na(g) — 1.

the covering, the number #5 of totally split places, the number #7" of totally ramified places,
and the number #R of partially ramified places. In some cases we obtained the same values
of g and N by applying our algorithm to different base curves; in these cases, we only make
one entry in our table, corresponding to the construction using the base curve with the smallest
genus. Finally, we mention that the average bound on the degree of the possible conductors we
have tested was 14.

For each row of Table 2, let C, denote the covering curve of genus g corresponding to
that row. We present explicit equations for each C,; below; these are equations for the Cj; as
coverings of their base curves, so the equations for the base curves (given in Table [TT) are left
unstated here. We have attempted to present the equations so that the structure of each cover as
a tower of Artin-Schreier covers is clear.

Cia: {

Ci7:

0= (" +23+1)(2* +2)
+3 + @+ )+ @+ 2+ Dy + (@8 + 28+ 28 4 2

0=22+2%
+z(z+ 1)@+ 22+ D)y + 22+ 1)@ + B2+ 22 2+ 1)
0=w?+aw+az(z+1)(2®+z+ Dy +23(z+1)
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Oesterlé Base Galois
g N Dbound curve Conductor f group G #S #T #R
14 16 16 Dy 2P; 7]27 16 0 0
17 18 18 Do 4P + 6P, 722 ®Z/2Z 16 2 0
24 23 23 D), 2P +4P,+2P, Z/2Z9ZJ/2Z 20 1 2
29 26 27 Dy 4P + 8P, 7272 ®L)27 24 2 0
41 34 35 Dj 4P + 4P, Z]2L L)AL 32 2 0
45 34 37 Do 4P + 8P 7)27 ®L]AZ 32 2 0
46 35 38 Ds 3P, +8P; L2 L/AZ 32 1 2

Table 11.2: New results over F. For each genus ¢ in the leftmost column, we give the largest
number N for which we have constructed a genus-g curve over o having N rational points.
The meaning of the other columns is explained in the text.

024:

041 .

0=224+2%x+1)z
+ @+ 22+ 1) + 23+ D)2 + 22 (2 + 22 + 1)y
+a(z+1)(@" + 2% + 2P+ 224 1)

0 = w? + 2%w
ta@+ D+ 2@+ )2 4+ 2% (e D)2y 2@+ D) (% + 2+ 1)

0=22+2%(x+ 1%
+(z+ 1) (2% +2° + 2t + 23 + 1)y
+zz+ 13+t + 23+ 22+ D+ (e + D2+ 22+ 1)y
+ai(z+1)>3 @ +at 2P +2? + 1)
0=w?+2*z+1)°w
4+ (z+ 1) (2% + 2% + 2% + 2t + 1)y3
+a(x+ 132 + 2% + 2% + 25 2t + 22 +1)y?
+(x+1)2@ + 2+ a3+ 22+ 1)y
+ 23z + 1> + 27 + 28+ 25 + 2% + 2t + 23+ 22 4 1)

0=22+[2%2* +x + 1)y + 2" (2* + 2° + 2% + 2 + 1)y?
+ab(z+ 1)@ + e+ Dy + 20z + 1)z
a4+ 1) (@B + 22 2 2 42t 1)
+ 2z + 13T 4 2t 22t 4 2® 2 1)y
a4+ 1@ 42 M Bt 4?4 )y
+ 2%z + )T+ 210+ 212 p 2t 428 4 2% 4 1)

0=0v>+z"v+az2

0 = w? + 2%w + zy* + 22y
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0=22+(z+1)*(ay+ 1)z

+ 2@+t ¥ e+ Dy + 2@ b at 2t 2 1)
0=v+@+Dw+z@+Dz+a (@t +2+1)
O0=w?+(z+1D*w+ (x+1)®+22+2)y+ (x + 1)(a® + 2° + 2

C45:

0=224+[z+ 1)+ @@ +2> + D)y + @ +2° + 2> + 2+ 1)]2

+ @+ 1)@+ a8+ 28 24+ D)y + (2 + D)% + 22+ 1)y
Cus: + 27z + 122" + 25 + 2t + 23 1)
O=v’+v+z@+Dz+25xz+1)
0=w?+w+ay? + 22> +22+1)y

Remark 5.1. After the article [DET3] was written, a preprint now published of Karl Rokaeus
appeared in which he undertakes similar computations over the finite fields of size 2, 3, 4, and 5
[RKSKT3]. Over [y he recovers our genus-17 record, and he improves our genus-45 bound to 36
points. (He obtains the record-setting genus-45 curve as an abelian cover of a genus-2 curve D
with #D(F2) = N2(2) — 2.) In private communication, Rokaeus indicated that he also found a
genus-46 curve over [y with 36 points.

Remark 5.2. As mentioned above, we have restricted our search to curves over the field Fs.
However, our code works over other fields as well, and while we were testing it we found a
curve of genus 11 over 3 with 21 rational points (the Oesterlé bound in this case is 22). This
curve is a cover of degree 2 of the maximal curve of genus 4 defined by

C:yt—y?+a8 +a2t+2%2=0.
With notation as above, the conductor of the cover is of the form P, + P; + P; + Ps, and we
have #5 = 9, #R = 3, and #T = 0. The resulting cover C’ is given by the equation
=@t -1 (yrat ) P (—xF)y+ad -2t -2+ 1)
_((x7+x6+$5_x3_1)y3+(_$8+x6+x5_x4_$3_x)y2
(=2t — 2% —a® a2’ pat a2’ 22 1)y

—x12—x9—x8+x6+x4+x).



I11

QUATERNION ALGEBRAS

In this chapter we gather the information on quaternion algebras we will need in our study of
Shimura curves in the next chapter. Almost all we are going to say, together with proofs, can be
found in Vignéras [[Vig8(]. See also the forthcoming book of Voight [Mad], or Sijsling [B1110]
for a summary.

1 Quaternion algebras over a field

Definition. An algebra B over aring R is aring with a structure of R-module and an embedding
of R in the center of B such that we can identify R with its image in B. The algebra B is simple
if the only two-sided ideals of B are B and {0}, and B is central if R is the center of B. A
quaternion algebra B over a field F' is a central simple algebra of dimension 4 over F'.

A quaternion algebra comes naturally equipped with an F-endomorphism x — & which is
an involution, and two maps nrd, trd : B — B defined by

nrd : x — T

and
trd: x — z + T,

which are called the reduced norm and reduced trace respectively. The reduced norm induces
a group homomorphism B* — F'*, and the reduced trace is an F-linear map inducing a non-
degenerate pairing (z,y) — trd(xy) on B. The Skolem-Noether theorem implies that every
F-automorphism of B is an inner automorphism.

One verifies easily for all z € B that

2?2 — trd(z)z 4+ nrd(z) = 0,

so any = ¢ I generates a commutative algebra F'[z] of dimension 2 over F' for which the
involution and identity maps are the only F'-automorphisms.

The invertible elements of B are exactly those of nonzero norm, since zz = nrd(z) implies
x7! = 7 - nrd(x)~! when nrd(z) # 0. Also, the group of commutators of B* is exactly the

subgroup B! of elements of B* of reduced norm 1.

Example 1.1. In some cases we have a very explicit description of B:

40
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a) If B is not a division algebra, then B is isomorphic to the matrix algebra Ma(F). In this case

the involution is
a b N d -—c
c d b a ]/’

so nrd and trd are the usual determinant and trace on Ma(F"). The group of invertible elements
of My (F') is GLa(F'), and the group of commutators is SLa(F').

b) When char(k) # 2, there exist a,b € F such that B is isomorphic to the quaternion algebra

(alj—,b), with basis {1,1, j,4j} satisfying

i’=a, j2=0, ji = —ij.
The involution on (%b) is defined by
r+yi+zj+wij —x—yi— 2 —wij,
sonrd(z + yi + zj + wij) = 2% — ay® — bz® + abw? and trd(z + yi + zj + wij) = 2z. In

particular, if e = b = —1 and F' = R, we obtain the algebra H of Hamilton quaternions, which
up to R-isomorphism is the unique division algebra of finite dimension over R.

Note that for any field injection F' C K, there is an isomorphism

a,b a,b
! K= ’ .
(F)®F (K)

We call a field extension K/ F a splitting field for B, and say that B is split by K, if

The separable closure F'® of F'is a splitting field of B, so in particular when F' is separably
closed (e.g. when F' = C), then B = My (F).

Definition. Assume that char(F) # 2, and let a,b € F*. The Hilbert symbol of a and b,
denoted by (a, b) r, is defined to be 1 if ax? + by? — 22 = 0 has a nontrivial solution (x,y, z) €
P2(F), and —1 otherwise.

In general, if char(F) # 2 and B = (aﬁb), then B is a matrix algebra if and only if
(a,b)Fp = 1.
IDEALS AND ORDERS

We now assume that I’ is either a number field or a nonarchimedean local field, and let Z be
the ring of integers of F'.

Definition. A lattice of B is a finitely generated Z r-submodule of B. A full lattice I of B is a
lattice such that I ®z, F' = B.
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An element b € B is integral over Zp if Zp|[b] is a lattice, which is the case if and only
if nrd(b) and trd(b) belong to Zp. A ring R is integral over Zp if all the elements of R are
integral over Z . The set of integral elements of B does not form a ring, so there is no canonical
notion of a ‘ring of integers’.

Definition. An order O of B is a full lattice which is also a ring.

In particular O is integral over Zr and satisfies O ® F' = B. Every order is contained
in some maximal order (for the inclusion), and we call the intersection of two (not necessarily
distinct) maximal orders of B an Eichler order. In particular, every maximal order is an Eichler
order.

The left order of a full lattice [ is the set
Oy(I)=1{be B:bl C I},

and one can define the right order O,(I) similarly. If O is an order, a full lattice I is called a
left O-ideal (respectively a right O-ideal) if Oy(I) = O (respectively O, (1) = O).

A left or right O-ideal [ is called integral it I C O, two-sided if it is both a left and right
O-ideal, and principal if there exists an element b € B such that [ = Ob = bO. We set

IV ={be B:bIbC I},

and say that [ is invertible if
It=rt‘r=o0.

We define the reduced norm nrd(I) of an ideal I to be the Zr-ideal of B generated by the
reduced norm of the elements of I. In particular, the reduced norm of an integral O-ideal is an
integral Zp-ideal. Note that an element = of O is a unit in O* if and only if nrd(z) is a unit in
Ly, so

nrd H(ZF) N O = 0%,

Two right O-ideals I and I’ are left-equivalent if there exists x € B> such that I = zI’.

The left classes of an order O are the classes Picy(O) of invertible right O-ideals which are

left-equivalent, and we can define similarly the right classes Pic,(O) of ©. The map [ — [~1
induces a bijection between Picy(O) and Pic, (O), so since the quantity

h(0) = #Picy(O) = #Pic,(O)
is finite, we call 2 (O) the class number of O.

The different D(O) of an order O is the integral two-sided O-ideal defined to be the inverse
of the two-sided O-ideal
C={x € B:trd(z0) C Zp}.

The (integral) ideal 9(O) = nrd(D) is called the reduced discriminant of O. An inclusion of
orders O C O’ implies an inclusion of discriminants ?(Q) C 2(O’), with equality if and only if
0=0.
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Example 1.2. The order My(ZF) in Ma(F') is maximal because it has discriminant Zp.

Let K be a quadratic extension of F' and R a Zp-order in K. Amap f : K — B is an
embedding if f is a morphism of F'-algebras, and f is optimal relative to R and O if

F(K)NO = (R).

Note that f is determined by its restriction to R, so one also speaks of optimal embedding of R
into O. Denote by m(R, O) the number of classes of optimal embeddings f : R — O under the
equivalence relation: f is equivalent to K : R — O if and only if there exists z € O such that

fly) =271 f(y)x forally € R.

2 Quaternion algebras over local fields

The arithmetic of quaternion algebras over local fields is simpler than for general fields. For
instance, if F' # C, then up to F-isomorphism there is only one division quaternion algebra
over F' (e.g. the Hamilton quaternions in the case F' = R). Let B, be a quaternion algebra over
a non-archimedean local field F},, and let Z ., be the ring of integers of F},, with uniformizer 7.
We have nrd(BpX) = F;°, but in general the arithmetic of By, is very different depending on
whether By, is a matrix or division algebra. We begin with this latter case.

Bp IS A DIVISION ALGEBRA

Let By be a division algebra over F},. A finite separable extension K, /F, splits By if and only
if the degree [K), : F}] is even. In particular a separable quadratic extension K, of F}, splits By,
and furthermore K, then embeds in Bj,.

Let vy : Fy — Z U {oo} be a discrete valuation of Fy, normalized so that vy (F,*) = Z. The
map
vp, =vponrd: By = Z U {oco}

is a discrete valuation of By,. The set
Op, = {x € By : vp(z) > 0}

is the unique maximal order of By, with unique maximal two-sided Op, -ideal
P ={x € B, :vp,(z) >0}

such that P2 = mpOp, = Op,m. For this reason, we say that By is ramified. Left or right
@) B,-1deals are in fact two-sided and of the form P" for some n € Z. The discriminant of Op,
is

d(Op,) = nrd(P) = mpZpy.
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By, 1S THE MATRIX ALGEBRA My (F})

Suppose B, = Mj(F}). Then every maximal order of B, is conjugate to Ma(ZFpy). The
unique prime My (Zp)-ideal P of By is myMa(Zpy), so the two-sided My (Zp)-ideals of B,
are generated by P. In contrast with the case when B, is a division algebra, we say that By, is
split or unramified. This also explains the terminology of splitting field K, for B, as a field such
that By, ®p, Ky is split.

Theorem 2.1. The right integral My (Zr,)-ideals of By are the distinct ideals

T M, (Z M, (Z
0 2(Zryp) C Ma(Zry),

where { and m are non-negative integers and r runs through a system of representatives of
LTy L.

From Theorem T2, we see that the number of right (or left) My (Zp)-ideals of B, of
reduced norm WgZ Fp for d > 0 is equal to 37 N(m,)?, where N(,) is the cardinality of

Fy, = Zpyp/mpZFy. This formula will be useful later when we compute the degree of Hecke
operators, see [IV.9].

Recall that an Eichler order O, is the intersection of two maximal ideals. In fact, there exists
a unique integer N > 0 such that an Eichler order O, is conjugate in B, to

b
Oo(ﬂ'év) = {(Z d) € MQ(ZRP) icE WéVZRp} .

Proposition 2.2. The normalizer of Oy(w,") in By = GLa(F) is

p

et (o (& 7))

3 Quaternion algebras over number fields

We now assume that I is a number field. We denote a place of F' by v, or p if it corresponds to
a non-archimedean prime of Z .

We say that a place v of F' is ramified in B if B, = B ® F,, is ramified. If B, = My(F,),

we say that B is split or unramified at v. Therefore B = (an> is ramified at v if and only if the

Hilbert symbol (a, b), = (a,b), at v is equal to —1.

The following theorem is fundamental and classifies quaternion algebras over a global field,
see Vignéras [[Vig8Q, § II1.3] for a proof.
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Theorem 3.1 (Classification theorem). The number of ramified places of B is finite and of
even cardinality. Conversely, for any finite set S of places of I such that #5S is even, there exists
a quaternion algebra B over F' such that S is exactly the set of places of F' which ramify in
B. Two quaternion algebras B and B’ are isomorphic if and only they are ramified at the same
places.

As a consequence of this result, we obtain the product formula

H(a,b)v =1

v

for the Hilbert symbol.

Definition. We call the product ©(B) of the finite primes of F' which ramify in B the discrim-
inant of B.

A consequence of Theorem T3 is that B is split if and only if B, is split for all places of
F' (finite and infinite). The first of the following local-global theorems is a generalization of this
result.

Theorem 3.2.

i) HASSE-MINKOWSKI THEOREM
A quadratic form has a zero over F' if and only if it has a zero over F, for all places v of F.

ii) NORM THEOREM IN QUADRATIC EXTENSIONS

Let K/F be a quadratic extension of number fields. An element of F* belongs to the norm
group Ny, p(K) if and only if it belongs to the local norm groups N /r, (Ky) for every place
v of I and every extension w of v from F to K.

iii) CHARACTERIZATION OF SPLITTING FIELDS
A finite extension of fields K/ F splits B if and only if K., splits B,, for every place v of F' and
every extension w of v from F to K.

iv) CHARACTERIZATION OF QUADRATIC SUB-EXTENSIONS
A quadratic extension K of F' can be embedded in B if and only if K, is a field for every place
v which ramifies in B.

PROOF. See Vignéras [[Vig3Q, § II1.3]. U

Let F(t) be the subgroup of F'* of elements that are positive at every real place of F'
ramified in B. Eichler proved the following result.

Theorem 3.3 (Eichler norm theorem). We have
nrd(B*) = F).

PROOF. See Vignéras [[Vig8Q, Théo. 111.4.1]. (]
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STRONG APPROXIMATION THEOREM

We now consider adelizations of our objects. We have that F' and F'* have discrete images in B
and B* respectively, and that there is a product formula [], |z|, = 1 forx € F*.

For every prime p of I, one can extend the reduced norm to get a local map nrdy, : By, — Fj,.
This map is continuous by definition, and taking the product of the local norm maps gives rise
to an adelic reduced norm map nrd : B — F' which is thus also continuous. Let

B' = {be BX :nrd(b) = 1}.

Definition. We say that B satisfies the Eichler condition if the set of archimedean places of B
contains at least one unramified place.

Theorem 3.4 (Strong approximation theorem). If B satisfies the Eichler condition, then B"
is dense in B'.

PROOF. See Vignéras [[Vig8Q, Théo. 111.4.3] or Voight [Mad, Theo. 2.11]. O

Eichler used Theorem 34 to prove the following result.

Corollary 3.5 (Eichler). Assume that B satisfies the Eichler condition. Then if O is an Eichler
order, a left O-ideal is principal if and only if its reduced norm is a principal ideal.

As can be seen from Theorem T34, the arithmetic of B is greatly influenced by the fact
that B satisfies the Eichler condition or not. When F' is totally real, we distinguish the two
situations and say that B is indefinite if B satisfies the Eichler condition and definite otherwise.
If all the archimedean places of F' are unramified in B, we say that B is totally indefinite.

LOCAL-GLOBAL DICTIONARY

The map R
I—1=]]1
P

induces a bijection from the set of Zg-lattices in B to the set of 7 F-lattices in B, with inverse
I~ InB. By restriction, it also induces a bijection between the set of ideals (respectively,
orders) of B and the set of ideals (respectively, orders) of B. If I and J are two lattices (for
instance ideals or orders) such that I C J, then there is a group isomorphism [/J = I / J.

Many global properties of lattices can be checked locally thanks to this bijection. For in-
stance, being a maximal or an Eichler order, or an integral or two-sided ideal, are all local
properties. Also, the completion at a prime p of the left (or right) order of an ideal I is the left
(or right) order of I;,, and the same is true for the norm of an ideal or the reduced discriminant of
an order. In particular, an order of B is maximal if and only if its reduced discriminant is equal

to D(B).
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The level of an Eichler order O is the integral ideal 9 = ], p™Ve, where Ny is the level of the
local Eichler order O, at p. We sometimes use the notation Oy (91) for an Eichler order, to make

the level explicit. The level 91 of O is prime to the discriminant © of B, and O has discriminant
N

Remark 3.6. If we take B = M>(Q) and 91 = NZ for a positive integer N, then the classical

congruence subgroup

To(N) = {(Z Z) €SLy(Z): ce NZ} cB
is an Eichler order of level V.

The use of adeles allows us to obtain a nice description of several objects.
Proposition 3.7.

i) The right locally principal O-ideals are in bijection with the set B* / O%: 10 the idele (xp)p
one associates the O-ideal I such that I, = 2,0j.

ii) The set of locally principal two-sided O-ideals are thus in bijection with N gx (@X)/@X,
and Pic, (O) is in bijection with B*\B* /O*.

The number of left (or right) classes of an order O is finite, and thus so is the number of
two-sided classes, because it is bounded by the former quantity. When O is an Eichler order, we
can be more precise if we assume that the Eichler condition is satisfied, as in the next section.

B SATISFIES THE EICHLER CONDITION

From now on we assume that B satisfies the Eichler condition. Let O be an Eichler order and
consider the subgroup O* of B*; it is compact and open [Sij10, p. 25]. The reduced norm is
open, thus in particular nrd(O*) is open in F'*. Let

Zpyy=ZpNFM.
As in Vignéras [[Vig8Q, Prop. I11.5.8], we have
nrd(0*) = nrd(O* N BX) = nrd(O*) N Zp,(+)-
The local description of O of § A shows that
nrd(0X) = 75,

hence

nrd(0%) = med(O*) N Zg () = Lp N L1y = L (I1L.1)

()
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CLASS GROUPS

By Proposition [II:3-711), we have a group isomorphism

Pic,(0) = BX\B*/O*.
Let

Ft ={x € F:(x) > 0forevery real place ¢ : F' — R}
be the group of totally positive elements of F. We define Zp+ = Zp N F, and
Bt ={r € B:nrd(x) € F'}.

The following group will naturally appear in the next chapter

Pict(0) = BY\B*/O*.
Let now

CIH(F) = {Ideals of F}/{2Zp : & € FD)}

be the restricted class group of F', and let

W (F) = #C1H(F)

be the restricted class number of F, relative to B. Let C1*(F') be the narrow class group of F'.
We have an isomorphism

FH\F* )75 =5 Cloo(F)
As a consequence of the strong approximation theorem, we have the following theorem.
Theorem 3.8. The reduced norm map induces bijections of finite sets
nrd : Pic,(0) 5 C1F)(F)
and
nrd : Pic (0) 5 Cly(F).
PROOF. See Vignéras [[Vig8Q, p. 89]. U

Corollary 3.9. The class number h(O) of O is equal to h(t) (F).

EMBEDDING NUMBERS

A quadratic order R is a finitely generated Zp-module which is also a ring whose field of
fractions is a quadratic extension K of F'. Let R be a quadratic order in B and let h(R) be the
class number of R. The number of optimal embeddings of R in an Eichler order O of given
level 91 is independent of O and equal to the product

h(R)

m(R,0) = h(T(F) I;IW(RP’ Op)
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(see Vignéras [[Vig80, Prop. I111.5.16]).

Let my(R,O) = m(Ry, Op). We can give explicit formulas for the local embedding num-
bers my, (R, O), but we first need to look at the arithmetic of quadratic orders. Let §r be the
conductor of R in Z, that is

Sr={r €Zk :2Zk C R}.

We set fr = §r N ZF and by abuse of terminology we also call fx the conductor of R.
The relative discriminant 0 of R over Zr is by definition the ideal of Z generated by the
discriminants of all z € R. By [EhiI{, pp. 213-214], we have the relation

Or = fR0K/F. (I1.2)

Also note that an inclusion of orders R C R’ implies the divisibility condition f(R’) | f(R) on
their conductors.

Proposition 3.10. We can write
R=7Zr+3%r=2F +frZkK.

PROOF. This result is local in nature, so we assume that F' is a nonarchimedean local field
and let Zr be its ring of integers. The ring Zp is principal, so by the corollary to Theorem 1
in [Sam70, §2.7], the Zp-module Zg is free of rank 2. Therefore we see that Zx = Zp|a] =
Zp+Zpaforanelement « € Zg. Itisimmediate that fp = {x € Zp : xa € R}. Ifa+ba € R
with a and bin Zp, then b € fg, so we can write R = Zp + fra = Zp + falp = Zr + fZk,
where f € Zp is such that fr = fZF. O

From Proposition 310, a quadratic order R is uniquely determined by §r, and conversely, for
every ideal a of Zp, the ring Zr + aZg is an order in K of conductor aZy . We denote it .

We define the Artin symbol (%) at a place p of F' by

% —1 ifpisinertin K,
() =0 ifpis ramified in K,
1 if p is split in K.

Theorem 3.11. Let y be an integral element of B \ F with minimal polynomial P(X) = X2 —
tX +n € Zp[X] over F. Let Ry be the order Zr|y| C B, with conductor fg,, and let K C B
be the fraction field of Ry. Let R C K be another Zp-order of K containing Ry, with conductor
fr. For a prime q of F, the number mq(R, O) takes the following values:

a) If g1 DN, then mq(R,0) = 1.

0, ifq|va

1-— (—) , otherwise.

b) Ifq| D, then mq(R,O) = {
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c) Let e = vq(M), and let p = v4(fr,) — vq(fr). For every integer s > 0, define the set
E(s) = {x € Zp,/(m)* T : P(z) = 0 mod (my)*"%, 22 = t mod (my)"}.
Then
ma(R, 0) = #E(e), i #ez?orvq(t2—4n) =2p
#E(e) + #Im (E(e + 1) — Zpq/(mq)¢TF) , otherwise.

PROOF. This result comes from Hijikata [Hij74, Theo. 2.3 and § 2.8]. See also Vignéras [[Vig8Q,
§ I1.3] (but note that there are a few typos). U

Remark 3.12. With the notations of the theorem, [Nen99, §II1.2] and [Ram70, §2.7] imply that
dr, = (t* — 4n), so together with [IIL.Z] we obtain
2_4 — ﬁ — 2 _
vg(t" —4n) — 2p = vq 2 Oy | = Uq(fROK/F) = vq(0R).
Ry
In the case when B does not satisfy the Eichler condition, the local formulas remain true, but

the number of optimal global embeddings is not necessarily equal to the product of the numbers
of optimal local embeddings at every prime, up to a quotient of class numbers.

Now we look at the relation between h(R) and h(K).

Proposition 3.13. The class numbers of an order R of conductor § in K and its integral closure
Zk are related as follows:

h(K) ( (K) 1 )
h(R) = ————N 1—1—= )=,
® = wr V0~ ()

PROOF. From [Neu99, Theo. 12.12], we know that

WEK)  #(Zk/T)*
[Zj : R*] #(R/F)*
First note that we have group isomorphisms

RS = (Zr +3)/8 = Zr/f,

so #(R/F)* = #(Zr/f)*. By the Chinese Remainder Theorem, we obtain

% 7 1
(2D —NF<f>H(1 )

h(R) =

From the ramification behavior in K/ F, it is clear that we can write

0 x@) U0 5w) - G) ww)

als pIf
and that N(F) = N(f)2, so we obtain our result. O
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NORMALIZERS

Let O be an Eichler order of level 91 in B with reduced discriminant 9 = ©91. Recall that B
satisfies the Eichler condition. For an ideal a of Zf dividing 9, we write a || 9 if a and 9/a are
coprime and call a a unitary divisor of 0. The set

{a || v:[a] € CUF)?}

of unitary divisors of 9(O) which are squares in C1(F") can be given the structure of an elemen-
tary abelian 2-group by considering it as a subgroup of @peHD Z7)27.
We abbreviate N(O) = Ngx (O). The set

W(0) = N(O)/(F*0O%)
is a group because O* is a normal subgroup of N(Q).

Proposition 3.14. The reduced norm induces an isomorphism of elementary abelian 2-groups:
W(0) = {a || 2(0):[a] € CLF)?*} x CL(F)[2].

PROOF. We reproduce the proof of Doyle, Linowitz and Voight [[DI™M, Prop. 1.13] for the con-
venience of the reader. Let & € N(O), we have that Oa® = c¢J, where ¢ is a fractional of
Zp and J is a two-sided O-ideal such that nrd(J) = a || 0 [KMI, §3]. By the Eichler norm
theorem (Theorem IMI33), we have nrd(a) = ¢?a = aZp for an element a € F) ¢ F*. The
reduced norm thus induces a homomorphism

N(©O) — {a || 2(0):[a] € CI(F)?} (I11.3)

whose kernel contains O*. This map is surjective, since if a || 0 is such that [a] € C1(F)? then
there exists a fractional ideal ¢ satisfying [¢?] = [a™!] in CI(F). Let [O, O] be the group of
commutators of O. The two-sided ideal ¢.J with J = [O, O] + aO satisfies [nrd(cJ)] = [c®a] =
[1] in C1(F"), therefore by Theorem M3 8 there exists &« € O* C N(O) such that OaO = cJ.
The kernel H of [IIL.3] is generated by the o € N(O) such that OaO = ¢O with [¢?] = [(1)] in
CI(F), and the image of F'* is the subgroup of principal ideals of Zp. We therefore obtain two
exact sequences

1 - H/F* — NO)/F* — {a]] 2(0):[a € CI(F)?*} — 1

and
1 - O0*/(O*NF*) — H/F* — ClI(F)]2 — 1

induced by o — a and o — ¢ respectively, from which we deduce the result. (]
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CLASS NUMBER FORMULA

Suppose now that F' is totally real of degree d over Q and that the quaternion algebra B is
definite, with discriminant ©. Thus the discriminant dr of F' is positive.
Let

1
(D) = #(Zr/0)* =N [] (1 - 575
) p©< N<p>)

and
1

YO =N ][ (1+ == )-
pm< N(p)>

Theorem 3.15 (Class number formula). The number of left (or right) classes of an Eichler
order O of level M is equal to

_ 1 h(R
WO = 2= cr(~DIM(E)R @) + L (B 2] ) D my(r,0)
2 R [RX : ZF] q
where R runs through the quadratic orders of B.
PROOF. See Vignéras [[Vig8Q, §V.2]. ([

By the Klingen-Siegel theorem, if F is a totally real number field, then (x(—1) is a rational
number, which by the functional equation of the Dedekind zeta function is equal to

Cr(=1) = dif*(—2n) "¢ (2).
Since (p(2) is positive, we obtain

[Cr(—1)] = d* (2m*)~¢p(2).
Therefore h(Q) is also equal to

2
(27)4

h(R)
[R* : Z7)

42 Cp(2h(F)D@)U (M) + = S (R : 25 — 1)

[[mq(R.O). 1L4)
R q

N | —

4 Arithmetic groups

We now turn to geometric applications of the theory described in the preceding sections.

Definition. A subgroup I' of GLJ (R) (or PGL3 (R)) is a Fuchsian group if T is discrete, and
of the first kind if the quotient I'\’H has finite volume.

We will study a particular class of subgroups of GL3 (R). Let B be a quaternion algebra
over a number field F' admitting a real embedding ¢ : F' < R at which B is split. Let O(1) be
a maximal order of B and consider the group

I'B(1) = ¢ ({b € O(1) : nrd(b) is totally positive}) .
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Theorem 4.1. The group T'B (1) is a Fuchsian group if and only if F is a totally real number
field and there is exactly one (real) infinite place at which B is split. Furthermore, the quotient
I'\H is compact if and only if B is a division algebra.

PROOF. This comes from results of Weil, see Weil [Be1dl] and Milne [MiIOF, Theo. 3.3]. O

Therefore when B = M (Q) it is necessary to compactify the quotients I'\ H. We consider
instead quotients of

H'=HUP(Q),

where P(Q) is the set of cusps of I'. We denote by X (T") the compactification of Y (I') = I'\'H.
Recall that two groups G and G’ are commensurable if G N G’ has finite index in both G
and G'.

Definition. A subgroup of GLJ (R) is arithmetic if it is commensurable with T'? (1) for a quater-
nion algebra B over a totally real number field F' such that B is unramified at exactly one real
place. A Shimura curve is a quotient of the form Y (I") = I"\'H for an arithmetic Fuchsian group
I' c GL3 (R).

By classical theory of Riemann surfaces (e.g. Katok [Kaf9d]), the quotient of the Poincaré
upper half-plane by an arithmetic Fuchsian group can be given the structure of a connected
Riemann surface and of a nonsingular and irreducible complex algebraic curve, which is pro-
jective when the quotient is compact. Therefore a Shimura curve is naturally an irreducible and
nonsingular complex algebraic curve.

Definition. An elliptic point of order q (respectively, a parabolic point) for I is a fixed point of
an elliptic matrix of order g (respectively, a parabolic matrix). A conjugacy class of elliptic (re-
spectively parabolic) points of order g under I is called an elliptic cycle of order q (respectively
a parabolic cycle).

The number of elliptic cycles of order ¢ (respectively of parabolic cycles) for I' is de-
noted by e,(I") (respectively e (I")). Note that e (I') = 0 if Y(I') = I'\'H is compact (see
Shimura [Shi71, Prop. 1.33]).

Let vol be the volume with respect to the hyperbolic measure (dz? + dy?)/y? on H. By
[Shi71, Theo. 2.20], we have the following formula.l

Theorem 4.2. Let T C GLJ (R) be a Fuchsian group of the first kind. The genus g of the
Shimura curve Y (I') = T'\'H verifies

29 — 2= %VOI(Y(F)) = eq(D) (1 - ;) — eso(I). (I1L.5)

'Shimura states his theorem for a subgroup I' C SL2(R), but his proof works for the more general case of a
subgroup of GLJ (R).



IV

SHIMURA CURVES OVER FINITE
FIELDS

The objective of this chapter is to use the theory of quaternion algebras developed in the previous
chapter to study the arithmetic of Shimura curves, with an emphasis on finite fields. The modular
curves Xo(N) are known to give examples of asymptotically optimal sequences of curves which
naturally form optimal recursive towers over finite fields, and our goal in this chapter is to look
at what happens for the Shimura curves which are the natural generalizations of modular curves.
We introduce the necessary background on Shimura curves and modular forms in the first two
sections, before presenting our results on the arithmetic of Shimura curves over finite fields in
the subsequent sections.

1 Shimura curves

In this section we introduce our main object of study from both a classical and adelic perspective.
Let F’ be a totally real number field of degree d and absolute discriminant dp. Let ¢1, ..., ¢4 be
the real embeddings of F. We consider a quaternion algebra B over F' unramified at ¢; and
ramified at the other real places.

Let 91 be a nonzero integral ideal of Z prime to the discriminant ® of B, and let Oy () be
an Eichler order of level 91. Consider the group

O}(M) = {7 € Oo(M) : mrd(7) = 1}.

The image group
LH(N) = 1 (O5(N)) € GLI (R)

is an arithmetic Fuchsian group (see § I4). The quotient
Y5 () = Y(I(9) = Lo (M\H

can be given the structure of a Riemann surface which depends only on ¢; and Op(), up to
isomorphism. Hence Y} (M) is an irreducible and non-singular complex algebraic curve, whose
projective closure is denoted X} (91) = X (T§(91)).

54
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We now define Shimura curves from an adelic perspective, as it is more adapted to the local-
global principle appearing in the study of quaternion algebras. Let H* = C \ R be the union of
the upper and lower half planes. We define a left action of B* on H* x B* by

b(r,b) = (br, bd),

where b acts on 7 as the fractional linear transformation associated to ¢1 (b).
From now on we set O = Oy(91). The group O is compact open and acts on H* x B> on
the right by

Consider the quotient space
YV(OX) = BX\(H* x B*)/O0*,

One can give Y(@X) the structure of a Riemann surface as follows. Let b € B* be the repre-
sentative of a class [b] in Pic;" (O*) = BT\ B*/O*, and set

I; = u(0*b™' nBT) c GLI (R).
By Milne [MilOY, Lem. 5.13], the maps

Y(O*) — Y(I})
—

for [b] € Pic;" (O*), induce a homeomorphism

YO )= || Y@ IV.1)
[b]ePic (OX)

Every T'; is an arithmetic Fuchsian group [ERIZT, Prop. 9.5], and thus each Y'(I';) can be given
the structure of a connected Riemann surface, hence an irreducible and non-singular complex
algebraic curve, which is projective when Y (I'; ) is compact. Therefore [IV.T] provides a natural
way to put on Y(@X) the structure of a (possibly disconnected) Riemann surface and also of
a nonsingular complex algebraic curve. We call Y(@X) an (adelic) Shimura curve. Note that
Theorem IT3R implies that Y (O) is naturally a disjoint union of curves indexed by Cly (F).
Let X (O*) be the projective closure of Y (O*). By Theorem A we have X (O*) = Y (O*)
if and only if B # M2 (Q).

The group nrd(@x) is open in EFX 50 by the Existence Theorem of class field theory (The-
orem ICI7), Pic,' (O) is isomorphic to the Galois group of an abelian extension of F, which
is the narrow Hilbert class field F, of I'. Actually, by the theory of Shimura and Deligne (see
[Shird), [Del71], [Cackd] or [MIF]), the complex curve Y(@X) admits a model Sh((’A)X) over
F, and every connected component admits a model over F,,. Let

Ot =0*NnB"
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be the set of units 2 of O with totally positive reduced norm®. We let 1 A represent the trivial
class in Pic," (O*), so

N :@XHB+:O+.
BX

We write

Lg (M) = u(07)

and
Yor () = Y/(Ig (M),

and let X (1) denote the projective closure of Y5 (). Let Shg (1) be the model of Y™ (N)
over Fy,. The action of Gal(Fw/F') = Cl (F') on the set of connected components of Sh(O*)
is transitive [S1110, Theo. 3.1.3], so we have the following isomorphism of curves over Fi:

Sh(O*) xp Fous = || Shy(M)°. (IV.2)
c€Gal(Fo /F)

The model Sh(@x) is connected over F', however it is not geometrically connected in general
as this last isomorphism shows.

By [ILT] the reduced norm induces a surjective map Ot — Z}. » hence a surjective map
Ot /2y — Z§7+/Z;2, with kernel O /(O'NZY). By Theorem T4 we have an isomorphism

2 o
L%, 75" = Cloo(F) /CUF),

so we see that Y (M) is a covering of Y, (9) of degree hoo/h, where h = h(F) is the class
number of F. When ho, = h = 1, we have isomorphisms

Y (0X) =5 YiH (M) = Vg (N).

When h, > 1, the curve Y(@X) is no longer connected, so we cannot expect to obtain such an
identification anymore. However, by Shimura’s theory [KRiR7], Yy (9%) admits a model Sh{ (1)
over Fi, and F, = F when hy, = 1. But it should be emphasized that the natural way to do
arithmetic with Shimura curves, as will become apparent in the next sections, is with the curve
Y (O*), for which Y5" (M) inherits many interesting properties as a connected component. The
arithmetic theory developped in the next sections works nicely for the curve Yy (9) only when
heo = h, in which case Y} (M) = Y;"(MN). Therefore, at least concerning the arithmetic theory,
the natural analogues of the modular curves X(IV) are not the curves Y, (1), but the curves
Yo ().

"Note that this is equivalent to ¢1(nrd(z)) > 0, because by the Eichler norm theorem (Theorem II33) the
reduced norm of any element of B* is already positive at any infinite place other than ¢;.
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2 Modular forms and Hecke operators

We now define quaternionic modular forms. For a matrix
_(a ® +
Y= (C d) € GL2 (R)

and an element 7 € H, we set
Jj(v,7) =cT +d.

Let I" be a subgroup of +1(BT) C GLj (R) with discrete image, and assume that the quotient
Y (T') = T'\'H is compact (equivalently, B # M2(Q)), so X(I') = Y(T"). To avoid cusps and
growth conditions in the definition of modular forms, we will restrict our attention to compact
Shimura curves, whence the assumption on I' (see for instance Shimura [Ehi71l] for an account
of the theory in the elliptic modular case).

Definition. A function f : H — C is called a quaternionic modular form of weight 2 for I if it
is holomorphic and satisfies

_ i
flom) = L2 (0

for every v € ' and 7 € H. When T is T{ (1) or I'§ (M), we say that f has level M.

Because Y (I') is compact, there are no cusps and a quaternionic modular form is thus triv-
ially a cusp form. The set of cusp forms of weight 2 for I" will be denoted S2(T"). For brevity we
write S5 (M) = So(T'§ (M)) and S3(N) = So(TE(MN)).

There is an isomorphism of complex vector spaces between So(T') and the set H?(Y (T), Q1)
of holomorphic differential 1-forms on the Shimura curve Y (I"), given by

o

S:(T) — H(Y(),Q')

fooo— f(ndr (-2

Definition. Let f : H* x B* — C be a function that is holomorphic in the first variable and
locally constant in the second variable, and let O™ be a compact open subgroup of B*. The
function f is an adelic quaternionic cusp form of weight 2 and level )1 if it verifies

n 7 _ ](b7 7_)2 r 7
(bt k) = T4 D)

forall b € B, (1,b) € HE x B* and k € O, where we consider b as embedded in GLy(R)
by ¢1. We denote the space of adelic quaternionic cusp forms of weight 2 and level 9t by S2(91).

As in the previous paragraph, the adelic quaternionic cusp forms decompose as a direct sum
of quaternionic cusp forms indexed by Pic;" (O*) (and thus also Cl,(F)). More precisely, we
have an isomorphism of C-vector spaces

SM = @ Sy (IV.4)
[B]ePicj(@X)
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given by f (f3);> where I'; = br'b~! and [; : H — Cis the function defined by

fy(r) = f(r.b)
(see Sijsling [B111J, Prop. 4.1.3]). In the case where ho, = 1, we thus have an isomorphism
Sy (M) = S5 (M) = S3(N).
Combining with [TV.T] and [TV.3], we obtain isomorphisms

S = HY(X(00),QY) = @ HA(X(T),Q"
. L [b]ePic (OX) (IV.5)
f — f(Tv b)dT — (fB(T)dT)[E]

(we have used the fact that the cohomology of a disjoint union of curves is the direct sum of the
cohomologies of the curves).

HECKE OPERATORS

Our goal here, by analogy with the case B = M2(Q), is to define Hecke operators before
studying their arithmetic properties in the next sections. We begin by defining Hecke operators
in the classical setting, then we extend this definition to the adelic setting.

For every « in GLj (R) such that o~ !T'a is commensurable with T, there exists a positive
integer d,, such that we have a finite decomposition (see Miyake [M1y0g, Lem. 2.7.1])

do
Tal' = | | afl,
=1

with ap € GLJ (R), and an action on the left [[aI] : Sa(T') — So(T") defined by

([Lal]- f)(r) = > ——1 =5 f(ag 7).

The integer d,, is called the degree of the operator [['al’]. These definitions extend linearly to
finite unions of double cosets I'al’.

Remark 2.1. Since I' acts on H on the left, it would be more natural to decompose I'al’ as a
disjoint union |_|§;1 '), and consider the operator [['al'|" defined by

do  det(c/,
(TaT) - () =3 dt,(glf(am

/=1 j(af

However it turns out that it is the operator [['aI'] that one needs to consider in order to get a
satisfying theory in the context of Shimura curves. Both [['al'] and [Cal']" are related in a nice

geometric way (see [IV.11)).
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One can generalize the above constructions to the adelic setting. Let & € B*. Because O*
is compact open, @O & is commensurable with O, hence we have a finite decomposition

d
O0*a0* =

)

%%k

~
Il
Q>

1

(notice that we consider decompositions in right cosets because O acts on the right of H* x
B*). We define an operator [O*&O*] on S2(N) by

U

&
N A~

([0%60%) - f)(r.b) = >~ f(7,bav),

/=1

and define the degree of [@Xd(ﬁx] by ds. To see how this operator is related to the connected
components of X (O*), choose a set (r;); of representatives of Pic; (O). For every i there
exist elements by € B* and k, € O* such that

ridy = berike € PicH (O%). (IV.6)

Note that the integer j does not depend on ¢, because for two indexes ¢ and ¢, there exists
k € O such that Gy = yk, so [nay] and [r;&y] have the same class [Tj] in Pict (0*). To
simplify notation, if f belongs to S5(9) we write I'; = I,, and f; = f,. in [IV.1] and [IVA]
respectively. We thus have:

A

([076O*]- fli(r) = ([0*a0*]- f)(r,ri)
- )

¢
= Z f(be(be_lﬂ Tjke))
_ .7 bfa bg . . r
= Z (be 7,7jk¢) by the transformation properties of f
det bz
det(b; 1) 1
ff'(b 7) by (IV.4].
zf:](bz 177_)2 7
(IV.7)
Therefore the action of [O*&O*] on S3(9) permutes the components S3(I';), by sending a
modular form for I'; to a modular form for I';, where j is such that [r;] = [r;][&] in Pic;” (OX).
So we see that [O*&O*] induces an operator [O* &O*|; on each S (T';) if and only if [ | =0.
In this case we obtain
[0*a0™); - f = [Ty - fi, (IV.8)

where v € BT satisfies [';qT; = | |, beL;.

Let n be an integral ideal of Zr prime to ®. Consider the set of quaternionic matrices of
determinant generating fi:

O(n) = {a € O :wrd(a)Zr = a}.
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For every p 1 © we fix a splitting B, = My (F}). As in Miyake [Miy0d, Lem. 4.5.2], we have

om = || 0*am0*,
lm, (1,9)=1
[m=n

where for two integral ideals [ = []p% and m = []p™ we define Oy, to be the idele whose
p-component is 1 if p | D, and

Mp

. m 0 ~

(Gm,0)p = ( '(J) ﬂ€p> € By = My(Fy)
p

otherwise. Let
T(m,[) = [Oxdi[OX],

and define the Hecke operator T(n) by the formula

Tm)= > T(m,1).
[m, (1,9)=1
m=n

In particular, if n = p is prime, we have T(p) = T(p, 1).

Let MQ(Z F)N B be the set of matrices v € MQ(Z r) such that y, = Bp € B, at any prime

p | D. Then equivalently, one has ©(n) = Uaer(n) O*a0*, where

Ao(n) = {(? Z) € MQ(ZF) N é : (d, ‘ﬁ) =1, ce sj’t, (ad — bC)ZF = ﬁ} .

This gives rise to a decomposition

|| 0*a0* = BOX,
&€Ao(n) BEA(n)

where A (n) is the finite set
Aj(n) = { (8 Z) € My(Zp) N B : (d,M) =1, (ad — be)Zp = A,b € ZF/dZF}

(see Zhang [ZhaOTl, § 3] or Miyake [Miy0@, p. 142]). This way one has an ‘explicit’ description
of T(n).

As in Hijikata [Hii74, §5.2-5.3], if [n] = 0 in Clyo (F) then the group ©(n) admits a decom-
position as a finite union of double cosets

O(n) =| |0*,0*
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with v, € O, and
Ot(m)=0m)NBT ={z e O :nrd(z)Zp = n}

admits a decomposition OT (n) = | |, OT~v,O*. We can thus define a Hecke operator T(n) on
So(Tg (M)) by setting

T(n) = Y _[Ig (Mg ().

s

Let & = 5 € O for some s. Because [n] = 0 in Cly(F'), by Theorem T3 we see that
1 = 7 in [IV.6]). Thus we have a well defined operator

A

[0%6O*]; - fi(r) = ([0*a0™] - f)i(7)

on Sy(I;), for every i. If i = j = 1, we can choose r; = 1 and so we can write &y = byky.
Therefore we see that T (M)y,['¢ (M) = 11 (O*aO* N BT) = b, (MN). Consequently, if
n is a principal ideal of F' generated by a totally positive element, then by [IV.8] we have an
equality of Hecke operators on Sy (91)

T(n); = T(n).

In particular, the traces of T(n) and T (n) on the C-vector space S5 () are equal.
By Hijikata [Hij74, § 5], both Hecke operators have degree

deg(T(n)) = deg(T(n)) = [INp) T] (1 +N(p) + -+ N(p)) (IV.9)
ppl“;? pnT‘!:

(note that the case 91 = Zp follows from Theorem IT2T).

Proposition 2.2. For all integral ideals | C Zp admitting a totally positive generator {, the
operator T(1, 1) acts as the identity on So(N).

0

PROOF. Indeed, the idele &, is equal to Hp ng( € ZF, so &y belongs to the center of E,

hence the center of @ . Therefore
04, 0* = 4,0,

Also, G/t € Z;, so we can write &y = ¢k for an element k € O*. Hence d[y[@x = (0%,
and if we choose 1 = 1 in [IV.6] we see that ; = 1 as well, thus T([, [) stabilizes Sa ().
Furthermore, for f € 5‘2(%) we have

(T(LON1(r,0) = (') = fu(7),
because any scalar matrix in GL3 (R) acts trivially on . U

Set T(p~!) = 0and T(1) = Id. We now give a recursive formula between Hecke operators.
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Corollary 2.3. Let p t © be a prime of Zp such that [p] = 0 in Cloo(F'). For every r > 0 we
have the following relation inside Endc (S2(M)):

T(p)T(") = T +Np) T ).
PROOF. By Shimura [Bhi7Tl, Theo. 3.24] we have
T(p)T(") =TE) +NE) T pTE).

By applying Proposition [IVZ72, we obtain the result. (]

HECKE CORRESPONDENCES

We now look at the geometric aspects of Hecke operators. We start with the adelic case and
derive from it the classical case.

An element & € B* induces a map

HE x BX — HE x B
(r,0)  —  (r,ba)

The operators [@X d(’A)X] naturally arise when attempting to define a map on
X(0X) = BX\H* x BX/O*.

See Chapter 5 of Milne [MiITX] for more details on what follows. The map which sends the
class bO* to bO* & (respectively baO*) is not well defined, because in general bO* & is not
a O*-orbit (respectively & does not normalize O*, so the orbit depends on the choice of b).
To obtain a O*-orbit, we consider the set bO*aO*. Since @* is compact open, @O* a1 is
commensurable with O%, therefore we have a finite decomposition O0*a0* = L] a,O*, and
we can thus associate to the class bO* the set {bayO* },. Let @; = O0*NaO*a . In more
geometric terms, multiplication by & induces a correspondence

X(0X) (IV.10)
N
X(OX) """"" [@Xdéx} """" > X(@X)

where p; : X(0F) — X(O%) and p} : X(@g,l) — X(O) are the projection maps, and

me : X(OF) = X (@:71) is the map induced by bOX Bd@;,l, which is now well defined.
By Milne [Mil(Y, Theo. 13.6] the correspondence [IV.10] is defined over F'.

As we have seen, an element of S5(91) is a holomorphic differential 1-form on X (O*),
that is a global section of the sheaf Q'. For a morphism ¢ : X — Y of Riemann surfaces, let
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" HO(Y, QY — HY(X, Q) and ¢, : HO(X, Q) — HO(Y, Q) be respectively the pullback
and pushforward morphisms induced by ¢.

As in Milne [MIIT2, Lem. 5.30], one can write O*a0* = | | k,aO>, where {ke} is a set
of representatives of the right classes of O* / @; For a modular form f € S, (), we have

(Ph, o may o p}) f(r,b)dr = > (ph, o mas) f (7, bke)dr
= ipi*f(ﬂ bkodi)dr
= zﬂ: f (7, bke@)dr
= [c%xa@X] - f(7,b)dr,

s0 [O*&O*] is indeed the operator on S (1) induced by the correspondence.
Note that the Jacobian of X (O*) verifies

Jac(X (0)) = HY(X(0X)¥,QY)/Hi(X(0),Z),

so by functoriality [©*&O*] induces an endomorphism of finite degree, hence an isogeny, of
Jac(X (OX)). In particular, when 3[O* &O*] is the Hecke operator T'(n) for an integral ideal
n prime to ®, we speak of Hecke correspondence for both the correspondence and the isogeny
of Jac(X (O)) it induces.

Of course all that we have said can be transfered naturally to the classical case. For instance
the operators [['al'] arise when one tries to give a sense to the map I'\H — T'\’H sending [7]
to [a~7]. When p 1 D is a prime ideal with trivial image in Cly,(F), we obtain the Hecke
correspondence on X (MN):

X ()
X7 () — X ()

Let @ € GL3 (R) be such that «~!T'a and T" are commensurable. Choose a set of common
representatives for the left and right classes I'\I'aI' and I'al'/T" respectively (this is always
possible, see for instance the proof of Milne [MiIT2, Lem. 5.24]). We easily check that

[Cal] o [[al]Y = [[al]Y o [[al'] = [deg([Tal])] = [deg([Lal]Y)], (IV.11)

where [['al']" is the operator defined in Remark IVZT, and where for an integer n, [n] is the
multiplication-by-n map. This means that the isogenies induced by these two operators are dual

to each other. For a prime p of F as above and the Hecke operator T(p), we obtain
[N(p) +1] ifptM

T(p) o T(p)" = T(p)" o T(p) = { .
[N(p)] ifp | 9N

We will now consider the reduction of all our objects over finite fields. The following fun-
damental result is due to Carayol [CarRd].
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Theorem 2.4 (Carayol). Let p { ©N be a prime of Zp. Then Sh(@x) has good reduction at .

Let p 1 ©91 be a prime of good reduction of Sh(@X ), with norm N(p) = ¢. Let J3 be a prime
of Zr__ above p. Theorem V24 implies that the model over F, of the connected components
of X(O%), in particular Shg (D), have good reduction at §. We will use the notation ~ to speak
of the reduction of the corresponding object modulo p or 3, depending on the field of definition.
The following theorem was proved by Eichler in particular cases and greatly generalized by
Shimura, and is a fundamental result in many arithmetical questions (a proof can be found in
Shimura [Bhi&, Theo. 11.17] or Zhang [Zhalll, Prop. 1.4.10]). Let Frob,, (respectively, Very)
be the Frobenius endomorphism (respectively, Verschiebung) on Jac(Sh(O*)).

Theorem 2.5 (Eichler-Shimura congruence relation). We have the following relation:

T(p) = Froby, + Ver,.

Assume now that [p] = 0 in Cl(F'). In particular, we have an isomorphism of residue
fields F, & Fy and N(3) = N(p) = ¢. Consider the curve Sh{ (0); it is defined over Fi5, and
has good reduction at 3. The Hecke operator T(p) acts on Jac(Xg (91)) and is defined over
F. By restriction, the Eichler-Shimura congruence relation gives

T(p) = Froby, + Ver,

in End(Jac(Shy ())).

Proposition 2.6. The zeta function of the curve Siha_ (M) satisifies

_ det(1 — T(p)t + qt?)

28k (MiT) = = —pi—g)

where T(p) is the Hecke operator defined by its action on the C-vector space Sy (MN).
PROOF. We follow Milne [MiII2, Theo. 11.11]. For a prime ¢ { p, let
Ry : End(Jac(X (9))) — Endg, (H' (Jac(Xg (), Qv))

and
Ry : End(Jac(X{ (M) — Endg, (H' (Jac(Xg (9)), Q)

be (-adic representations of End(Jac(Xy (91))) and End(Jac(X (91))) respectively. Then
by Shimura [Shi71, § 7.1], the numerator of Z (STJ(‘)Q);T) is det(1 — Ry(Froby)). Now
by Shimura [ERI9R, Prop. I11.14], for every endomorphism ¢ € End(Jac(X; (M))) we have
Ry(¢) = Ry(), so the Eichler-Shimura congruence relation (Theorem [¥2Z3) gives

(1 — Ry(Froby)t)(1 — Ry(Very)t) = 1 — Ry(T(p))t + qt*.
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The characteristic polynomials of Frob, and Ver, are the same[ShiZl, p. 193], so by taking
determinants we obtain

det(1 — Ry(Froby)t)? = det(1 — Ry(T(p))t + qt?).
Let g be the genus of X (D), and let
R : Endg(Jac(Xg (M))) — M,(C)

be a complex representation of Endg(Jac(X (91))). Then by Shimura [ERMR, § 1.3.2] and
Shimura [Shi71, § 11], Ry is equivalent to the sum of R and its complex conjugate. Thus

det(1 — Ry(Froby)t)? = det(1 — R(T(p))t + qt*)?,
and the result follows by taking square roots. O

In this thesis we are mainly interested in the number of rational points of curves defined over
finite fields. The following corollary to Proposition [V2f is the main reason of our interest in
Hecke operators.

Corollary 2.7. Suppose that [p] = 0in Cls (F'). Then we have the following formula for r > 1:

#Shy (M)(Fyr) = ¢" +1 — Te(T(p")) + ¢Te(T(p"2)).

PROOF. We follow Ihara [[hafd, Lem. 5]. Let g be the genus of Xar (M) and ay,...,ay € Cbe
the eigenvalues of T(p) with multiplicity. Write

1 —ait +qt> = (1 — a;t)(1 — ayt).

Then
g

det(1 — T(p)t + qt?) = [J(1 — ast) (1 — aut).
=1

The zeta function of a curve defined over I, can be uniquely written as

H el 1 (1 —wyT)
(1-T)(1—qT)’
therefore by Proposition V28 the o; and &, for¢ =1, ..., g, are the eigenvalues of the Frobe-

nius.
Set U(1) =2,and forr > 1

U(p") =T(p") —qT(p"?).
By using Corollary IV23, we see that for every r > 1,

Up)U@p") —qU(p™Y) = T(p") —qT( ) —q(T(p™ 1) — qT(p"?))
3 qT(p)T(p"2) + ¢*T(p"~?)
)-

qT(p" 1)

I
”—c?tgtr )
_l’_

—
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We obtain the result by induction, since if U (p") has trace 3°7_; al +a, then U(p" ™) has trace

g 9
S (i + @) (e + @) — (ol rarh = artt v artt,
i=1 i=1

which is the trace of the Frobenius on X (‘ﬁ)yqr - O

ATKIN-LEHNER OPERATORS

Let Ny, (O*) be the normalizer of O in B*. We have seen that Hecke correspondences arise
when we try to interpret the map on Shimura curves induced by
(7,0) = (7,bd0),

for an adele @ € B*. When @& belongs to N Bx (O%), the correspondence is ‘natural’ in the
sense that this map is already well defined. The automorphism (&) of X (O*) that it induces
is called the Atkin-Lehner operator associated to &, after the work of Atkin and Lehner in the
elliptic modular case [BRT7M].

The groups F'* and O both act trivially on S2(O*), so when considering the action of an
Atkin-Lehner operator on modular forms, we are rather interested in the group

W(O%) = Ny, (0%)/(F%0%).

By Proposition 314, the reduced norm induces maps
{a || 2(0): [a] € CL(F)?} x CUF)[2] = W(O) — W(OX). (IV.12)
For a unitary ideal a || 9(O) we define the Atkin-Lehner operator

W(a) = [0% 4,07,
where &, is a representative in V?(B) C W(@X) which has non-trivial image in [IV.IZ] pre-
cisely at the primes dividing a. For instance, to every integral unitary ideal n || 91, that is such
that n2 + 91 = n, we can associate the operator 1 (n) corresponding to an adele &, € W (O*)
defined locally at p 1 © by

R ﬂ.vp(“) -1
(Gn)o = | Doy vy | € Bp = Ma(F)
Tp Tp

(and at p | D by (én)p = 1). When n = 0, we can take Gy defined locally at p 1 D by

(g)y = 0 -1
anjp = ng(m) 0/

We denote by & (1) both the operators @(dy) on X (O*) and [O* @, O*] on S5(M). One checks
easily that &, normalizes O and that &2 € 'O, therefore () is a nontrivial involution of
S2(M) (note that Gy, which belongs to O, is not invertible in F'*O).
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By definition of the map providing the isomorphism [IV.T}, it is clear that the operator w(n)
acts on X (91) (respectively S5 (91)) if and only if [&,] = 0 in Pic;”(O*), that is if and only if
[n] = 0in Cloo (F). In this case, there exists an element b € B* such that 0% @,0* = O*bO*
[Hii74, §5]. Therefore, as in the case of Hecke operators, we can define Atkin-Lehner operators
w(n) on X () and S5 (M) by setting

w(n)[7] = [b~'7]

and
w(n) = [Tg (ML ()]

respectively. We once again have an equality of operators, both on X (91) and S5 (9):

w(n); = w(n).

3 The trace formula

We now study a trace formula for Hecke operators acting on quaternionic modular forms which
is due to Hijikata [Hij74, Theo. 4.6]. See also Shimizu [Shif3], Saito [Eai¥4] and Hijikata, Saito
and Yamauchi [HSY33] for other versions of this result.

Theorem 3.1 (Eichler-Selberg trace formula). Let n be an ideal of Zr coprime to ® and with
trivial class in Cloo(F). Then the trace of T(n) on So(T'g (MN)) is

VO iy
()| So0 (1) = 8 “HEE TN - 575 A Ty (.0,
 Pm) R :

Fl q
where
e §(n) equals 1if n = (a)? with & € Zp, and 0 otherwise.

e P(n) is the (finite) set of polynomials P(X) = X2 — tX 4 n € Zp[X] such that n runs
through a sytem of representatives of

{r € Zp4 : 2ZFp =n}
modulo Z;Q, and t? — 4n is totally negative.

e R runs through all the orders of K = F[X]/P(X) containing the order Zp[X]/P(X).

PROOF. We explain our formulation of Hijikata’s result [Hij74, Theo. 4.6]. We start with the
contributions of scalar matrices. There is a scalar matrix o of norm generating n if and only if
n = (a?), and in this case the only double coset containing this matrix is T'§ (9)aI'{ (91). For
the volume, note that vol(T'd (DM)\H*) = 2 - vol(Td (M)\H).

We now consider the contribution of elliptic points. With Hijikata’s notation, R = O and
I' = O*. The reduced norm map induces an isomorphism O* /Ot = ZE( H /ZF ., so by

(IL3],

24ph -1 2h(+)
[OX N O+] = o0 ) — .
9d—11 1 (+) hoo
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At last, we have to divide the trace by 2 by Hijikata [Hij74, Rem. 1.4] (compare with
Saito [BarZ2)). O

Generalizing a result of Shimizu [BhifY, Appendix], Hijikata proved the following formula
for the volume of X () [HI74, Lem. 4.5]:

&t h

W@d%@?(?)@(@)‘?(m). (IV.13)

vol(If (M)\H) =

The curve X¢ (M) being a covering of X (M) of degree hoo/h, we have

VOl(XE () = =% _ 3201 (2)B(D)W(N). (IV.14)
(27r)2d
Now let p + D9 be a prime of Zf such that [p] = 0 in Cl(F). If P is a prime of Zp,_
above p, then by Theorem V.4 Shar () has good reduction at P and the reduction is defined
over Fg = Fy. Let ¢ = N(p).
Set Z(—1) = 0, and for every integer r > 0, let

h(R)
(r) = o xa 11™ (R, 0).
P%; %: [R* : Z7F] H a

Fl q

[1]

)

Proposition 3.2. For every integer v > 1 we have

vol(X (M) 1
T

#Shy (M) (Fgr) = ¢" +1+0(r) (g — 1) 2(r) — ¢2(r — 2)),

where §(r) = d(p") = L if r is even, O else.
PROOF. This follows from Corollary IN27 and Theorem V3. O

We would now like to generalize the result due to Jordan and Livné [IC®3] and Skorobogatov
and Yafaev [EY04] that the term =(r) — ¢=(r — 2) is positive. This will play a major role in our
proof that the curves X (91) are asymptotically optimal.

Lemma 3.3. Let K/F be a quadratic imaginary extension of F. Let R be an order in K of
conductor p'a, with i > 1 and a C Z coprime to p, and let R’ be an order in K of conductor

a. For every prime q we have
mq(R',0) = my(R, O).

PROOF. From Theorem I3 1T, this is clear when q { D, as we have my(R,0) = 1 =
mq(R,O). So suppose q | DMN. Then q cannot be equal to p. If q | D, then q | pa if and
only if q | a, so mq(R',O) = mq(R,O). Finally, when q | 91 we see that the dependance
of mq(R, O) on R, or equivalently on its conductor, only occurs at the g-adic valuation of the
relative conductor fr/n = fo/fr of A in R. But since q # p, multiplying by a power of p does
not affect this valuation, hence once again mq(R’, O) = mq(R, O). O
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Proposition 3.4. We have an equality
h(R;) N < <K> 1 ) h(R;)

) T mg(Ry, 0) = [1+3°N 1- (=) —— W TT mg(Rs, O).
%[R;:Z;]g a(Ry, 0) ( ; (v') > ) N fz;mf:z;}l:[ a(Ry, 0)
PROOF. We can decompose

(R, h (Ry)
Z R .%X]HmQ(Rﬁ ZZ L% qu (RPT’O)
flpna 1Y - HF1 g i= 0f|a pif -
By Lemma V33 we obtain [ [ mq(Ryis, O) = [ mq(R;, O), so from Proposition 313 the

right hand term is equal to the sum of

Z[RX qu Rf?

fla

5500 1= (5) ) e 0T - (5) i) T

aif q q

whence the result. O

Proposition 3.5. We have

[1]

(r)—q¢=(r—2) > 0.

PROOF. We follow Jordan and Livné [ICXY, Prop. 2.4]. Let p be a generator of p such that
p"~2 is a totally positive generator of p” 2 (thus p” is a totally positive generator of p”). Let
Pl(X) = X? —t'X 4 p"~2 be a polynomial in P(p"~?), and let &’ be a root of P/(X) = 0.
The algebraic integer « = pa/ is a root of the polynomial P,(X) = X 2 _ pt/X + p", which
belongs to P(p"). Let p™a be the conductor of Zr[a] in K = F(«a), for an integer n > 1 and
an ideal a prime to p. As noted in Remark 317, the orders of K containing Zp[a] must
have conductor dividing p™a, whereas the orders in K’ = F(o/) containing Zp[a'] must have
conductor dividing p"‘la. But note that X = K’, so all orders are in K. Now, the root «
of a polynomial P,(X) = X? —tX + p" € P(p") can be written o = pa’ for a root o/ of
a polynomial P)(X) = X? — /X 4 p"~2 in P(p"?) if and only if p | ¢. Thus there is a
decomposition
E(r)—¢E(r—2)=A+B

where

h(R h(R
A= ¥ ( > i [0 - Y [RX(.;X]HWR,O))
Pp(X)EP(pr) \R2OZp[pe/] "TED ROZp[o/] "R q
plt
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and

B= ) > [R ZF]qu(R,O).

Pp(X)eP(p) R2Zr[o]
pft

The term B is obviously positive, so it remains to prove that A is positive. We have

P (X) \flp"a flpr—la
K

S <1<p)>2[3x qu R;,0

P(X) fla

by Proposition V3. All terms in the sum are positive, so A is positive, and therefore =(r) —
qE(r — 2) is positive. O

Proposition IV3¥ implies that the contribution of elliptic points in the trace formula for
T(p") is at least N(p) times the contribution of elliptic points in the trace formula for T(p"~?2).

Remark 3.6. We have an equality =(r) = ¢g=(r — 2) if and only if the terms A and B are zero.
By Theorem IIZ3TT, this occurs precisely when for any order R; C K containing a root a of
a polynomial X2 — tX + p", where p” runs through a system of generators of {x € LE 4

xZp = p"} modulo Z;z and t? — 4p" is totally negative, at least one of the following conditions
is satisfied:

) (D.6) # 1
b) at least one prime factor q | ® is split in F'(«);
¢) pdivides ¢ and p is split in F'(a);

d) for least one prime q | 91 with e = v4(9) > 0, we have E(e) = E(e + 1) = () (with the
notation of Theorem L3 TT 111)).

As a consequence, denoting the number of F,--rational points and the genus of STSF (M) by
N, and g respectively, Proposition N3 and Theorem T4 imply that, for every r > 1,

(g — 1)vol(Xy () /4r
vol(X (M) /4m
=q—1.

NZT/(Q - 1) 2

Therefore, taking » = 1, we obtain the following result as a consequence of the Drinfel’d-VIadug
theorem (Corollary [573).

Theorem 3.7. Let p be a prime of Z such that [p] = 0 in Clo (F'), and let B be a prime of Z.
above p. Consider a sequence (X (M;))i=o0 of Shimura curves defined over Fy, with respect to
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a quaternion algebra B;/ F of discriminant ©;. Suppose that for every index i the prime p does
not divide ©;*1t;, and that

lim g(X§ (M) = +oo.

1—00

Then for every i, the curve Shy (W;) has good reduction at B, and the sequence (tha— (O))i=o0
is asymptotically optimal over the finite field ¥ ;.

Remark 3.8. Let =;(r) be Z(r) for the Eichler order of level 91; defining the Shimura curve
X (M) in Theorem V372, Then we see that

lim —:"(QL: ¢Eil0)
oo g(Shy ()

4 Supersingular points

We now study supersingular points on Xar (1) and show that they asymptotically provide all
the rational points which allow us to attain the Drinfel’d-VIadut bound in Theorem IN371. In
this section, let p be a prime with p  D91. Let O’ be an Eichler order of level 91 in the definite
quaternion algebra B’ over F' with discriminant Dp. Let ¢ = N(p).

We denote by Sh(91) the model of the adelic Shimura curve X (O*), and similarly Sh(91p).
The curve Sh(D1p) has bad reduction at p. Actually, by [[addd, Theo. 2.2 ii)], the reduction
Sh(91p) x F, modulo p is isomorphic to a disjoint union of two copies of Sh(91) x F, intere-
secting transversally over a finite set of points >, which we can thus see as points in either
Sh(9p) x Fy, or Sh(MN) x Fy. We call these points supersingular points.

Theorem 4.1. The following three sets are in bijection:
i) the set of supersingular points of Sh(M) x F;

ii) the double coset B’ \B’X /@’X;

iii) the set of (left or right) classes of invertible O'-ideals in B’.

PROOF. For the bijection between i) and ii), see Carayol [Car®d, § 11.2]. For the bijection
between ii) and iii), see Proposition [I[:3.711).

As a consequence, we obtain an exact formula for the number N*° = #X of supersingular
points on Sh(9) x [Fy:

Corollary 4.2. We have the formula

2

NSS —
(2m)

& Cr(2)R(F)S(D)U (M) + = SR : ZF] - 1)

R

DO |

h(R)
m gmq(R, 0).
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PROOF. This is the formula for the number of (right or left) O’-ideal classes in B’, see Theo-
rem [IIT.4]).

Now we look at the field of definition of these supersingular points.

Theorem 4.3. Suppose that p = (p) is principal. Then the supersingular points of Sh(M) x F,
are defined over F .

PROOF. We use results of Carayol [CarB8d, § 11], but see also Jarvis [[arl4, § 2] for a summary

of relevant results. Let & be such that (&), = 7, and (&) = 1 at ¢ # p. We denote the
reduction modulo p of a point [r,b] € X(O) by [r,b]. The Frobenius Frob, acts on ¥ by

[7,b] — [r,ba], that is like the Atkin-Lehner operator @ (p). By hypothesis p = (p), therefore
pla=p¢eZfc O Soforall [z,b] € ¥ we have

Frob([r,b]) = [r,b42]
= b -
= [r,p?Y] since p € F'* is in the center of B* and 5 € O*
= [p~27,b] since p? € BX
= [r,b] since p~2 € F'* acts trivially on H*.

Hence we see that the action of Frobg on Y is trivial, which means that the supersingular points
are I 2-rational.

A

Remark 4.4. The proof also shows that the Atkin-Lehner operator &(p) on X (O*) is an invo-
lution when p is principal.

Let 3 be a prime of Z_ above p, and let f, be the inertia degree of p in F,. After reduction
of [(IV.Z), we obtain that the curve Sh(9) x Fy is the disjoint union of h«./ f, copies of

L] She ()7,
FEGal(Fy /Fy)

If we assume that f, = 1, or equivalently that p is totally split in Fi, then Sh(I) is isomor-

phic over F, to h, copies of the curve ﬁg (). Therefore ﬁg (M) xg, Fy contains N5 /h,
supersingular points, which are defined over F 2 by Proposition [V.473.

Let g be the genus of Shy (M) and N, the number of F»-rational points of Shy (9%). From
Theorem T4, [TV.13] and Corollary IV4 7, we have
N*fhoe 2(2m) 3 Cr(2)h/hoo® (D) V(M)
9=1 7 4n(2r) 201032 Cp(2)h )/ hoo ® (D) T(N)
=N(p) - 1.

Taking r = 1, we obtain the following result, whose first part thus admits a second proof.

NZT/(Q - 1) 2
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Theorem 4.5. Let p be a prime of Z such that [p] = 0in Cl (F'), and let P be a prime of Z._
above p. Consider a sequence (X (M;))i=o of Shimura curves defined over Fu, with respect to
a quaternion algebra B;/F of discriminant ©;. Assume that, for every index i, the prime p does
not divide ©;);, and that lim;_, o g(XJ(‘)’IZ-)) = +oo. Then:

i) for every i, the curve Sh () has good reduction at B, and the sequence (%g (M))i is
asymptotically optimal over the finite field F 2,

it) asymptotically, all the F 2-rational points in the sequence are supersingular, relative to the
genus:
Na(Shg (%)) _ N**(Shg (%))

lim = =qg—1.
ioe g(Shg (9)) 9(Shg (7))
PROOF. This is a consequence of the Drinfel’d-Vladut theorem (Corollary [33). U

5 Recursive towers

Following the approach of Elkies [EIKYRd] in the elliptic modular case, we now want to interpret
sequences of Shimura curves as recursive towers. Let n be an integral ideal of F', relatively
prime to ©1 and generated by a totally positive element n € Zp. Then for ¢ > 1, we have
an Atkin-Lehner operator w; = w(n?) on X (Mn?). If i > 2, we consider two maps from
X (Mn?) to X (Mni~1): the projection map 77(()2), and the map wgl) defined by

(%) ()

T~ = Wj—1 0Ty " O Wj.
Proposition 5.1. If¢ > 3, then the following diagram is commutative:

71'(1) .
X (') —— X (9

| =

X (i) = X (=)
U

PROOF. Write 9 = [], pM and n = [1, »™». We consider the Atkin-Lehner operators ;
relative to the adeles &; defined locally at p 1 © by

ny 1

R T N
(&5)p = < Noing mp> € By = My(Fy),
T T

and at p | D by (d4;), = 1. The operator w; on X (9n?) is the restriction of @; from X (9n?)
to Xg (Mn?) (see § IN2). Ata prime p | D, we have

AA

(GiGii—1)p = (Gi—1Gy—2)p = 1.
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Suppose now that p 1 ©. For every ¢ > 3, let

B ngw—l) 0
Uii-1 = 27T£Vp+np(i+i71) 7Tn,g(zurzel)

p
and
v B Wévp"‘(i—l)nu Tr;”p +7T;§i_l)np
hi-1 = 0 Ny-+ing :
Tp
Then

N N 2n n
(Gi)p(Gic1)p = Usi1 = Vig1r =mp "Ui—1i—2 — 1" Vic15-2 € By.

Now 7, € Zyp C Oy, s0
(Qi)p(Qi-1)p = Ui-1i—2 — Vi—1i—2 = (&i-1)p(&i—2)p € By/Op.

Therefore
(Qi)p(di1)p = (Qi-1)p(di—2)p € By /Oy,

and more generally
A A A~ ~ DX 1 /AX
Qiti_1 = Qj_16;,_9 € B /O .

Hence by restriction to X (9In?), we obtain an equality

(i-1) (%) (i-1) (@)

U C>wi—107roZ O W; = W;—2 O Ty ow;—10Ty ",
whence the result. O

Let C; = X¢ (9n) and Cy = X (Mn?), and for i > 3 let C; be the fibre product

€ = X5 (T01) X iy X (O

with respect to the maps w%i_l) and w(()i_l). By Proposition V31 and the universal property
of the fibre product, when ¢ > 3 there exists a unique morphism ¥ : Xar (Mn?) — C; and
projection maps p1,ps : C; — X, 8’ (9n*~1) such that we obtain the commutative diagram

The map V¥ is a morphism of curves, hence it is surjective because 7T[()Z) is not constant. The

maps pi, p2, W(()i) and WY) have the same degree N(n), hence ¥ has degree 1 and is thus an

isomorphism. Therefore, for every ¢ >> 1, we have a canonical isomorphism
X§ (') = Cy,

so for every i > 3, the curve X (9Mn) is equal to the (i — 2)-th iteration of the correspondence
X (Mnd):

X (Mnh) = X (9?) X X+ (2 X (9m?) XXH(m2) XX om?) Xg (9m?).
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Diagram IV.1: The correspondence XSL (D).

By Milne [MAIO3, Theo. 13.6], all the maps in Diagram V1l descend to maps over Fis,, so
we see that the isomorphism X (9n’) 2 C; induces an isomorphism of the models over F:

Shd (Mn?) = Shf (Mn'~1) Xsht (mi-2) Shd (M~ h).

By reducing modulo a prime B of Fi,, above a prime p 1 ©9n, this isomorphism descends to
an isomorphism over Fip:

Shy (9Mn) = Shy (M) x Shy (M’ 1).

Shy (9ni=2)

The following theorem is a consequence of the above discussion and Theorem V377 and
Theorem V43,

Theorem 5.2. Let n be an ideal of Zr relatively prime to D2N. Let p { DNn be a prime of Zp
and let 3 be a prime of Z ., above p. Let - denote reduction modulo 3. The curves %g (Mn?)
form a recursive tower over Fop. If furthermore [p] = 0 in Cloo(F'), the tower is optimal over
the quadratic extension of .

Based on Thara’s results, Elkies proved this proposition for modular curves using the moduli
interpretation of theses curves (see Elkies [EIK9R4]), and extended his results to Shimura curves
over QQ (see Elkies [EIKIEH, § 2.3]). However the moduli interpretation of Shimura curves when
F # Q is much more complicated, and doesn’t allow a direct generalization of Elkies’s method.

Example 5.3. I am very grateful to John Voight for computing the following example. Let F’
be the totally real field of degree 3 over QQ with discriminant 148 and defining equation P(X) =
X3 —3X? — X 4 1. Note that I has narrow class number h,, = 1. Let B be the unique
quaternion algebra of discriminant Zr over F' (up to F-isomorphism), and let 91 = p be the
prime of Z above 2. Consider the Shimura curve Xo(p) = X} (p) = X7 (p). It has genus 0
and is a covering of X(1) = P (jjo) of equation

jo = (702a* — 486a — 2268)j} + (486a% — 324a — 1566)77+
(—702a* + 4860 + 2241)j; — 486a” + 324a + 1593,

where a is a root of P(X) = 0.



76 IV SHIMURA CURVES OVER FINITE FIELDS

The Shimura curve X (p).

The curve X (p?) has defining equation ®5(j1, j2) = 0, where @, is equal to
®2(j1,52) = 23(j133) + (20" — 200 — 10)j1j2(j1 + G2)+
(14a® = 2a — 24) (7 + jujz + j3).
The Atkin-Lehner operators on X (p) and X (p?) are respectively given by
wi(j1) =1/

and
wz(jlth) = (j27j1)-
Therefore Diagram IV1 implies that X (p®) is defined by

®y(1/j2,73) = 0.

More generally, for i > 2, the curve X (p™™1) = PL(jo, j1, j2, - - - , jit+1) is recursively defined
by
®2(1/4is jiv1) = 0.
We gather below numerical data for Shar (p*) fori = 3,4, 5. We consider reduction modulo
a prime q # p.



S. RECURSIVE TOWERS 77

i__g(Shq (p')) #Shg (p')(Fy) #Shg (p')(Fy2) Tr(T(q)) Tr(T(q?))
3 1 8 160 6 36
4 3 8 140 6 56
5 5 8 120 6 76

Table I'V.1: Number of points and traces of Hecke operators, for q such that N(q) = 13.

i g(Shy (p)) #Shg (p')(Fy) #Shg (p)(Fp2) Tr(T(q)) Tr(T(q%))
3 1 24 672 2 1

1 3 24 764 2 88

5 5 24 856 2 —180

Table IV.2: Number of points and traces of Hecke operators, for q such that N(q) = 25.
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NOTATIONS

N non-negative integers, i

Z rational integers, kil

Ly, p-adic integers, kit

Q rational numbers, kit

Qp p-adic numbers, ki

R real numbers, ki1l

C complex numbers, kol

F, finite field of cardinality ¢, ka1l

k algebraic closure of k, kit

Zr ring of integers of F', kil

Ly completion at p of the ring of integers, kil
L) localization at p of the ring of integers, kil
Tp local uniformizer at p, bail

Fy residue field at p, kil

N(p) norm of p, kil

M, localization of M at p, kail

F, completion of F' at p, kil

PI(K) places of K, ki

Uk units of K, kot

Kp completion of K at P, kil

Fp residue field at P, kadl

N(P) norm of P, kil

Ag adele ring, kail

A% group of invertible elements of A, ki
Tk idele group of K, kit

My (A) 2 x 2 matrices with coefficients in A, kil
SLa(A) matrices with determinant 1, it

GL2(A) invertible matrices, ki1l

PGL2(A)  quotient of invertible matrices by scalars, kil

GLJ (R) real matrices with positive determinant, i

PGL3 (R) image of GL3 (R) in PGLy(R), ki

Al(Xi)ier] polynomial ring in the X; with coefficients in A, bt
completion of Z, ki

completion of the abelian group G, kail

Poincaré upper half-plane, kil

X oON
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Y (')
9(C)

Ck/
H{(C,.F)
L(D)
Jac(C)

C

Ny(9)
Alg)
Na(V)
Z(V;T)
Wi

Frob
aq(C)

f7 1/}

(P, L/K)
m

Divy,
Km,l

Pm,l
Np/k
fr/K
Picy,
Pic
Fn
h(F)
CI(F)

quotient I'\'H, ki

genus of C, kil

constant field extension of C' from k to &/, kaid
i-th homology group of C' for .%, ki
i-th cohomology group of C' for .%, kaid
Riemann-Roch space of D, kiii
Jacobian of C, kol

reduction of C' over a finite field, ka1d
maximal number of points of curves of genus g over [y,
Thara constant, D

number of F~-rational points of V', &
zeta function of V, @

eigenvalues of the ¢-adic Frobenius, B
Frobenius, B

number of points of degree d of C', B
Weil’s trigonometric functions, B
Frobenius automorphism at P, [d
modulus, Id

divisors prime to m, [d

functions congruent to 1 modulo m, [@
divisors generated by elements of Ky, 1, L8
norm map, [d,

conductor of L/ K, 1

ray class group modulo m, I8

Picard group of K, [[¥

ray class field of F' modulo m, ¥

class number of F', [9

class group of F', 9

Hilbert class field, T9

narrow Hilbert class field of F', 9
narrow class group of F', 9

narrow class number of F', 9

maximal abelian extension of K,
idele class group of K, I

Teichmiiller representative of x, Il
reduction map from 7Z,, to [, 2T

n-th Witt polynomial, I3

Witt vector, I3

ring of Witt vectors on R,
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extension of k generated by &,

trace of z, 23

Artin-Schreier-Witt operator, 23
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P-adic valuation of 1/x;,

Witt symbol,

S-units, B0

different of L/ K, B4

a quaternion algebra, B(

base field of the quaternion algebra, B0
reduced norm, 1, 24

elements of B of reduced norm 1, 20

quaternion algebra defined by a and b, BT

Hamilton quaternions, &1l

separable closure of F', Bl

Hilbert symbol of a and b, Bl

right classes of left O-ideals,

class number of O, B2

different of O, B2

relative discriminant of O, B2

number of optimal embeddings of R in O, E3

local Hilbert symbol, B4

discriminant of B, B3

elements of F’ positive at real places ramified in B, B3
local reduced norm map, &8

elements of B of reduced norm 1,44

level of the Eichler order, &2

Eichler order of level 91, &4

classical congruence subgroup of SLq(7Z), B2
elements of Zr positive at real places ramified in B, E17
totally positive elements of F', EX

totally positive elements of Z g, EX

elements of B with totally positive reduced norm, B8
narrow right Picard group of O, B8

restricted class group of F', BR

restricted class number of F', BX

number of local optimal embeddings at p of R in O, E9
conductor of R, 29

relative discriminant of R, B9

the order of conductor a, 29

Artin symbol at p, £9

absolute discriminant of F', B2

function on the discriminant of B, &2

function on the level of O, B2

quaternionic arithmetic Fuchsian group, 52
compactification of Y (T),
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eq(T)
eoo(T)

vol

number of elliptic cycles of order g of I,
number of parabolic cycles of T,

volume for the hyperbolic measure,

only real embedding of F' at which B is split,
elements of reduced norm 1 of Oy (N),
image by ¢1 of O} (M),

Shimura curve Y (I'§(M)),

projective closure of Y (1),

union of upper and lower half-planes, B3

an Eichler order of level 91, B3

adelic Shimura curve corresponding to o>, 83

congruence subgroup corresponding to the class of b, 53

compactification of Y (O*), B3

model of X (O*) over Fy, 53

elements of O of totally positive reduced norm, B3
image by ¢1 of O,

Shimura curve Y (I'§ (7)),

projective closure of Y, (91),

model of Y;" (M) over Fi,

model of Y (M) over F.,

homography factor, &7

space of modular forms for I', &7

space of modular forms for I'j (91), &2

space of modular forms for T' (1), 52

sheaf of holomorphic differential 1-forms, &4

space of adelic modular forms for O, 851

modular form corresponding to the class of b,
operator defined by «,

dual operator of [I'al],

operator defined by &,

quaternionic matrices of determinant generating n,
adelic Hecke operator corresponding to m and [,
adelic Hecke operator corresponding to n,
quaternionic matrices of determinant generating n, Bl
Hecke operator corresponding to n, Bl

pullback of ¢, B3

pushforward of ¢,

Verschiebung,

adelic Atkin-Lehner operator corresponding to n,
Atkin-Lehner operator corresponding to n, B4

adelic Shimura curve corresponding to O, [T
number of supersingular points, [T



Résumé

L’étude du nombre de points rationnels d’une courbe définie sur un corps fini se divise natu-
rellement en deux cas : lorsque le genre est petit (typiquement g < 50), et lorsqu’il tend vers
I’infini. Nous consacrons une partie de cette these a chacun de ces cas. Dans la premiere par-
tie de notre étude nous expliquons comment calculer I’équation de n’importe quel revétement
abélien d’une courbe définie sur un corps fini. Nous utilisons pour cela la théorie explicite du
corps de classe fournie par les extensions de Kummer et d’ Artin-Schreier-Witt. Nous détaillons
également un algorithme pour la recherche de bonnes courbes, dont I’implémentation fournit de
nouveaux records de nombre de points sur [ et 3. Nous étudions dans la seconde partie une
formule de trace d’opérateurs de Hecke sur des formes modulaires quaternioniques, et montrons
que les courbes de Shimura de la forme X () forment naturellement des suites récursives
de courbes asymptotiquement optimales sur une extension quadratique du corps de base. Nous
prouvons également qu’alors la contribution essentielle en points rationnels est fournie par les
points supersinguliers.

Abstract

The study of the number of rational points of a curve defined over a finite field naturally falls
into two cases: when the genus is small (typically g < 50), and when it tends to infinity. We
devote one part of this thesis to each of these cases. In the first part of our study, we explain how
to compute the equation of any abelian covering of a curve defined over a finite field. For this we
use explicit class field theory provided by Kummer and Artin-Schreier-Witt extensions. We also
detail an algorithm for the search of good curves, whose implementation provides new records
of number of points over F5 and F3. In the second part, we study a trace formula of Hecke
operators on quaternionic modular forms, and we show that the Shimura curves of the form
Xar (M) naturally form recursive sequences of asymptotically optimal curves over a quadratic
extension of the base field. Moreover, we then prove that the essential contribution to the rational
points is provided by supersingular points.

Discipline

MATHEMATIQUES

Mots-clés

Courbes avec beaucoup de points, corps de fonctions, théorie explicite du corps de classe, théo-
rie de Kummer, vecteurs de Witt, équations de revétements abéliens, algebres de quaternions,
courbes de Shimura, formes modulaires, opérateurs de Hecke, points supersinguliers, tours ré-
cursives.
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