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Generic Curves of Genus 3

This talk concerns nonsingular, nonhyperelliptic genus 3 curves and the plane quartics Q(X, Y, Z)
in KX, Y, Z] which determine them. We cover:

1. Classical invariant theory of quartics.
2. Geometric characterizations of special strata in M.
3. Arithmetic classification by explicit Galois cohomology.

In what follows we assume that K is a field of characteristic 0; we describe the invariant theory
in terms of K = C.

The implicit computational side can be carried out over any ring in which 6 is invertible.

A careful analysis at these exceptional characteristics should yield integral invariants as Igusa
carried out for genus 2.
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Invariant theory concerns the classification of forms in K[X7, ..., X,], up to GL,, (K )-equivalence,

from which we derive PGL,, (K )-invariance of an associated projective variety.

Standard curve models Invariants Dimension of moduli
Genus 0 0
Lines, Conics A
Genus 1 1
Elliptic curves: Y? = C(X, Z) 4, Cg, A\,
Y2 = Binary quartic where
Ternary cubics ¢y — 2 = 123A
Genus 2 3
Y? = Binary sextic Iy, 1y, Iy, Ig, A, where
LI — I = 413
Genus 3 6
Ternary quartics Dixmier (1987)
Ohno, Brumer (unpublished)
Hyperelliptic locus: 5

Y? = Binary octavic Shioda (1967)
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Let V' = C" be equipped with the standard left action of GL,(C), which induces a right action

on the algebra
Clxy, ..., x,) = Sym(V™).

For v in GL,(C) and F' in Clzy, ..., z,| we denote this action by
Fi(z) = F(y(x)),

for all z in V. Let Clxy, ..., x,]qs denote the d-th graded component, where d remains fized.

Definition. A covariant of degree r and order m is a function
Y :Clry, ..., zpla — Cloy, .. xylm
such that
1. 9 is an SL,(C)-module homomorphism, i.e. Y(F7) = ¢ (F)?,
2. the coefficients of ¢)(F) depend polynomially on the coefficients of ! - - - ', and
3. WAF) = N(F) for all A € C.

The last two conditions imply that 1) is homogeneous of degree r in the coefficients of a form F'.
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We set Cluy, . . ., u,] = Sym(V), where {uy, ..., u,} is a basis for V dual to the basis {x1, ..., 2, }
of V*. Then GL,,(C) has a right contragradient action on polynomials in Cluy, . .., u,], which we
denote by G7*, where 7, is the inverse transpose of .

Definition. A contravariant of degree r and order m is a function
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which satisfies
1. ¢ is an SL,(C)-module homomorphism, i.e. ¢(F7) = ) (F)*,
2. the coefficients of ¢)(F) depend polynomially on the coefficients of ! - - - z'n, and
3. WAF) = AXT"Y(F) for all A € C.

Although the choice of bases gives a canonical isomorphism V' — V*, the two spaces are distin-

guished by the action of GL,,(C).

An invariant is a covariant (or contravariant) of order 0.
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1. Define a C-bilinear pairing

D :Cluy, ... ,uy] X Clxy, ..., x,] — Clxy, ..., x,)
defined by the identification u; = 9/0z;.
Similarly define a C-linear pairing

D :Clxy, ..., x5 X Clug, ..., uy] — Clug, ..., uy,l,
defined by the identification x; = 9/0u;.

These differential operations extend the pairing V' x V* — C.

We denote these operators by D, for fixed first term ¢.

Lemma 1. Let ¢ be a covariant and 1 be a contravariant, then D,(v) is a contravariant
and Dy () a covariant, of degree and order summarised in the table below.

Co/contravariant Degree Order

Dy(1) ord(y) — ord(¢) deg(p) + deg(v))
Dy() ord(yp) —ord(¢p) deg(p) + deg(v))
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2. Let ¢ be a covariant of order 2, and define

D*p
ble) = ((%iaxj) ij

and let D(p)* be the classical adjoint. Define D(1)) similarly for a contravariant 1 of order 2.
We now define

Jij  Clay, ..o, zp)o X Clug, ..., uy)s — C,
given by
Ju(e,v) = (D(p), D(v)), Jno(, 1) = det D(e),
Jn—l,n—l(gpa ¢) — <D(90)*7 D(w)*% J()n(QO, ¢) = det D(¢),

where (-, -) is the vector dot product.

Lemma 2. For ¢ and v as above, J;;(p, ) is an invariant of degree i deg(p) + j deg(v)).

These constructions give almost all of the tools needed to define and compute invariants of plane
quartics.
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Covariants Contravariants
T=12"'D,(F) p=144"1Dp(v))
§=T71"'D,(H) n= 12_1D5(0)
= SD(H) X =S D2)

With these definitions, we can state:

Theorem 1 (Dixmier, 1987) Let Ig, 16; [9, 112, [15, [18; ]27 be deﬁned by

I3 = 144_1DU(F), Iy = JH(T, p), Ii5 = Jg()(T),

]6 = 4608_1(D¢(H) — 8]??), ]12 = Jog(p), ]18 = JQQ(T, p),
with Is7 the discriminant of the plane quartic. Then I3, ... Iy; are algebraically independent,
and generate a subring of index 50 in the ring of invariants of ternary quartics.



Plane Quartic Invariants [continued]

Theorem/Conjecture 2 (Ohno). Let Jy, Ji2, Jis, Jis, Io1, Jo1 be defined by

Jo = Ju(&, p), Jis = J30(8), I = Jos(n),
Jio = Ju(1,n), Jis = Jaa(&, p), Jor = Ju(v,m).

The above tnvariants generate the ring of ternary quartic invariants as an integral extension
Of C[I37 167 ]97 [127 ]157 -[187 ]27]'



Plane Quartic Invariants [continued]

Theorem/Conjecture 2 (Ohno). Let Jy, Ji2, Jis, Jis, Io1, Jo1 be defined by

Jo = Ju(&, p), Jis = J30(8), I = Jos(n),
Jio = Ju(1,n), Jis = Jaa(&, p), Jor = Ju(v,m).

The above tnvariants generate the ring of ternary quartic invariants as an integral extension
Of C[I37 167 ]97 [127 ]157 -[187 ]27]'

N.B. Brumer identified a similar or identical set of invariants as candidates for generating the
graded ring.



Plane Quartic Invariants [continued]

Theorem/Conjecture 2 (Ohno). Let Jy, Ji2, Jis, Jis, Io1, Jo1 be defined by

Jo = Ju(&, p), Jis = J30(8), I = Jos(n),
Jio = Ju(1,n), Jis = Jaa(&, p), Jor = Ju(v,m).

The above tnvariants generate the ring of ternary quartic invariants as an integral extension
Of C[I37 167 ]97 [127 ]157 -[187 ]27]'

N.B. Brumer identified a similar or identical set of invariants as candidates for generating the
graded ring. We note that the Hilbert (or Poincaré) series for the graded ring of invariants was
determined by Shioda (1967). This work provided the index result in the theorem of Dixmier,
and indeed predicted the degrees of generating invariant functions and their relations.



Plane Quartic Invariants [continued]

Theorem/Conjecture 2 (Ohno). Let Jy, Ji2, Jis, Jis, Io1, Jo1 be defined by

Jo = Ju(&, p), Jis = J30(8), I = Jos(n),
Jio = Ju(1,n), Jis = Jaa(&, p), Jor = Ju(v,m).

The above tnvariants generate the ring of ternary quartic invariants as an integral extension

OfC[I37 167 ]97 [127 ]157 -[187 ]27]'

N.B. Brumer identified a similar or identical set of invariants as candidates for generating the
graded ring. We note that the Hilbert (or Poincaré) series for the graded ring of invariants was
determined by Shioda (1967). This work provided the index result in the theorem of Dixmier,
and indeed predicted the degrees of generating invariant functions and their relations.

Example. The Fermat quartic X* 4+ Y* 4+ Z% has Dixmier-Ohno invariants:
(144:0:0:0:0:0:0:0:0:0:0:0:—1099511627776),



Plane Quartic Invariants [continued]

Theorem/Conjecture 2 (Ohno). Let Jy, Ji2, Jis, Jis, Io1, Jo1 be defined by

Jo = Ju(&, p), Jis = J30(8), I = Jos(n),
Jio = Ju(1,n), Jis = Jaa(&, p), Jor = Ju(v,m).

The above tnvariants generate the ring of ternary quartic invariants as an integral extension
Of C[I37 167 ]97 [127 ]157 -[187 ]27]'

N.B. Brumer identified a similar or identical set of invariants as candidates for generating the
graded ring. We note that the Hilbert (or Poincaré) series for the graded ring of invariants was
determined by Shioda (1967). This work provided the index result in the theorem of Dixmier,
and indeed predicted the degrees of generating invariant functions and their relations.

Example. The Fermat quartic X* 4+ Y* 4+ Z% has Dixmier-Ohno invariants:
(144:0:0:0:0:0:0:0:0:0:0:0:—1099511627776),
and the Klein quartic XY + Y3Z + Z3X has Dixmier-Ohno invariants:
(9:=729:0:0:0:0:0:0:0:0:0:0:—823543),
as elements of (1,2,3,3,4,4,5,5,6,6,7,7,9)-weighted projective space.



Plane Quartic Invariants [continued]

Theorem/Conjecture 2 (Ohno). Let Jy, Ji2, Jis, Jis, Io1, Jo1 be defined by

Jo = Ju(&, p), Jis = J30(8), I = Jos(n),
Jio = Ju(1,n), Jis = Jaa(&, p), Jor = Ju(v,m).

The above tnvariants generate the ring of ternary quartic invariants as an integral extension
Of C[I37 167 ]97 [127 ]157 -[187 ]27]'

N.B. Brumer identified a similar or identical set of invariants as candidates for generating the
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and the Klein quartic XY + Y3Z + Z3X has Dixmier-Ohno invariants:
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as elements of (1,2,3,3,4,4,5,5,6,6,7,7,9)-weighted projective space. These provide intrinsic
geometric invariants of the isomorphism classes of the curves.
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points of multiplicity 2 are called hyperfiexes.

As a special case, we note that Csy curves (of genus 3), once—upon—a—time proposed for cryptog-
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Our objective is to determine modular equations defining each of the strata in Vermeulen’s clas-
sification, beginning with the strata of small dimension.
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Such a model gives a finite cover X — X , where X" is the closed subvariety of M3 of interest.
So the first problem is to descend from the covering space & to X. The second problem is to
address whether C descends to a universal family C — X (with connected fibers of genus 3).

One Dimensional Strata

Among the one-dimensional strata, we found that Zg is isomorphic to an elliptic curve over Q,
and the remaining Z; are isomorphic to P'/Q. It remains to determine whether there exists
an obstruction to the existence of a universal family C — Z;. However, this question can be
addressed computationally (as we see below).

Zero Dimensional Strata

The stratum ® has as representative the Fermat quartic, and the stratum W is represented by the
quartic curve

X Y+ 2P 3(XP 2 XAYP Y2 = 0.
The strata € is defined over its field of moduli Q(+/7), which leaves the question open for the
strata ©, II;, and X..
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