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Number fields
Let K =Q[x]/(f (x)) be a number field defined by a polynomial
f (x) ∈Z[x], and L is the splitting field of K /Q.

L

K = Q[x]

(f (x))

Q

n

G = Gal(L/Q)

We are interested in studying the Galois groups of these fields, from
the perspective of character theory of groups.
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Character theory of number fields

Consider the number field defined by

f (x) = xn + c1xn−1 +·· ·+c0 ∈Z[x],

and suppose that (p,disc(f )) = 1.
• The factorization type f (x) ≡ f1(x) · · · fr(x) ∈ Fp[x], determines

the cycle type (d1, . . . ,dr) = (deg(fi)) of the Frobenius lift in
Gal(L/Q), up to conjugation.

• In the associated permutation representation ρ : Gal(L/Q) → Sn,
the Frobenius lift has characteristic polynomial

P(x) = (xd1−1) · · · (xdr−1) = xn−a1xn−1+·· ·+(−1)r =
n∑

i=0
(−1)iaix

n−i
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Let V =Rn whose canonical basis is identified with the roots of f ,
and define V0 =R(1,1, . . . ,1).

• The representation decomposes into V = V0
⊕

V⊥
0 , and the

representation on V⊥
0 is the standard representation.

• The characteristic polynomial of the Frobenius on V⊥
0 is

Q(x) = P(x)

x−1
∈Z[x] = xn−1 −a1xn−2 +·· ·+ (−1)n−1an−1

and x−1 on V0.

• The coefficients (a0,a1, . . . ,an−1) are class invariants on the set
C(G) = {C0, . . . ,Ct} of conjugacy classes in G = C0 ∪·· ·∪Ct .

• The coefficients are character values, that is,

(χ0(p), . . . ,χn−1(p)) = (a0,a1, . . . ,an−1).
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Example (Galois group S3)
Let f (x) = x3 +2x+2. We obtain the polynomials

Q(x) ∈ {x2 −2x+1,x2 −1,x2 +x+1}

with corresponding vector sequences {(1,2,1), (1,0,−1), (1,−1,1)}.
Thus we obtain the character table:

C0 C1 C2

a0 1 1 1
a1 2 0 −1
a2 1 −1 1

The conjugacy classes are C0 = C(1),C1 = C((12)),C2 = C((123)).

Remark
For Sn, all of these characters are irreducible, but the situation is
much more complicated in general.
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Characters and Expectation
• Let G be a finite group, then if χ,ψ are irreducible characters

over C,

〈χ,ψ〉 =
{

0 if χ ̸=ψ,
1 if χ=ψ where 〈χ,ψ〉 = 1

|G|
∑
g∈G

(χψ̄)(g)

• Let G = Gal(L/Q). We define the expectation of a character as
an average over its values at the first N primes:

E(χ) = lim
N→∞

1

N

∑
p∈PN

χ(p),

where χ(p) is the character value at the Frobenius lift. This
allows us to compute the inner product as the expectation

〈χ,ψ〉 = E(χψ̄).
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For S3, using primes ≤ 212, an explicit computation in Sage, with
respect to the characters (1,ψ,χ), such that

(1(p),ψ(p), χ(p)) = (a0,a1,a2),

gives the inner product matrix

[ 1.00000000 -0.0285204991 -0.0231729055]
[-0.0285204991 0.948306595 -0.0285204991]
[-0.0231729055 -0.0285204991 1.00000000 ]

This gives a good approximation of the identity matrix: 1 0 0
0 1 0
0 0 1

 ·
This confirms that the characters 1,ψ, χ are irreducible and distinct.
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Example (Galois group D4)
Let f (x) = x4 +x3 −2x−1. We obtain the polynomials

Q(x) ∈ {x3 −3x2 +3x−1,x3 +x2 −x−1,x3 −x2 −x+1,x3 +x2 +x+1}

with corresponding vector sequences

{(1,3,3,1), (1,−1,−1,1), (1,1,−1,−1), (1,−1,1,−1)}

Thus we obtain the character table:

C0 C1 C2 C4

a0 1 1 1 1
a1 3 −1 1 −1
a2 3 −1 −1 1
a3 1 1 −1 −1

where C0 = C(1),C1 = C((12)),C2 = C((12)(34)),C4 = C((1234)).
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For D4, using primes ≤ 212, an explicit computation in Sage, with
respect to the characters (χ0,χ1,χ2,χ3), gives the inner product
matrix

[ 1.00000000 -0.0284697509 -0.0533807829 -0.0213523132]
[-0.0284697509 1.89679715 0.875444840 -0.0533807829]
[-0.0533807829 0.875444840 1.89679715 -0.0284697509]
[-0.0213523132 -0.0533807829 -0.0284697509 1.00000000]

This approximates 
1 0 0 0
0 2 1 0
0 1 2 0
0 0 0 1

 ·

11 / 13



Galois representations of number fields Characters, expectation and orthogonality Explicit examples

From the inner product matrix, we can conclude:
• χ0 and χ3 are irreducible and distinct
• χ1 and χ2 are reducible, and moreover

χ1 =ψ+ξ1 and χ2 =ψ+ξ2

for irreducible characters ψ, ξ1 and ξ2.

Question: How do we find ψ, ξ1 and ξ2?
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The End

Thank you for your attention!
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