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Abstract

In this article we prove that every entire curve in a generic hyper-
surface of degree d > 593 in IP’?"C is algebraically degenerated i.e there
exists a proper subvariety which contains the entire curve.

Résumé

Dans cet article nous démontrons que toute courbe entiere dans une
hypersurface générique de degré d > 593 dans Pé: est algébriquement
dégénérée i.e il existe une sous-variété propre qui contient la courbe
entiere.

1 Introduction

In 1970, S. Kobayashi conjectured in [8] that a generic hypersurface X in Pg
is hyperbolic provided that d = deg(X) > 2n—1, for n > 3. For n = 3, it was
obtained by Demailly and El Goul in [4] that d > 21 implies the hyperbolicity
of very generic hypersurfaces X in P2.

In this paper, we would like to prove the following:

Theorem 1 Let X C P{ be a generic hypersurface such that d = deg(X) >
593. Then every entire curve f : C — X is algebraically degenerated, i.e
there exists a proper subvariety Y C X such that f(C) C Y.



This result is a weaker version of the conjecture in dimension 3, because to
obtain the full conjecture one needs to prove that the entire curve is constant.

The proof of the theorem is based on two techniques. Consider X' C
P* x PNe the universal hypersurface of degree d in P4

In the first section we construct meromorphic vector fields on the space
JY(X) of vertical 3-jets of X. This technique, initiated by Clemens [2], Ein
[5], Voisin [14], was generalized by Y.-T. Siu [13] and detailed by M. Paun in
dimension 2 [10]. Here we generalize M. Paun’s computations in dimension 3
and obtain that a pole order equal to 12 is enough to obtain a "large” space
of global sections of the twisted tangent bundle.

In the second section, we summarize the main facts about the bundle of
jet differentials of order k£ and degree m, Ej,,T%. The idea, in hyperbolicity
questions, is that global sections of this bundle vanishing on ample divisors
provide algebraic differential equations for any entire curve f : C — X.
Therefore, the main point is to produce enough algebraically independent
global holomorphic jet differentials. In the case of surfaces in P? of degree
d > 15, one can produce global jet differentials of order 2 vanishing on am-
ple divisors using a Riemann-Roch computation and a Bogomolov vanishing
theorem (see [3]). Y.-T. Siu, in [13], described a way to produce global jet
differentials vanishing on ample divisors for hypersurfaces of sufficiently large
degree d in P", for any n. One problem is that the bound obtained for d is
quite high. If we are interested in the degree d for smooth hypersurfaces
of P4, an interesting result obtained in [12], is the existence of global jet
differentials of order 3 vanishing on ample divisors for d > 97.

In the last section we complete the proof of the theorem using Siu’s ap-
proach [13], by taking the derivative of the jet differential in the direction of
the vector fields constructed in the first part, and an observation made by
Mihai Paun in [10] to avoid the use of McQuillan results (cf. [9]).

Acknowledgements. We would like to thank Mihai Paun for his lec-
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2 Vector fields

In this first section, we generalize to dimension 3 the approach of Mihai Paun
[10] which gives some precisions to Siu’s ideas [13] in dimension 2. Consider
X C P* x PN the universal hypersurface given by the equation

ZaaZo‘ =0, where [a] € P" and [Z] € P*.
|a|=d



We use the notations: for @ = (ap,...,aq) € N°) || = >, oy and if
Z = (Zy, 24, ..., Z,) are homogeneous coordinates on P4, then Z% =[] Z;‘j. X
is a smooth hypersurface of degree (d, 1) in P* x PV¢. We denote by J5(X) the
manifold of the 3-jets in X', and J§(X') the submanifold of J5(X') consisting
of 3-jets in X tangent to the fibers of the projection 7 : X — PN,

Let us consider the set Qg := (Zy # 0) X (aggoo0 # 0) C P* x PNe. We
assume that global coordinates are given on C* and C"¢. The equation of X

becomes
Xy = (20 + Z 2" =0

|o|<d, a1 <d

Then the equations of J¥(Xp) in C* x CNe¢ x C* x C* x C* can be written:

Z a,2* =0 (1)

la|<d, agooo=1

4 (03
Y Y agg’=o0 ®

J=1]a|<d, agooo=1

! &z 822()‘ (1) £(1)
Z Z aaa —|— Z Z aaazjazkfj & =0 (3)

J=1|a|<d, agooo=1 Jik=1|a|<d, agooo=1

4 3 aZa
>y aaa +3Z > aazj(f)Zkgj(z)g’gl)

J=1lla|<d, agooo=1 Jk=1la|<d, agooo=1

4
Pz .00
+ Z Z aamé‘ & & = 0 (4

Jikl=1]a|<d, agooo=1

Consider now a vector field
0 0 0
V=" D, tap—+D vip—+ ij,kw
la|<d, a1 <d @ J J g,k J

on the vector space C* x CN¢ x C* x C* x C*. The conditions to be satisfied
by V to be tangent to J{(X,) are

4 pws
Z Vo2 + Z Z aaaizjvj =0

la|<d, a1 <d J=1|a|<d, agooo=1

oz%

4 82 o 4
; dz Z Z aavgmgnglil)—i—z Z aaa—zjw](-l) =0

‘7 j k= 1|a\<d aqooo= 1 J=1|a|§d, adOOOZ1
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4 4
0z %z
2 ! 555‘2)* ~ 020 Dy G e
J

lo|<d, a1<d j=1

4
(1)
+Z Z Z@zjaz Z 82 azkﬁzl 5 )v;

J=1]a|<d, agooo=1

4

(De®) | (DD 0z% (2, _
+ Z Z 3zc9k w; +wy & )+Zaaa—zjwj) = 0

la|<d, agooo=1 J.k=1 J=1

4

(3) (1)
> 5 32320 5’f+zazazaz 676" )va

|o¢|<d ar1<d j= 1

4
02" ey,
+Z Z Zazjaz Z(?z]@z azz U Z 0% 8zkazlazm€k & 6oy

Jj=1lla|<d, agooo=1 k,l,m

(1) (1) (1) 1) (1) ()
+ Z Zaaazﬁzk@z S T wkf +§ )

|a|<d, agooo=1 J;k,l=1

+32%a o el 1 gl —|—Zaa w®) =0

Jk=1

Now we can introduce the first package of vector fields tangent to J3(Xp).
We denote by d; € N* the multi-index whose j-component is equal to 1 and
the other are zero.

For oy > 4 :
) ) ) ) 9
VA = 2 gy 4 62— — 42 +2 '
8aa 8(101751 a6104*251 8610[7351 aaa*%l
For oy > 3, ci9 > 1 :
0 0 0
y3100 L — 32— — 29— + 32129
o da, 8aa,51 O0a,— 52 aaaﬂ;l*fsz
0 0 0
+32] —— — 327z — % + 2% '
aaa—261 aaa—261—52 8aa_351 8aa—351—52
For ag > 2, a9 > 2:
) ) ) ) g 0
Va2200 = —2 —z1 +ZlZ§ —|—Z222—_Z222—
8aa aaa—(SQ 8ao¢—61 aaa—51—252 aaoé 201—092 aaa 201 —282



For (03] 2270622 1,0&3 Z 1:

0 0 0
2110 _ _ _ B
Va "~ Oa =3 da 2 da 221 da + 222 da
o a—03 a—02 a—01 a—03—03
B B , 0
+22123— + 22122 + 21
aao&—51—53 @aa—él—dg 8ao¢—2(51
9 , 0 , 0 ) 9
—2n 23— — 23— — 2122 + 2{ 2023 —— .
8ao¢—51—(52—53 aa’a—2(51—53 aa’a—251—52 aaa—251—(52—53
Fora; > 1,0 > 1,3 > 1,4 > 1:
P . 9 0 0 9,
L= — 2 ) —z3
“ 0 da da da
a’CM thtsl 01752 a753
0 0 0

—2 + 292324 + 2oy ————

daa—s, 00a—5,—55—5, 00a—5,—55—5,

0 0

+21%2923 + 212224 — Z1%923%24

0,5, 6,54 Ooy—5, 6554 o L0 J N N

Similar vector fields are constructed by permuting the z-variables, and
changing the index « as indicated by the permutation. The pole order of the
previous vector fields is equal to 4.

Lemma 2 For any (v;)1<i<a € C*, there exist v,(a), with degree at most 1 in
the variables (a.), such that V := Zva(a)% + Zvja%j is tangent to J3(X)
a J

at each point.

Proof. We impose the additional conditions of vanishing for the coefficients
of 53(-1) in the second equation (respectively of f;l)flil) in the third equation
and 5](-1)5,9)&(1) in the fourth equation) for any 1 < j < k <[ < 4. Then

the coefficients of 5](-2) (respectively fj(?)é,(:) and 5](-3)) are automatically zero
in the third (respectively fourth) equation. The resulting 35 equations are

4 550
Z Va2 + Z Z aaaizjvj =0

la|<d, a1<d J=1l|a|<d, agooo=1
4
02° N 0?2~ 0
E Vo —=— E E 2
8zj aZjaZk
la|<d, a1 <d k=1]a|<d, agooo=1

9%z 1 032
a o VYa aa Ao o =0
;8zj82kv + Z Z “ 02;02,07 K

I=1|a|<d, agooo=1
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93 4 9o
Z@z 02,02 Va Z Z o 32j32k32132mvm =0

m=lla|<d, agooo=1

Now we can observe that if the v,(a) satisfy the first equation, they
automatically satisfy the other ones because the v, are constants with respect
to z. Therefore it is sufficient to find (v,) satisfying the first equation. We

identify the coefficients of z# = 2" 25> 28% 20*

4
Up + Zaer&jUj(Pj +1)=0
j=1
O

Another family of vector fields can be obtained thanks to the generaliza-
tion to dimension 3 of a lemma (cf. [10]) given by Mihai Paun in dimension

2. Consider a 4 x 4-matrix A = (A%) € M,(C) and let V= ij(-k) 85%,
ik J

where w® = A¢® for k =1,2,3.

Lemma 3 There exist polynomials va(z,a) :== Y v§(a)z” where each coef-
1B1<3

ficient v§ has degree at most 1 in the variables (a,) such that

0 ~
V= qua(z, a)aTLa +V

is tangent to J3(Xy) at each point.

Proof We impose the additional conditions of Vamshmg for the coefficients
of § in the second equation (respectively of f( )5 in the third equation

and fj(.l 5121)&1) in the fourth equation) for any 1 < j < k <[ < 4. Then

the coefficients of §J(-2) (respectively §§2)§,(€l) and fj(-g)) are automatically zero
in the third (respectively fourth) equation. The resulting 35 equations are

Z 0,2 =10 (5)

la|<d, a1<d
aza j
> v + Z D, o —AL=0 (6)
|a\§d, a1<d k= 1‘04|<d aqo00=1 k
0%z 0%z
. Al =0 (7,
;azjazk Z“ a a o gy p = 0 (Tit)



Z 0z; 8zkazl O‘+Z% Gzp&zkazl Zaa az] 82,,(921 +Zaa 8,2] 82;492,,

The equations for the unknowns vj are obtained by identifying the coef-
ficients of the monomials z” in the above equations. We can do the following
reductions: using equations 6; vg = 0 if |a| + |3] > d + 1, and using the
equation of Xy, we can assume that degree in the z; variable is at most d — 1.

The monomials z” in (5) are z{* 28% 28° 20* with > p; < dand p; < d—1.

If all the components of p are greater than 3, then we obtain the following
system

9. The coefficient of z” in (5) impose the condition

ngzo

a+B=p

10;. The coefficient of the monomial 2#~% in (6;) impose the condition
Z avg = lj(a)
at+pB=p

where [; is a linear expression in the a-variables.

11;;. For j =1, ..., 4 the coefficient of the monomial 2P~2% in (7;;) impose
the condition

> ajlay — Dug =1;(a)
a+pB=p

11,;. For 1 < j < k < 4 the coefficient of the monomial 2#=% % in (7,
impose the condition

> aj(a; — g = Li(a)
a+B=p
12;;;. For j = 1, ..., 4 the coefficient of the monomial z#~3% in (8;;;) impose
the condition
> ajla; — 1)(a; — 2§ = Lj;(a)
a+pB=p

12,1 For 1 < j < k < 4 the coefficient of the monomial 2#~2%~% in
(8;;1) impose the condition

> ajla; — Darvh = lju(a)

a+B=p

l

=0 (8m)



12j17. For 1 < j < k < | < 4 the coefficient of the monomial z¢#=% =%~
in (8;;) impose the condition

Z vy = Lip(a)

a+pB=p

As in the case of dimension 2 (cf. [10]) we obtain that the determinant of
the matrix associated to the system is not zero. Indeed, for each p the matrix
whose column Cj consists of the partial derivatives of order at most 3 of the
monomial 2~ has the same determinant, at the point zo = (1,1,1,1), as our
system. Therefore if the determinant is zero, we would have a non-identically

zero polynomial
z) = Za[;z’)’ﬁ
B

such that all its partial derivatives of order less or equal to 3 vanish at zj.
Thus the same is true for

P(z )—ZPQ Zaﬂz

But this implies P = 0.
Finally, we conclude by Cramer’s rule. The systems we have to solve are
never over determined as well. The lemma is proved. 0

Proposition 4 Let ¥ := {(z,a,6M, @ By e Jo(X) / €D AR A G
0}. Then the vector space Tyx)® Opa(12) @ Opn, (%) is generated by its global
sections on J(X)\X, where ¥ is the closure of .

2]

Proof. From the preceding lemmas, we are reduced to consider V' = > v,5— e

|| <3
The conditions for V' to be tangent to J35(Xp) are

Zvaza =0

o <3

D e =0

J=1a|<d, a1<d

SR Zaz e =0

la|<3 j=1 %



0z°
Sy 5<3>+32 Pe + z Mz e e o =0

jal<s j=1 %I

We denote by Wji; the wronskian operator corresponding to the variables

Zj, 2k, 2. We can suppose Wigs i= det(gj(i))lﬁi,jg:} # (0. Then we can solve the
previous system with vgg00, V1000, Vo100, Vo010 @s unknowns. By the Cramer
rule, each of the previous quantity is a linear combination of the v,, |a| < 3,
a # (0000), (1000), (0100), (0010) with coefficients rational functions in
2, €W €2 ¢B) The denominator is W93 and the numerator is a polynomial
whose monomials verify either:

i) degree in z at most 3 and degree in each £¢® at most 1.

ii) degree in z at most 2 and degree in ¢V at most 3, degree in £?) at
most 0, degree in ) at most 1.

iii) degree in z at most 2 and degree in ¢ at most 2, degree in £®)
most 2, degree in £ at most 0.

iv) degree in z at most 1 and degree in £() at most 4, degree in @ at
most 1, degree in @) at most 0.

€M has a pole of order 2, £ has a pole of order 3 and ¢® has a pole of
order 4, therefore the previous vector field has order at most 12. O

Remark 5 If the third derivative of [ : (C,0) — X lies inside ¥o then the
image of f is contained in a hyperplane section of X.

3 Jet differentials

In this section we recall the basic facts about jet differentials following J.-P.
Demailly [3].

Let X be a complex manifold. We start with the directed manifold
(X, Tx). We define X; :=P(Tx), and V} C Tk, :

Vi) = {£ € Txy @) 5 ™ € Co}

where 7 : X; — X is the natural projection. If f: (C,0) — (X, z) is a germ
of holomorphic curve then it can be lifted to X; as fj).

By induction, we obtain a tower of varieties (X, Vi). m @ Xp — X is
the natural projection. We have a tautological line bundle Oy, (1) and we
denote uy == ¢1(Ox, (1)).

Let’s consider the direct image 7. (Ox, (m)). It’s a vector bundle over
X which can be described with local coordinates. Let z = (z1,...,2,) be



local coordinates centered in z € X. A local section of 7, (Ox, (m)) is a
polynomial
P = Z Ro(2)dz*...d" 2
|t [+2]az|+...+k|og |[=m

which acts naturally on the fibers of the bundle J,X — X of k-jets of
germs of curves in X, i.e the set of equivalence classes of holomorphic maps
f:(C,0) — (X,z) with the equivalence relation which identifies two such
maps if their derivatives agree up to order k, and which is invariant under
reparametrization i.e

P((fo @), (0 8) ™) = /()" P(f', . fP)s0)

for every ¢ € Gy, the group of k-jets of biholomorphisms of (C, 0). The vector
bundle 74, (Ox, (m)) is denoted Ej,,T%. This bundle of invariant jet differen-
tials is a subbundle of the bundle of jet differentials, of order £ and degree m,
EkGTC,’;T % — X whose fibres are complex-valued polynomials Q(f’, f”, ..., f*))
on the fibers of J; X, of weight m under the action of C*:

QU N[ N FO) = A Q(f, ey f)

for any A € C* and (f', f", ..., f*) € J. X.

It turns out that we have an embedding J,“ X /Gy — X}, where J;X
denotes the space of non-constants jets.

For k =1, £y ,,,T% = S"T%.

If X is a surface we have the following description of F,,,T%. Let W
be the wronskian, W = dz;d?z — dz»d?z;, then every invariant differential
operator of order 2 and degree m can be written

P = Z Roi(2)dz*W*.
|a|+3k=m
The following theorem makes clear the use of jet differentials in the study of

hyperbolicity:

Theorem ([7], [3]). Assume that there exist integers k,m > 0 and an
ample line bundle L on X such that

HO(X,, Ox, (m) @ T L") ~ HY(X, By T @ L)

has mon zero sections oy, ...,on. Let Z C X} be the base locus of these sec-
tions. Then every entire curve f : C — X is such that fyy(C) C Z. In
other words, for every global Gy—invariant polynomial differential operator
P with values in L™, every entire curve f : C — X must satisfy the algebraic
differential equation P(f) = 0.

10



Remark 6 In fact, this theorem is true for global sections of E,CGT%T} van-
1shing on an ample divisor.

A complex compact manifold is hyperbolic if there is no non constant
entire curve f : C — X. Thus, the problem reduces to produce enough
independant algebraic differential equations.

If X C P*is a smooth hypersurface, we have established the next result:

Theorem [12]. Let X be a smooth hypersurface of P* such that d =
deg(X) > 97, and A an ample line bundle, then F3,,T% @ A™' has global
sections for m large enough and every entire curve f : C — X must satisfy
the corresponding algebraic differential equation.

The proof relies on the filtration of Es,,T% [11]:

OBy Ti = @ ( ® POy

0<y<E {A14+2 23 3=m—7; X\i—X;>7, i<j}

where I' is the Schur functor. This filtration provides a Riemann-Roch com-
putation of the Euler characteristic [11]:

m9

X By TH) = — 1
XX EsmTx) = 1608 % 108

d(389d° —20739d° + 185559d — 358873) + O (m?).

In dimension 3 there is no Bogomolov vanishing theorem (cf. [1]) as it is
used in dimension 2 to control the cohomology group H?, therefore we need
the following proposition:

Proposition [12]. Let A = (A1, Ao, A3) be a partition such that Ay >
Xo > Ay and [\ = SN > 4(d — 5) + 18. Then :

R (X, T %) < g(N)d(d + 13) + g(N)

3L
2

where g(\) = [T (A\i—2Xj) and q is a polynomial in \ with homogeneous

)\i>)\j
components of degrees at most 5.
This proposition provides the estimate

h* (X, Gr*Es,,T%) < Cd(d+ 13)m? + O(m®)

where C is a constant.

11



4 Proof of the theorem

Let us consider an entire curve f : C — X in a generic hypersurface of P*.
By Riemann-Roch and the proposition of the previous section we obtain the
following lemma:

Lemma 7 Let X be a smooth hypersurface of P* of degree d, 0 < § < %

18
then h(X, B3, T5 @ K°™) > a(d, §)m® + O(m®), with

1 -
L i(—1945d° — 78408082 + 1 ;
105210000000 & —1945d” — 7840800°d" + 105030d°0 +

10584008%d® 4+ 103695d% + 7075491d + 105837083 + 3222568808%d —
12600832508 — 4350024005%d — 68192712008° + 505182744052 —
2255850d%6 — 158760005°d> — 818140505d + 117612005%d?).

a(d,d) =

Proof. E;,,T% ® K)}‘S’" admits a filtration with graded pieces
F(x\l,)\z,)\s)T;( ® K;((Sm — F()\lf(sm,/\gftsm,)\gfém)T;(

for i +2 3 +3X3=m —7; A\ — A > 7,4 < 7,0 <y < . We compute by
Riemann-Roch

X(X, B3 n T @ K°™) = X(X, Gr* B3 T @ Kx°™).
We use the proposition of the previous section to control
h*(X, By T @ K°™) -
R (X, Ti—dmAe=dmAs=dm) ey < g(X) — §m, Ay — Om, A3 — 0m)d(d + 13) +
q(A1 — dm, Ay — dm, A3 — dm)

under the hypothesis > \; —3dm > 4(d —5) + 18. The conditions verified by
A imply > A; > % therefore the hypothesis will be verified if

1
m(é —39) > 4(d — 5) + 18.
We conclude with the computation

XX, By T @ K™ —h*(X, Gr* B3 Tx @ K°™) < hY(X, B3, Ty @ K°™).

O

12



Remark 8 If we denote X3 the quotient of J3"" (X)) by the reparametriza-
tion group Gs, one can easily verify that each vector field given at section 2
defines a section of the tangent bundle of the manifold Xy .

We have a section
o€ H' (X, B3, Ty @ K°™) ~ H°(X3,0x,(m) @ T3 K°™).
with zero set Z and vanishing order m(d — 5). Consider the family
X C P x PN

of hypersurfaces of degree d in P*. General semicontinuity arguments concern-
ing the cohomology groups show the existence of a Zariski open set U, C PN
such that for any a € U, there exists a divisor

where

P, € H'((Xa)s, O,y (m) @ Ty KT

such that the family (P,)qecv, varies holomorphically. We consider P as a
holomorphic function on J3(A&,). The vanishing order of this function as a
function of dz;, d®z;, d3z; (1 <14 < 3) is no more than m at a generic point of
X,. We have f5(C) C Z,.

Then we invoke the proposition 4 which gives the global generation of
Tyyx) ® Opa(12) @ Opny (%)

on JY(X)\X.

If fi5(C) lies in X, f is algebraically degenerated as we saw in remark 5.
So we can suppose it is not the case.

At any point of fi5(C)\X where the vanishing of P as a function of
dz;, d*z;, d®z; (1 < i < 3) is no more than m, we can find global meromorphic
vector fields vy, ..., v, (p < m) and differentiate P with these vector fields such
that v;...v,P is not zero at this point. From the above remark, we see that
v;1...0, P corresponds to an invariant differential operator and its restriction
to (X,)3 can be seen as a section of the bundle

O(x,)s(m) ® Opa(12p — dm(d - 5)).

Assume that the vanishing order of P is larger than the sum of the pole
order of the v; in the fiber direction of 7 : X — PNe¢. Then the restriction of
v1...0, P to &, defines a jet differential which vanishes on an ample divisor.

13



Therefore fi5(C) should be in its zero set. Thus f3(C) should be in the zero
section of J3(X,) over a generic point of X,.

To finish the proof, we just have to see when the vanishing order of P is
larger than the sum of the pole order of the v;. This will be verified if

d(d—5) > 12.

So we want § > ﬁ and a(d, d) > 0. This is the case for d > 593.
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