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ABSTRACT. We construct a family of fibered threefolds X,, — (S, A) that are weakly special but
not special in the sense of Campana. We prove that if m is big enough, the threefolds X,, present
behaviours that contradict the function field and analytic analogues of a conjecture of Abramovich
and Colliot-Thélene, thus providing evidences towards Campana’s conjecture. This is obtained
using an orbifold analogue of [CZ10, Main Theorem] in the function field and analytic setting,
which we prove adapting the recent method of Ru and Vojta in [RV]. We also formulate some
generalizations of known conjectures on exceptional loci that fit into Campana’s program and prove

some cases over function fields.

1. INTRODUCTION

A fundamental problem in Diophantine Geometry is to describe the distribution of rational
points in an algebraic variety X defined over a number field k. The expectation is that the global
geometry of X controls the distribution of X (k). In the case in which X is a variety of general
type, conjectures of Lang and Vojta (see e.g. [Lan91, Conjecture 3.7], [Voj87, Conjecture 3.4.3])
predict the existence of a proper Zariski closed subset, called the exceptional set, such that in its
complement rational points X (L) should be finite for every finite extension L D k; moreover the
exceptional set is expected to be independent of the field of definition. On the opposite side there
are the varieties whose rational points are potentially dense, i.e. there exists a finite field extension
L/E such that the set of L-rational points X (L) is Zariski dense. The conjectures of Lang and
Vojta thus predict that rational points in a variety of general type are not potentially dense.

It is natural to look for geometrical properties characterizing varieties where the set of rational
points is potentially dense. The conjectures mentioned above imply that for such a property
to be satisfied on X, not only X but none of its finite étale covers should dominate a positive-
dimensional variety of general type: such varieties are called weakly special (see Section 4 for
details). Abramovich and Colliot-Thélene [HT00, Conjecture 1.2] conjectured that a variety X
has a potentially dense set of rational points if and only if X is weakly special.

In [Cam04], Campana introduced the stronger notion of specialness: a variety X is special
if it does not admit any fibration of general type, in the sense of Campana (see Section 2 for
details). Campana conjectured that specialness rather than weak-specialness should characterize
potential density. Note that these two characterizations differ from each other (even if they agree in
dimension up to two) since there exist projective varieties which are weakly special but not special.
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Such examples were first constructed in [BT04] as simply-connected threefolds equipped with an
elliptic fibration 7 : X — S where S has Kodaira dimension 1. Nevertheless, these examples do
not explicitly contradict Abramovich and Colliot-Théléne’s conjecture since we still lack a method
to control the distribution of rational points on these varieties. Therefore it is natural to consider
the analogous problem in the analytic and function fields settings. The goal of this article is to
study the two conjectures in these setting giving evidence towards Campana conjecture.

In the analytic setting, the Green—Griffiths—Lang conjecture predicts that entire curves in vari-
eties of general type should be contained in a proper Zariski closed subset, the already mentioned
exceptional set. Following this analogy, Campana has conjectured that specialness (and therefore
potential density) should correspond to the existence of Zariski dense entire curves (see [Cam04]).
The analytic analogue of Abramovich and Colliot-Thélene conjecture would imply that a weakly
special variety admits a Zariski dense entire curve. This was already disproved in [CP07], where
it was proven that in some of the examples of weakly special but not special varieties constructed
in [BT04], all entire curves are algebraically degenerate (i.e. with non Zariski dense image).

Similarly, the conjectures of Lang and Vojta admit analogues for varieties defined over function
fields. In our setting, Vojta’s height conjecture predicts that given a general type variety X defined
over a characteristic zero function field x(C) of a smooth integral curve C, and an ample line bundle
L, there exists a positive constant « such that sections s : C — X not contained in the exceptional
set, satisfy degs*L < a(2¢g(C) — 2). Following Demailly’s notion of algebraic hyperbolicity in
[Dem97], we say that varieties X that satisfies this condition are pseudo algebraically hyperbolic. A
function field analogue of Abramovich and Colliot-Théléne conjecture would imply that a weakly
special variety X admits no dominant map 7 : X — Y such that there is a degree bound as above
for morphisms ros:C — Y.

One of the goals of this paper is to present a list of new examples of varieties that are weakly
special but not special: these are of the form 7 : X,,, — (5, Az) where X, is a threefold fibered in
elliptic curves, S is obtained as a blow-up of P2 and A, = (1 — 1/m)D; is an orbifold divisor (see
Section 6 for the precise definition). The pairs (S, A;) can be seen as orbifold generalizations of
surfaces appearing in [C7Z10] which provide examples of simply-connected quasi-projective surface
with a non Zariski dense set of integral points. For this class of examples we show that the function
field and analytic analogues of Abramovich and Colliot-Thélene conjecture fail. In particular, we
prove the following:

Theorem 1.1 (see Theorem 6.5). There exists mg such that for all m > my, the following hold:

(1) given an ample line bundle L on S, there exists a positive constant o and a closed subset
Z C S such that for every section s : C — X, such that (7o 5)(C) € Z, the following holds:

deg(mos)"L < a- (29(C) — 2+ NEL(S\ 9)) ;
(2) every entire curve in X,, is algebraically degenerate.
To prove Theorem 1.1 we combine Corvaja-Zannier degeneracy statements in [CZ04] with the

recent framework of Ru and Vojta [RV] to obtain a generalization of [CZ04, Main Theorem] in the
orbifold setting for the function field and analytic case.
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Theorem 1.2 (see Corollary 5.8 and Theorem 5.11). Let X C P™ be a complex nonsingular
projective surface and D = Dy + --- + Dy be a divisor with ¢ > 2, such that

(1) No three of the components D; meet at a point;

(2) There exists a choice of positive integers p; such that
o the divisor D), := p1 D1 + paDo + - - - + pg Dy is ample;
e The following inequality holds:

2D2¢ > (Dp - Dy)& + 3D7pi,

for every i = 1,...,q where & is the minimal positive solution of the equation D?:c2 —
2(Dy - Di)z + D} = 0.
Let A be the Q-divisor defined as

q
1
A= 1—— | D,
=1
Then, there exists a positive integer m such that, if m; > m for every 1,

(1) every orbifold entire curve v : C — (X, A), is algebraically degenerate;
(2) (X,A) is pseudo algebraically hyperbolic.

Structure of the paper.

In Section 2 we recall basic facts about special varieties and orbifolds, following Campana. Then,
in Section 3, we present a general framework where we generalize Lang’s notion of exceptional loci
to nonspecial varieties and Campana orbifolds. In Section 4 we discuss a general procedure to
construct weakly special but not special varieties, generalizing [BT04]. In Section 5 we prove
Theorem 1.2 and we apply it in Section 6 to prove Theorem 1.1. Finally, in Section 7 we prove
some generalizations of Ru and Vojta [RV, General Theorem)] for function fields and entire curves.
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2. SPECIAL VARIETIES

We collect here basic definitions and constructions related to special varieties, while referring to
[Cam04] for more details.

2.1. Special Manifolds via Bogomolov sheaves

Let X be a connected complex nonsingular projective variety of complex dimension n. For a
rank-one coherent subsheaf £ C QF, denote by HY(X,L™) the space of sections of Sym™(Q%)
which take values in £™ (where as usual L™ := L®™). The litaka dimension of L is k(X, L) =
max,>o{dim(®,m (X))}, i.e. the maximum dimension of the image of rational maps ®zm: X --»
P(HY(X,L£™)) defined at the generic point of X, where by convention dim(®zm (X)) = —oo if
there are no global sections. Thus k(X, L) € {—00,0,1,...,dim(X)}. In this setting, a theorem
of Bogomolov in [Bog79] shows that, if £ C QF , then x(X, L) < p.

Definition 2.1. Let p > 0. A rank one saturated coherent sheaf £ C QF is called a Bogomolov
sheaf if k(X, L) = p, i.e. if £ has the largest possible Iitaka dimension.

The following remark shows that the presence of Bogomolov sheaves on X is related to the
existence of fibrations f : X — Y where Y is of general type.

Remark 2.2. If f: X — Y is a fibration (by which we mean a surjective morphism with connected
fibers) and Y is a variety of general type of dimension p > 0, then the saturation of f*(Ky) in QF
is a Bogomolov sheaf of X,

Campana introduced the notion of specialness in [Cam04, Definition 2.1] to generalize the ab-
sence of fibration as above.

Definition 2.3. A nonsingular variety X is said to be special (or of special type) if there is no
Bogomolov sheaf on X. A projective variety is said to be special if some (or any) of its resolutions
are special.

By the previous remark if there is a fibration X — Y with Y of general type then X is nonspecial.
In particular, if X is of general type of positive dimension, X is not of special type.

2.2. Special Manifolds via orbifold bases

Campana gave a characterization of special varieties using his theory of orbifolds. We briefly
recall the construction.

Let Z be a normal connected compact complex variety. An orbifold divisor A is a linear
combination A = " (Dcz} ca(D) - D, where D ranges over all prime divisors of Z, the orbifold
coefficients are rational numbers ca(D) € [0,1] N Q such that all but finitely many are zero.

e 5 ()

{DCZ}

Equivalently,

where only finitely orbifold multiplicities ma (D) € Q>; U {400} are larger than 1.
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An orbifold pair is a pair (Z,A) where A is an orbifold divisor; they interpolate between the
compact case where A = @ and the pair (Z, ) = Z has no orbifold structure, and the open, or
purely-logarithmic case where ¢; = 1 for all j, and we identify (Z, A) with Z \ Supp(A).

When Z is smooth and the support Supp(A) := UD; of A has normal crossings singularities, we
say that (Z,A) is smooth. When all multiplicities m; are integral or 400, we say that the orbifold
pair (Z, A) is integral, and when every m; is finite it may be thought of as a virtual ramified cover
of Z ramifying at order m; over each of the D;’s.

Consider a fibration f: X — Z between normal connected complex projective varieties. In
general, the geometric invariants (such as 71 (X), k(X),...) of X do not coincide with the ‘sum’ of
those of the base (Z) and of the generic fiber (X)) of f. Replacing Z by the ‘orbifold base’ (Z, A¢)
of f, which encodes the multiple fibers of f, leads in some favorable cases to such an additivity

(on suitable birational models at least).

Definition 2.4 (Orbifold base of a fibration). Let f: (X,A) — Z be a fibration X — Z as above
and let A be an orbifold divisor on X. We shall define the orbifold base (Z, Ay) of (f,A) as follows:
to each irreducible Weil divisor D C Z we assign the multiplicity m s Ay (D) = infp{ty - ma(Fy)},
where the scheme theoretic fiber of D is f*(D) = >, tx.F, + R, R is an f-exceptional divisor of
X with f(R) € D and F}, are the irreducible divisors of X which map surjectively to D via f.

Remark 2.5. Note that the integers t; are well-defined, even if X is only assumed to be normal.

Let (Z,A) be an orbifold pair. Assume that Kz + A is Q-Cartier (this is the case if (Z,A) is
smooth, for example): we will call it the canonical bundle of (Z, A). Similarly we will denote by the
canonical dimension of (Z, A) the Kodaira dimension of Kz+A i.e. k(Z,A) := k(Z,0z(Kz+A)).
Finally, we say that the orbifold (Z, A) is of general type if k(Z,A) = dim(Z).

Definition 2.6. A fibration f: X — Z is said to be of general type if (Z, Ay) of general type.

The idea of Campana was that in order to characterize varieties that have a potentially dense
set of rational points it was not sufficient to exclude the presence of étale covers that dominate
varieties of general type. One would need to exclude the presence of every fibration of general type
in the above sense. This turns out to be equivalent to the specialness condition of Definition 2.3

as proven by Campana.

Theorem 2.7 (see [Cam04, Theorem 2.27]). A variety X is special if and only if it has no fibrations
of general type.

2.3. Orbifold Morphisms

We recall here the main definition of orbifold morphism, following [Cam11, Definition 2.3], in
the special case in which the source is a curve.

Definition 2.8. Let (X,Ax) and (C,A¢) two orbifold pairs, with X and C normal projective
varieties defined over a field k, C a curve, and Ax, A¢ the two orbifold divisor of the form

s S

AX:Z<1—T;>Ai Aczz<1—;j>Pj

i=1 Jj=1
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For every prime divisor D of X we denote by mx (D) its multiplicity, i.e. the number m; if D = A;
or 0 otherwise. For every point ) € C we similarly define n¢(Q). A morphism f: C — X is an
orbifold morphism, denoted by f: (C,A¢) — (X, Ax) if

(1) f(C) is not contained in Ax;

(2) for every prime divisor D of X, if f*D =), niQy, one has ny - nc(Qr) > mx (D).

We recall the following definition introduced by Demailly in [Dem97] in the compact case, while
the logarithmic and orbifold analogue were introduced in [Che04] and [Roul0] respectively.

Definition 2.9. Let (X, D) be a pair of a non-singular projective variety X defined over k and let
D be a normal crossing divisor on X. We say that (X, D) is algebraically hyperbolic if there exists
a ample line bundle £ on X and a positive constant « such that for every non-singular projective
curve C and every morphism ¢ : C — X the following holds:

(2.1) dego™L < a-(29(C) -2+ Ng] (D)).

where Ng] (D) is the cardinality of the support of ¢*(D). We say that (X, D) is pseudo algebraically
hyperbolic if there exists a proper closed subvariety Z of X such that (2.1) holds for every morphism
¢ : C — X such that p(C) € Z.

The notion of pseudo-algebraic hyperbolicity was defined first in [vBJK19, JX19]. In Lang’s
terminology [Lan&6], the notion is the “pseudofication” of the notion of algebraic hyperbolicity.

Remark 2.10. Note that the degree deg ¢* L, is a Weil Height for ¢ viewed as a point in the function
field k(C), with respect to the ample line bundle £. In the next sections, we refer to it both as a
degree and as the height hz(p).

Definition 2.9 can be extended to the orbifold setting as follows.

Definition 2.11. Let (X, A) be an orbifold; we say that (X, A) is algebraically hyperbolic if there
exists a ample line bundle £ on X and a positive constant « such that for every non-singular
projective curve C and every orbifold morphism 1 : (C, A¢) — (X, A) the following holds:

(2.2) deg "L < a-(29(C) — 2+ deg Ag).

We say that (X, A) is pseudo algebraically hyperbolic if there exists a proper closed subvariety Z
of X such that (2.2) holds for every orbifold morphism ¢ : (C, A¢) — (X, A) such that (C) € Z.

3. GENERALIZED LANG CONJECTURES

In this section we propose a generalization of the conjectures of Lang and Vojta compatible with
Campana’s dicothomy between special and nonspecial.

3.1. Arithmetic and Analytic Exceptional sets

In [Lan86], Lang introduced the following exceptional sets.

Definition 3.1. Let X be a projective variety defined over a field k.
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(1) If k is a number field, then the Diophantine exceptional set Excgio(X) is the smallest Zariski-
closed subset Z of X such that (X \ Z)(L) is finite for all finite extensions L D k.

(2) If k = C then the holomorphic exceptional set Excpo(X) is the Zariski closure of the union of
all entire curves i.e. images of non-constant holomorphic maps f: C — X.

Lang has conjectured [Lan86] that X is of general type if and only if both these exceptional sets
are proper subsets of X. Moreover he conjectured that Excgio(X) = Excpol(X).

Given Campana’s notion of special variety, it is natural to try to extend the notion of exceptional
sets to nonspecial varieties in the sense of Campana [Cam04].

The starting point is the following conjecture, formulated by Campana [Cam04, Conjecture 9.2
and Conjecture 9.20].

Conjecture 1. Let X be a projective variety defined over a field k.

(1) If k is a number field, then X (L) is not Zariski dense for all finite extensions L D k if and
only if X is not special
(2) If k = C then f(C) is not Zariski dense for all entire curves f : C — X if and only if X is

not special.

When one consider nonspecial varieties, it is easy to see that there are examples of nonspecial
varieties where the two exceptional sets in Definition 3.1 are the entire variety. As an example,
consider the nonspecial variety X = C x P! defined over a number field k, where C is a smooth
projective curve of genus > 2: in this case for every rational point P in C(L) the curve { P} xP! is in
Excgio(X). Therefore since X (k) is dense in X, Lang’s Diophantine exceptional set coincide with
X. Similarly one can show that Excpe(X) = X. We suggest that, in order to define meaningful

exceptional sets, one should consider the projectivized tangent bundle X; := P(Tx).

Definition 3.2.

(1) If k is a number field, the Diophantine exceptional set Excl; (X) is the smallest Zariski-closed
subset Z of X; such that for or all finite extensions L D k, P(Ty,) C Z, where Y7, is the
Zariski closure of X (L).

(2) If k = C, the holomorphic exceptional set Exci (X) is the Zariski closure of the union of all
entire curves g : C — X7 obtained as liftings of entire curves f : C — X.

The main motivation behind Definition 3.2 is Campana’s Core construction in [Cam04, Section
3]. Given a smooth projective variety X there is a functorial fibration cx : X — C(X), called
the core of X such that the fibers of cx are special varieties and the base C(X) is either a point
or an orbifold of general type. The idea behind considering X; as the natural space where the
exceptional set live, is that the core of X identifies the “special direction” in X7 and therefore,
assuming that C'(X) has positive dimension, i.e. X is nonspecial, this exceptional set should not
be the whole Xj.

Therefore we propose the following generalization of Lang conjecture for nonspecial varieties.

Conjecture 2. Let X be a projective variety defined over a field k.
(1) If k is a number field then Excl, (X) # X1 if and only if X is not special
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(2) If k = C then Exc},,(X) # X1 if and only if X is not special.

In the example above X = C x P! with C an hyperbolic curve, we see that for every number
field L the closed subvariety Y7, the closure of X (L), is the union of finitely many rational curves,
corresponding to the fibers of pr; = cx over the L-rational points of C. Thus Excl (X) =
Pprs(Tp1) and in particular Excl. (X) # X;.

Comparing Conjecture 1 and Conjecture 2 suggest interesting questions. In particular a strong
uniform degeneracy statement in X; should imply a non density statement in X.

Conjecture 3. Let X be a projective variety defined over a field k.

1 I k S a oer 62ld a d EX dio X X th(i X k Ot 015(3 t all d(? Se

the images f(C) are not Zariski dense.

Interestingly, some examples of this phenomenon have already been proved in the foliated setting.
If one considers a complex projective manifold X equipped with a holomorphic (singular) foliation
F such that all entire curves f : C — X are tangent to this foliation, then it is proved in [McQ98]
that if X is a surface of general type and F is a foliation by curves, then entire curves are
indeed algebraically degenerate. More recently, the same conclusion is shown in [BRT19] if F is a
transversely hyperbolic foliation of codimension 1 and X an arbitrary complex projective manifold
X (not necessarily of general type!).

3.2. Function Fields

Given the well-known analogy between number fields and function fields, we formulate the above
conjectures in the function field setting. Let x be an algebraically closed field of characteristic 0,
let C be a smooth complex projective curve and let x(C) be its function field over k. Let X be
a proper variety defined over k(C) and let g : X — C be the fibration associated to a proper
model of X over C. In this setting, x(C)-rational points correspond to sections s : C — X of g
and points defined over a finite extension x(C’) D k(C) correspond to section of the base change
X' =X x¢C' — C' via a ramified cover C' — C.

In this setting, Lang conjecture can be formulated in the following way (see [Lan86, Historical
appendix: algebraic families] for an historical discussion).

Conjecture 4. Let X be non-isotrivial. Then X is of general type if and only if for all finite
extensions k(C') D k(C) there is a proper algebraic subset Z C X such that X \ Z contains only
finitely many k(C")-points.

Special cases of Conjecture 5 have been proved in the literature, e.g. [Nog82].
Similarly, the generalization of Conjecture 1 is formulated as follows.

Conjecture 5. Let X be non-isotrivial. Then X is not special if and only if for all finite extensions
k(C") D k(C), K(C")-points in X are not Zariski dense.

Lang’s stronger conjecture predicts that the closed subset Z, the exceptional set, should be
independent of the field of definition of the points. Like in the number field case, this cannot be
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translated directly to nonspecial varieties. Instead we propose the following analogue of Conjecture
2 in the function field setting.

Conjecture 6. X is not special if and only if for all finite extensions k(C') D k(C) there is a
proper algebraic subset Z C Xy such that sections s : C' — X' whose liftings s1 : C' — Xy are not
contained in Z are finite.

In the number field case, conjectures of Vojta (see [Voj87, Conjecture 3.4.3] and [Vojll, Con-
jecture 24.3]) predict a height bound for rational points in varieties of general type outside of the
exceptional locus, which implies a non-density statement.

In the function field setting, an height bound is also expected, which is the content of the

Lang-Vojta conjecture.

Conjecture 7. If X is of general type and L is an ample line bundle on X, then there exist a
proper algebraic subset Z C X and a positive constant o such that sections s : C — X not contained
in Z (the model of Z) satisfy the inequality deg s*L < «(2g(C) — 2), with L a model of L.

The isotrivial case of Conjecture 7 is known for subvarieties of abelian varieties [Yam15]. For
certain cases of Conjecture 7 in the logarithmic setting see [CZ08, CZ13, Turl7, ADT18, CT19].

One should notice that for function fields, the height bound predicted by Conjecture 7 can only
imply a non-density result when the variety is not isotrivial. We note that in the isotrivial case,
one can expect that a natural generalization of Conjecture 7 predicts the following

Conjecture 8. If (X, A) is an orbifold of general type then (X, A) is pseudo algebraically hyper-
bolic as in Definition 2.11.

Motivated by Campana’s core construction, as introduced above, we propose the following ex-
tension of Conjecture 7 to nonspecial varieties.

Conjecture 9. If X is not special, then there are a rational dominant map @ : X — Y with
dimY > 0, a proper algebraic subset Z C X1, a positive constant o and an ample line bundle L
on'Y such that sections s : C — X, whose liftings s1 : C = X1 are not contained in Z, satisfy the
inequality deg(m o s)*L < a(2g(C) — 2).

Finally, in the isotrivial case, a natural generalization of Conjecture 9 to the logarithmic case
predicts the following

Conjecture 10. If (X, D) is not special, then there are a rational dominant map « : (X, D) —
(Y, D') with dimY > 0, a proper algebraic subset Z < X1, a positive constant « and an ample line
bundle L on'Y such that sections s : C — X, whose liftings s1 : C — X1 are not contained in Z,
satisfy the inequality deg(mo s)*L < a(29(C) — 2 + NT[I'IOS(D/))'

4. SPECIAL VS WEAKLY SPECIAL

In this section we construct a family of examples of varieties that are weakly special in the sense
of Abramovich and Colliot-Théléne but are not special in the sense of Definition 2.3.
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4.1. Weakly special varieties
We first recall the definition of weakly special variety (the terminology is due to Campana).

Definition 4.1. A projective variety X defined over a field k is said to be weakly special if there
are no finite k étale covers u: X’ — X admitting a dominant rational map f': X’ — Z’ to a

positive dimensional variety Z’ of general type.

Abramovich and Colliot-Théléne conjectured that weak specialness characterizes potential den-

sity of rational points for varieties defined over number fields.

Conjecture 11 (see [HT00, Conjecture 1.2]). Let X be a projective variety defined over a number
field. Then, the set of rational points on X is potentially dense if and only if X is weakly special.

Conjecture 11 is still open: in fact there is no example of a weakly special variety whose rational
points are not potentially dense. On the other hand the conjecture should imply the following

statements for function fields and entire curves.

Conjecture 12. Let X be a projective variety defined over C. Then, X is weakly special if and

only if:

(1) there exists an entire curve C — X with Zariski dense image.

(2) there are no dominant map w: X — 'Y, an ample line bundle L, a positive constant o and a
proper closed subset Yeue such that for every smooth integral curve C and morphism s : C — X
such that s(C) is not contained in Yy the following holds:

deg(mo s)*L < a(29(C) —2).

As seen in Section 2, if a variety X is special then X is weakly special. However, the two
notions are equivalent only for curves and surfaces. We construct here examples of 3-dimensional
projective varieties which are weakly special, but not special. In Section 6 we will show that these
examples contradict Conjecture 12.

4.2. Examples of weakly special, but not special threefolds.

The construction below is a slight extension of the construction in [BT04] and was explained to
us by F. Campana. We shall construct simply-connected smooth projective threefolds X having
no rational fibrations onto varieties of general type, but having equidimensional (elliptic) fibrations
of (orbifold) general type F': X — S onto smooth surfaces S. These are thus examples of weakly
special but not special varieties in the lowest dimension where the two notion do not agree.

Theorem 4.2. There exist surfaces T, S and fibrations f : T — P and g : S — P! such that:

(1) the first fibration f: T — P! has a single multiple fiber f~1(0) = m - Ty, with Ty a smooth
elliptic curve and m € Z=1, and another (singular) simply-connected fiber;

(2) S is a smooth surface and the fibration g: S — P! has a smooth fiber So == g~1(0) such that:
(a) the surface S is not of general type but the orbifold surface

(S,A) =(S,(1—1/m) - So)

1s of general type;
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(b) the complement of Sy in S is simply connected.

Furthermore, let X be the total spaces of the natural (orbifold) elliptic fibrations with equidi-
mensional fibers defined by f and g, i.e.

X = (S xp T) = (S,A).
Then X is a weakly special projective smooth threefold that is not special.

Proof. The existence is proven in the examples below, so we focus on the last part of the statement.
We first notice that the orbifold base of the fibration F' is indeed A: by construction, the only
multiple fibers lie above Sy, and F*Sy = m - (Syp x Tp). Since by assumption (S, A) is a surface of
general type, it follows immediately that X is not of special type.

We now prove that X is weakly special. A key feature of X in this direction is simple-
connectedness. Let D := F~1(Sp); then, the fibration F: (X \ D) — (S \ Sp) is a fibration
without multiple fibers (since f: (T \ Tp) — P!\ {0} has no multiple fibers), and with a simply-
connected fiber. This implies that Fy: m (X \ D) — m1(S \ So) is an isomorphism. Using our
assumption, the group 71 (X \ D) is hence trivial. This implies that X is simply-connected since
the natural map 71 (X \ D) — 71(X) is surjective.

As a consequence, to prove that X is weakly special, it suffices to show that no fibration
h: X — Z exists, with Z of general type and of dimension d, with 0 < d < 3, since X does
not admit any non-trivial étale cover. Assume by contradiction that such an h exists. Then d < 3,
because X is not of general type, since it is an elliptic fibration over S; hence d = 1, 2. Note that,
since X is simply connected, Z has to be simply connected, thus d > 1, since the only simply-
connected curve is P!, which is not of general type. We are reduced to the case in which d = 2,
and h # F, since by assumption S is not of general type. This shows that Z is covered by the
image of the fibers of F', i.e. the elliptic curves h(X;) with ¢ € S. This contradicts our assumption
that Z is a surface of general type. O

Example 4.3 (First fibration). In order to construct f: T — P!, we consider first a fibration
f': T' — P! of an elliptic surface having no multiple fiber, a smooth fiber T} = (f)~1(0) and
a (singular) simply-connected fiber, and moreover such that p,(7”) := h%?(T") = 0. Then 7" is
simply connected. Let m > 1 be an integer. The Kodaira logarithmic transform f: 7 — P! of
order m on the fiber T of f’ is a new elliptic fibration which replaces T} by a smooth multiple
fiber m - Ty of multiplicity m over 0 € P!, leaving the complements 7"\ T, and T'\ m - Tj) isomorphic
as elliptic fibrations over P!\ {0} (see for example [BT04, Section 3] and for more details [FM94,
Section 1.6]). Moreover py(T') = pg(T”") = 0, and T is still simply connected since f still has a
simply connected fiber. This implies that b1(7") = 0 is even and 7' is Kéhler; since py(T") = 0, we
conclude that T is projective (we refer to [FM94, Section 1.6] for the details).

In the original construction of [BT04], S was chosen so that x(S) = 1. We shall see that a
small variation of the construction permits to chose for (S, Ap) a suitable blow-up of any smooth
projective surface S’ with x(S’) € {—00,0,1} and Ap the strict transform of a suitable ample
orbifold Q-divisor on 5.
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Example 4.4 (Second fibration). In order to construct g: S — P! (given m), we consider a
simply-connected smooth projective surface S’ that is not of general type, together with an ample
and smooth divisor C’, which is a member of a pencil Cy of divisors on S’ (whose generic member
C" meets O’ transversally at C'? distinct points), such that the complete linear system Qg (C') is
base-point free, and such that Kg + (1 —1/m) - C" is a big divisor on S’

For example, one can chose S’ = P?, together with C’ a smooth curve of degree d > 4 if m > 5,
and d > 7 if m > 2.

Now choose a second generic member C” of the linear system |C’| meeting transversally C’ at
(C")? distinct points. Let o: S — S’ be the blow-up of S at these (C’)? points, let A be the strict
transform of A’ := (1 —1/m)-C" on S, and let E the exceptional divisor of o. Then the divisor

Ks+A=(0c"Kg +E)+ (c*A'—(1-1/m)-E)=0"(Kg + A") + (1/m) - E

is big since o is birational and all the varieties are projective; this implies that the orbifold surface
(S, A) is of general type.

Let k£ > 0 be the order of divisibility of [C’] in Pic(S"). By (a version of) Lefschetz theorem,
m1(S"\ C) is the cyclic group of order k generated by a small loop around C’. But blowing-up a
point a on ¢’ makes this loop become trivial in 711 (C = E, \ {a}), where E, = P! is the exceptional
divisor of the blow-up over a, and a € C'NC"” c S’. This loop thus becomes homotopically trivial
in (S'\ Sp), which is thus simply-connected.

Remark 4.5. The smoothness of C’ is not necessary. One may just assume that C’ is nodal and
that C” meets C’ at smooth points of C’.

5. DEGENERACY RESULTS FOR SURFACES

In this section we extend results of Corvaja and Zannier in [CZ04] for number fields to the
orbifold setting, both over function fields and in Nevanlinna Theory. We prove hyperbolicity and
degeneracy results for a class of surfaces as a combination of ideas of Corvaja and Zannier together
with the recent method introduced by Ru-Vojta in [RV].

In particular we recover the function field and analytic analogues of [CZ04, Main Theorem] in
the logarithmic setting. We stress that, even if the arithmetic result for orbifold rational points
seems at the moment out of reach, our results give evidence for the arithmetic part of Conjecture
1. Finally, all these results will be applied in Section 6 to the nonspecial threefold X, defined in

Section 4.

5.1. Function Fields

In this section we let k be an algebraically closed field of characteristic zero and we assume
all the varieties defined over x. The main theorem of this section will be a consequence of the
following statement, whose proof is contained in Section 7 (see Theorem 7.6). We start by recalling
the definition of the § invariant (we refer to [RV] for discussion and properties).
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Definition 5.1. Let X be a complete variety, let £ be a big line bundle on X and let D be a
nonzero effective Cartier divisor on X. We define

B(£, D) = lim inf NRO(X, £N)

Using the constant  we can reformulate the main theorem of [RV] in the function field case.
However, for our applications we need to obtain an explicit dependence of the constants on the
Euler characteristic of the curve. This is obtained in the following theorem, which we state in
the constant case, by use of the more explicit [Wan04, Theorem 1] instead of the function field
analogue of the Schmidt Subspace Theorem [Wan04, Main Theorem].

Theorem 5.2. Let X C P™ be a projective variety over k of dimension n, let Dy,---,D, be
effective Cartier divisors intersecting properly on X, and let L be a big line sheaf. Let C be a
smooth projective curve over k, let S be a finite set of points on C and let K = k(C) be the function
field of C. Then for any € > 0, there exist constants ¢c; and ca, independent of the curve C and the
set S, such that for any map © = [xg : ... : x| : C — X, where x; € K, outside the augmented
base locus of L we have either

q

> B(L, Diymp, s(x) < (1+ e)he(x) + c1max{1,2g(C) — 2+ |S]},

=1

or the image of x is contained in a hypersurface (over k) in P™ of degree at most ca.

Remark 5.3.

(1) In the case where X is nonsingular, the condition on the proper intersection is equivalent to
general position. We refer to [RV, Definition 2.1] for precise statements and properties.

(2) Even if Theorem 5.2 is stated in the split case we note that our proof carries over the non
split case almost verbatim. We focus here only on the split case since it is the one relevant
for our applications.

(3) The constants ¢ and ¢ appearing in Theorem 5.2 can be effectively computed given X, D;, L, e
so in particular the algebraic hyperbolicity bounds can be made effective in the same way.

The proof of Theorem 5.2 is included in Section 7 as Theorem 7.6, and we refer to Subsection
7.2 for the definitions of all the quantities involved. For our application we will use the following
corollary in dimension 2, whose proof is also included in Section 7 (see Corollary 7.7).

Corollary 5.4. In the previous setting, if X has dimension 2, then for any € > 0, there exist
constants c1 and c3 independent of the curve C and the set S such that for any K-point x = [z :
: ] 1 C — X, with z; € K, we have that, either degx(C) < ¢3, or

> B(L, Di)ymp, s(x) < (1+ €)hg(x) + c1 max{1,29(C) — 2+ |S]}.
=1

We now state the main result of this section in the logarithmic case.

Theorem 5.5 (cfr [CZ04, Main Theorem]). Let X C P™ be a smooth projective surface and
D =D+ -+ D, be a divisor with r > 2, both defined over k, such that
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(1) No three of the components D; meet at a point;

(2) There ezists a choice of positive integers p; such that
e the divisor D), := p1 D1+ p2Da + - - - + p. D, is ample;
e The following inequality holds:

2D2¢ > (Dp - D)€} + 3D2p;,
for every i = 1,...,r where & is the minimal positive solution of the equation Di2 2
2(Dy - Di)z + Dj = 0.
Then, (X, D) is pseudo algebraically hyperbolic (see Definition 2.9).
We will prove Theorem 5.5 as an application of Theorem 5.2 thus diverging from the original

proof that uses the Schmidt’s Subspace Theorem. Nevertheless we will use some of the techniques
of [CZ04] in computing the constants .

Lemma 5.6. In the same setting as Theorem 5.5, for everyi=1,...,r, Bi = B(Dp, D;) > p;.

Proof. By the Riemann-Roch Theorem, for N large enough we have that 2h°(N D,) = DgN 2 +
O(N). In order to compute f3;, we consider the divisor ND, — mD; which is effective if m < Np;.
By the same computation as in [CZ04] (in particular see pages 718-719) we get

&N
(5.1) > h(ND, —mD;) > N* (5"2(1)1; Do) _ 53?) +O(N?).
m=0

Recall that by definition of &;, we have D¢ = 2(D,, - D;)&2 — Dgg = 0. Using this in equation
5.1 we obtain

&N 2 . D. 2 . D. D3¢,
2> hO(NA—mD;) > 2N? (fz (D’; D) _ 2% (Dg’ D) + g£’> + O(N?)
m=0

- (3602 - 30, D) ° + OV

This implies that

36Dy —5(Dy-D)E
ﬁl - DI% > pl'

0

We also include an easy lemma which provides a useful trick to get a lower bound of the height
of a point with respect to D,,.

Lemma 5.7. In the same settings as Theorem 5.5, let ¢ = min{(S — p;)/pi}, then for very
p:C— X,

> Bihp, () > (1+€)hp,(¢)
=1
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Proof. We have that for every i

Bihp, (p) = (

Then, summing over ¢ = 1,...,7r we get

Bi — pi

%

+ 1> pihp,(¢)

b

56 0) = 3 (P4 1) it () 2 (14 2o,
1=1 ]

=1

0

Proof of Theorem 5.5. We will prove that there exists a constant « > 0 such that for every mor-
phism ¢ : C — X with ¢(C) € D one has
(5.2) deg ™D, < av- max{1,2¢(C) — 2+ Ng[pl](Dp)}.

We note that such bound implies that (X, D) is pseudo algebraically hyperbolic in the sense of
Definition 2.9 provided that the union of images of curves for which 2¢(C) — 2 + Ng[,l] (Dp) <0isa
proper closed subset of X. We will first prove the bound (5.2) and then show that the exceptional
set is indeed a proper and closed subset. First we note that condition (1) implies that Dy,..., D,

B .{&—m}
€ =miny ——
¢ pi

which is positive by Lemma 5.6. Let ¢ : C — X be a morphism such that ¢(C) ¢ D. By

are in general position. We fix

Corollary 5.4, applied with £ = Ox(D,), there exist constant ¢; and c3 depending only on X and
¢ (independent of C and ¢) such that either ¢(C) has degree bounded by c3 or

(5.3) > Aim,s(e) < (1+ 51, () + camax{1,2(C) — 2+ 5]},

where S = supp(¢*D). In the first case we are done. In the latter, since the support of ¢*D is
contained in S, mp, s(¢) = hp,(¢) + O(1).
Lemma 5.7 gives the lower bound

> Bimp,s(#) > (1+ )hp, (¢).
=1

Together with (5.3), this implies that there exists a constant ¢, such that
€
§th(<p) < dymax{1,2g(C) — 2 +|S|}.

Hence,
degp™Dp = hp,(¢) < 2che T max{1,2¢(C) — 2 + NS[Dl](Dp)}.

To finish the proof we need to show that there exists a closed subvariety Z that contains all images
©(C) when 2¢(C) — 2 + Ng] (Dp) is not positive. First of all, we can reduce to the case in which
k = C: it is enough to notice that given (X, D) defined over x there exists a field k¢ that is an
algebraically closed subfield of «, which is finitely generated over Q, and such that (X, D) has a
model over kg. For such kg there exists an embedding kg — C, and therefore we can reduce the
problem to the case in which (X, D) is defined over C.
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In this case, we claim that the exceptional set Z can be chosen to be the exceptional set in
[Lev09, Theorem 8.3 BJ. In fact, the same strategy of Levin applies to the setting of our theorem
(in particular the proof of [CZ04, Main Theorem| shows that D, is large in the sense of Levin)
and therefore there exists a proper closed subvariety Z C X that contains all the images of
entire curve C — X. To conclude, it is sufficient to notice that for every curve C such that
29(C) — 2+ NE](DP) < 0 there exists a non trivial holomorphic map C — C \ supp¢*Dp. In
particular this implies that ¢(C) has to be contained in Z as wanted.

O

Next we show that Theorem 5.5 leads to a statement for orbifold morphisms, in particular we

obtain the conclusion of Conjecture 8.

Corollary 5.8. Let (X, D) as in Theorem 5.5. Let A be the Q-divisor defined as

T
1
A= 1—— | Dy
> (1= ) o
=1
for some integers m; > 1. Then, there exists a positive integer m > 0 such that, if m; > m for
every i, (X, A) is pseudo algebraically hyperbolic (see Definition 2.11).

We obtain the previous corollary applying the following general lemma to Theorem 5.5.

Lemma 5.9. Let (X,A) be an orbifold defined over k such that (X,supp(A)) is pseudo alge-
braically hyperbolic with a constant a > 0 and with exceptional set Z C X. Then, there exists a
positive integer m > 0 such that, if all orbifold multiplicities are greater than m, (X, A) is pseudo

algebraically hyperbolic with the same constant o and the same exceptional set Z.

The Lemma and its proof generalizes [Roul0, Theorem 4.8] that was proved in the case where
X =P

Proof. Let ¢ : (C,Ac) — (X,A) be an orbifold morphism. We will use the notation § :=
N. E] (supp(A)). We first prove that there is a minimal orbifold structure A on C which makes
1 into an orbifold morphism and for which it is sufficient to prove the result. Let

5
V() = th’,jpi;
=1
5
Y*(supp(d)) = > t:P,
i=1

where the P; are the distinct points of ) ~!(supp(A)). Then if
d 1

1 is an orbifold morphism if mft; > m; for all j € ¢(i) where ¢(7) is the set

p(i):={k:1<k<dand Y(P) € A}
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Therefore the minimal orbifold structure A on C is given by the multiplicities
—~ ’7777,]—‘
m; = Sup | —/— |,
jep(i) I M
where as usual [k] denotes the round up of k. Therefore, we have to prove that there exists a

constant aa and an ample line bundle £o on X such that, for every ¢ such that ¢(C) ¢ Z we

have

deg " La < an(29(C —2+Z(1—m)

We can bound the contribution coming from the orbifold divisor as follows:

0 0

1)
(5.4) Z(l—%)gZ 1—811;"m >N[]Supp ZZ tij
7 J

=1 =1 j€e(i) =1 j= 1
On the other hand, by definition
0
> tij = deg(¥rAy).

i=1
which implies that we can rewrite (5.4) as

5 q
1 1 deg(y*A;)
. —— > BN
(5:5) 5 (1 5) = Wwnia) IR
In particular, equation (5.5) can be rewritten as
0 q
1 deg(v*A;
(5.6) NP (supp(a)) < 3 <1 - W) +3 g(;gf).
i J

i=1 j=1

On the other hand, our assumption that (X, supp(A)) is pseudo algebraically hyperbolic, implies
that, for every ample line bundle £ on L, if ¢(C) € Z, we have

(5.7) degy"L < « (2g(C) -2+ NE] (supp A))

Finally, combining equation (5.7) with equation (5.6), we obtain
e
g=1 "7

Therefore we conclude by noticing that, when the multiplicity m; are big enough, the line bundle

)

La=Lo0x(~Y A
=1

is ample on X and therefore we obtain

deg V"L < « (Zg(C) — 2+ deg ﬁ) .
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5.2. Holomorphic Maps

In this subsection we are interested in degeneracy properties of holomorphic maps. All varieties
will be defined over C. As before we will obtain our result as a consequence of the following

generalization of [RV, General Theorem (Analytic Part)] that includes truncation.

Theorem 5.10. Let X be a complex projective variety of dimension n and let Dy,---, Dy be
effective Cartier divisors intersecting properly on X. Let L be a big line bundle. For each € > 0,
there exists a positive integer QQ such that for any algebraically non-degenerate holomorphic map
f:C — X, the inequality

q q
> B, D) T, (1) = (14 )T 1(7) Sexe Y B(L, Dy)N{P (D7)
j=1 j=1

holds, where <exc means that the inequality holds for all v € RT except a set of finite Lebesgue

measure.

The proof of Theorem 5.10 will be given in Section 7 (see in particular Theorem 7.1). Using the
previous theorem we obtain a Nevanlinna analogue of Theorem 5.5 and Corollary 5.8.

Theorem 5.11. Let X C P™ be a complex nonsingular projective surface and D = Dy +---+ Dy,
be a divisor with q > 2, such that

(1) No three of the components D; meet at a point;
(2) There ezists a choice of positive integers p; such that
o the divisor D) := p1 D1 + paDa + - - - + pg Dy is ample;
e The following inequality holds:
2D2¢ > (Dy - D)€} + 3D2p;,
for every i = 1,...,q where & is the minimal positive solution of the equation Df 2
2(D, - Dy)x + D3 = 0.
Let A be the Q-divisor defined as

A = y 1
-y (1) P
=1

Then, there exists a positive integer m such that, if m; > m for every ¢, every orbifold entire curve
Y :C — (X,A), is algebraically degenerate.

Proof. First we note that condition (1) implies that Dy,..., D, are in general position. Let f :
C — (X, A) be a Zariski dense orbifold entire curve. As before, we denote by 8; = 5(Dp, D;) and
we set

e = min{(B8; — pi)/pi}

which is positive by Lemma 5.6. By Theorem 5.10, applied with £ = Ox (D)), and ¢/2, there
exists an integer () such that the following inequality holds:

(5:8) ZﬁjTDj,f(T)—< 2)TDp,f Sexc Z D (Djr).
i=1 i=1
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The analogue of Lemma 5.7 in the Nevanlinna setting gives the lower bound
Z BiTp, f(r) > (1 +¢€)Tp, ¢(r).
j=1
Together with (5.8), this implies that
(5.9) 5T, s(r i N (D).

Since f is an orbifold entire curve, one has

N (Do) <

Therefore, we can rewrite equation (5.9), as

57D, (r) Z BJ < b, Zﬁy Tp, 5(r).

To conclude, it is enough to choose m big enough, such that

g e
20| <3
7j=1
O

As a corollary we obtain the analogue of [CZ04, Main Theorem| and Theorem 5.5 in the Nevan-

linna setting.

Corollary 5.12. Let (X, D) be as in Theorem 5.11. Then, every entire curve p : C — X \ D,
is algebraically degenerate. Moreover (X, D) is Brody hyperbolic modulo the exceptional set Z of
Theorem 5.5, i.e. ¥(C) is contained in Z.

Proof. The first statement follows directly by Theorem 5.11. For the second statement one can
apply directly [Lev09, Theorem 8.3 B] to our setting (since, as noted before, the proof of [CZ04,
Main Theorem]| shows that the divisor D), is large in the sense of Levin). g

6. DEGENERACY PROPERTIES OF X,

Given Lang and Vojta’s dictionary between arithmetic and geometry properties of a variety X,
it is expected that varieties with a potentially dense set of rational points should correspond to
manifolds admitting Zariski dense entire curves. Therefore the analogue of Conjecture 11 should
imply that weakly special manifolds should admit such curves (see Conjecture 12).

Campana and Paun [CP07] have shown that some examples constructed in [BT04] (in particular
with k(S) = 1) give counterexamples to such a statement. In other words, there are some weakly
special manifolds in which all entire curves are algebraically degenerate. The goal of this section
is to show that one can produce much more “counterexamples” from the examples given in last
section. In particular we show that the weakly special varieties X,,, (for m big enough) provide

counterexamples to Conjecture 12.
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6.1. Construction

Following ideas of Corvaja and Zannier in [CZ10] we begin by giving a series of examples in
which the results of Section 5 apply. As in Section 5 we denote by x and algebraically closed field
of characteristic 0. We start by the following definition.

Definition 6.1. Let Dy, Dy and D3, be three projective plane curve in P2 and let Dy = H be an
hyperplane such that D; N D;N Dy, is empty for every distinct 7, j, k. Given three distinct projective
curves By, By, B3 we say that (D1, By), (D2, B2), (D3, B3) and H are in general position if

e D; and B; intersect transversally for every ¢ = 1,2, 3;

e D;,ND;N By =0, for every distinct ¢, j and h € {7,j}.

The main source of examples will be certain blow-ups of P2. In the next proposition we show
that these satisfy the assumptions of Theorem 5.5 and Theorem 5.11.

Proposition 6.2. Let (D1, By), (D2, Bs), (D3, Bs) and H be curves in general position as in Def-
inition 6.1 such that degD; > degB;. Let T be the set of points D; N B; for i = 1,2,3; if
#(T N D;) < deg D? we add to T smooth points of D; so that #T = deg D? + deg D3 + deg D3.
Let X be the blow up P? along T, and denote by D; the strict transform of D;, and by H the
strict transform of H. Let A be the Q-divisor defined as
3 1\ ~ 1\ =~
A= 1—— | Dy 1-— | H.
() e ()
Then, there exists a positive integer m > 0 such that, if m; > m, we have
(1) (X,A) is pseudo algebraically hyperbolic;
(2) if K = C, every orbifold entire curve f: C — (X, A) is degenerate.
Proof of Proposition 6.2. Let d; = deg D;. By definition, we have the following intersection num-
bers in X: D; - D; = d;d;, Dl-2 =0 and D; - H = d;. The result will follow from an application
of Theorem 5.5. Let ¢ := 4d;dads and define p; := ¢/d; for i = 1,2,3, and py := 3¢/4 = 3d1dads.
Using the integers p1, p2, p3 and ps we define
Dy, = p1 Dy + paDy + p3 D3 + paH.

Then, it is immediate to verify that D, - H >0 and D, - E > 0 where E is any exceptional divisor.
Now let C be a non-exceptional curve in X. Then we can compute

3 3
(6.1) D, -C= (Zpidi —l—p4) H. 7.C— Zpi Z multg (7. C).
1=1

=1 QeD;NT
Then, denoting ¢ = degm,C, Bezout’s Theorem implies that ZQG pnr Multg(m.C) < cd; and
therefore we can rewrite equation (6.1) as

3 3
Dp -C>c¢ (szdz +p4) — Zpi(Cdi) = cpg > 0.

i=1 i=1
Finally, since Dg > 0, by the Nakai-Moishezon criterion [Laz04, Theorem 1.2.23], the divisor D,
is ample.
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Let i =1,2,3, and let & be the smallest solution of

(6.2) D?x* — 2(D, - D)z + D2 = 0.
Using the fact that ﬁf =0 for ¢ = 1,2, 3 this gives the following expression
2
e
2(Dp ’ Di)

Using this expression, in order to apply Theorem 5.5, we have to verify that the following inequality
holds true:

D? ~ D?
(6.3) 2D} ——L—— > (D,-D;)- ——L—+3D} - p,;
2(Dp ’ Di) 4(Dp ’ Di)2

This simplify to Dg > 4p; (D, - IN)Z) Using the definition of D, and p; we can compute Df, = 177d?
where d = dydad3, and D, - IN)Z/dl = 11d. In particular 4p;(D,, - 52) = 176d? so that (6.3) reads
177d? > 176d? and therefore it is verified in the case in which i = 1,2, 3.

To conclude we need to verify that the same condition holds for ¢ = 4. In this case, using that
D, - H = 15d, equation (6.2) becomes

2?2 —30dz + 177d> = 0

A direct computation shows that the smallest solution of the equation is & = d(15 — 4/3). Then,
inequality (6.3) becomes

2-177- (15— 4v/3) > 15- (15 — 4v/3)2 +9- 177

that is a true statement, thus concluding the verification of the hypotheses of Theorem 5.5 and
Theorem 5.11 which imply the desired conclusion. (|

Remark 6.3. We note that the orbifold (X, A) will be of general type as soon as the m;s are big
enough. Moreover, in the case in which all the multiplicities m; = oo, we recover the analogue of
[CZ10, Proposition 2] in the function field and Nevanlinna case.

6.2. Weakly-Special Threefolds

In order to prove degeneracy results for the threefolds X, constructed in Section 4, we will use
Proposition 6.2 in a special case, that guarantees that the blow-up is not of log general type (but
of orbifold general type).

Let D := Dy + Dy + D3 + Dy be a simple normal crossing divisor on P? where D; is a curve of
degree d and Dy, D3, Dy are lines. Let F := Fy + F» + F3 be a simple normal crossing divisor on P?
where F} is a curve of degree d and F», F3 are lines and such that £'+ D is a simple normal crossing
divisor (so that (D;, F;) for i = 1,2,3 and D, are in general position in the sense of Definition
6.1). Let T; :=D;NF;, 1 <i<3and T =Ty UTo UTs. Let 7: S — P2 be the blow-up of P? in
T and f)l =7, ID; the strict transform of D; for i = 1,...,4. In order to construct the fibration
g of Example 4.4 we consider the quasi-projective surface S given by S \ D> U D3 U Dy and the
fibration g : S — P! to be the fibration induced by D; and F;. Note that for any integer m > 2,
the divisor Kp2 + (1 —1/m)D1 + Do + D3 + Dy is big, which implies in particular that the orbifold
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surface (S, (1 -1/ m)ﬁl) is an orbifold of general type. Moreover S\ Dy is simply connected (by
the same argument as in Example 4.4).

Remark 6.4. The quasi projective surface S \ Dy UDyUDsU Dy appears in [CZ10, Theorem
3] to produce an example of a simply-connected quasi-projective surface with non Zariski-dense
set of integral points. The idea of our construction is to consider instead the orbifold surface
(S, (1—=1/m) Dy + D+ D3+ Dy), and prove the degeneracy of orbifold entire curves. Unfortunately,
it seems that the arithmetic orbifold analogue is out of reach with the present methods.

Given f as in Example 4.3 we can construct the smooth threefold X,, as in Theorem 4.2: it
is a weakly special threefold that is not special. We denote by 7 : X,,, — S the elliptic fibration
induced. Note that by construction the orbifold base (see Definition 2.4) of 7 coincides with
Ar=(1-1/ m)f)l Then, the following theorem proves degeneracy results analogues of Conjecture
10 and the analytic part of Conjecture 1 for the quasi-projective threefold X,,.

Theorem 6.5. There exists mq such that for all m > myg, the following holds:
(1) there exists a positive constant A such that, for every morphism ¢ : C — X, such that 7(p(C))
is mot contained in the exceptional set of Proposition 6.2, the following holds:
deg 7(12(C)) < A (29(C) — 2+ NRL,(Ds + Dy + D))
(2) every entire curve f: C — X,, is algebraically degenerate.

In particular, X,, give counterexamples to (the logarithmic analogue of ) Conjecture 12.

Proof. We first prove the statement in the function field case. Let ¢ be a morphism as above and
consider 7o ¢ : C — S. By construction, this induces an orbifold morphism

~ ~ ~ _ 1\ ~ ~ ~ -
(C,Qp—l(D2 + D3 + D4)) — <S, <1 — m> D; + Dy + D3+ D4> .
Then the conclusion follows from Proposition 6.2. Similarly, in the Nevanlinna case, one considers

an entire curve f : C — X,,: the composition 7o f is an orbifold entire curve to (S, (1 — 1/m)l~71 +
Dy + D3 + Dy). Then the conclusion follows again from Proposition 6.2. U

7. THE RU-VOJTA METHOD

The purpose of this section is to obtain a truncated version of Ru-Vojta’s Theorem [RV, General
Theorem (Analytic Part)], as well as its analogue in the function field setting.

7.1. Nevanlinna Theory

We first recall some definitions in Nevanlinna theory. Let D be an effective Cartier divisor on a
complex variety X. Let s = 1p be a canonical section of O(D), i.e. a global section for which (s) =
D, and fix a smooth metric | - | on O(D). The associated Weil function Ap : X(C) \ SuppD — R
is given by

Ap(z) := —log|s(z)] .
It is linear in D (over a suitable domain), so by linearity and continuity it can be defined for a

general Cartier divisor D on X.
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Let f: C — X be a holomorphic map whose image is not contained in the support of divisor D
on X. The proximity function of f with respect to D is defined by

2 0 de

ms(D.r) = [ Ap(fre) e

0 T
Let n¢(D,t) (respectively, n§c )(D t)) be the number of zeros of p o f inside {|z| < t}, counting
multiplicity, (respectively, ignoring multiplicity larger than @ € N) with p a local equation of
D. The counting function and the truncated counting function of f of order @ at oo are defined,

respectively, by

Nf(D,r):/l nf(tD’t)dt and N}Q)(D,T)zfl

The height function relative to D is defined, up to O(1), as
(7.1) Tp ¢(r) =mge(D,r)+ N¢(D,r).

rnd(D,t)
t

The following is a truncated version of the analytic part [RV, General Theorem].

Theorem 7.1. Let X be a complex projective variety of dimension n, let Dy,---, D, be effective
Cartier divisors intersecting properly on X, and let L be a big line sheaf. For eache > 0, there exists
a positive integer QQ such that for any algebraically non-degenerate holomorphic map f : C — X,
the inequality

q q
S B(L, D) Tp, 4(r) = (L +€)Te () <exe Y BL, DN (D7)
7=1 7=1

holds, where <ex. means the inequality holds for all 7 € RT except a set of finite Lebesque measure.

Remark 7.2. When X is a surface, the condition that Dq,---, D, intersect properly on X can be
relaxed to a general position assumptions, following the same strategy as in [HR 18, Main Theorem)|.

We recall the following theorem from [GW19], which is a modification of [HR18, Theorem 3.2]
by applying the general form of the second main theorem with a Wronskian term proved by Vojta
in [Voj97, Theorem 1] and Ru in [Ru97, Theorem 2.3].

Theorem 7.3. Let X be a complex projective variety and let D be a Cartier divisor on X, let V
be a nonzero linear subspace of HO(X,O(D)), let s1,...,s, be nonzero elements of V. and for each
j=1,...,q, let D; be the Cartier divisor (s;).

Let & = (¢1,...,04) : X --» P?=1 be the rational map associated to the linear system V, let
f:C — X be a holomorphic map with Zariski dense image and let ¥ = (11, ...,1q) : C — P41
be a reduced form of ® o f, i.e. W = ®o f and ¢1,...,1q are entire functions without common
zeros. Denote by W (W) the Wronskian of Y1, ...,1q. Then for any e > 0,

do
/ maxZ)\D ( > 5 + Nw () (0,7) + dim V' - Np(0,7) <exe (dimV +&)Tp ¢(r),
jeJ
where J ranges over all subsets of {1,...,q} such that the sections (s;);jes are linearly independent,

and h is an an entire function such that h; = ¢;(f) for each 1 <i <d, i.e. h is a ged of ¢i(f),
1< <d.
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Proof. Most of the proof is identical to the proof of [HR18, Theorem 3.2], therefore we will omit
some details and indicate the required adjustments.

We may assume that d > 1. Let X’ be the closure of the graph of ®, and let p: X’ — X and
¢: X' — P41 be the projection morphisms. Then there is an effective Cartier divisor B on X’
such that, for each nonzero s € V, there is a hyperplane H in P?! such that p*(s) — B = ¢*H.
Let f : C — X' be the lifting of f. Then ¢o f = (¢1,...,14) : C = P91 is a reduced presentation
of ® o f. Moreover, let h be an entire function such that hi; = ¢;(f) for each 1 < i < d, i.e. his
a ged of ¢;(f), 1 <i <d. Then
(7.2) Nf(B, r) > Np(0,7) + O(1).

For each j =1,...,q let H; be the hyperplane in P41 for which
(7.3) p'Dj— B =p'(sj) — B=¢"Hj.

Choose a Weil function Ag for B. Then, we have
/\p*Dj = /\¢>*Hj + g+ O(l).
By the functoriality of Weil functions,
Mooy (F2) =Ap, () and Ao, (Fre®)) = An, (6(F(re)))

By the general form of the second main theorem with a Wronskian term in [Voj97, Theorem 1]

and [Ru97, Theorem 2.3|, we have

2 ~ . do
6 _ -
/0 m}xg Am; (é(f)(re )) 2 T Vo) (0:7) Sexe (d+ )Ty 5 (r).
From (7.3), we have

T(b(];)(r) =1Tpy _TB,f'

Since each set J has most dim V' elements and B is effective, it follows from (7.2) that

(#7) (ms(B.r) + Ni(0,7)) < () (my(B,r) + N§(B.7)) < dT}, 1+ O(1).

Hence,
2 ~ . ~ . do
/O (max > A, (@(F)(re”)) +Ap (Fre)) ) 5 + ANA(0,1)) + Ny 7 (0,7)
jeJ
Zexc (d+ e)T¢(f~) (r) + dTBJ; +0(1)
<exe (d+€)Tp s+ O(1).
]

Proof of Theorem 7.1. We will follow the proof of the analytic part of [RV, General Theorem]
closely, and only indicate the necessary modification. Let € > 0 be given. We want to show that

(7.4) B, D;) (To,.4(r) = Ni2(Dj,1)) Zexe (14 )Tz, (1),
j=1

Since the quantities (Tp, ;(r) — NJ(CQ) (Dj,r))/Te,f(r) are bounded when their respective denomi-
nators are sufficiently large, it suffices to prove (7.4) with a slightly smaller € > 0 and with 8(L, D;)
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replaced by slightly smaller 8; € Q for all 7. It’s also clear that we may assume that 5; # 0 for
each 1.
Choose positive integers N and b such that

n BiNh (X, LN)
. 147 l+e.
(75) (1+5) i s— 0w, 2v oy <1
Let
5= {ag {1,....q} | () Supp D, #@} :
jEo
For o € X, let

Ny = {a:(al)énﬁle‘ZﬁlaZ:b} .

€0 €0
For a € A\, as above, we construct a filtration of H(X, L") as follows: For € R, one defines
the ideal Z,(z) of Ox by
~Yox(-Xun)
b €0

where the sum is taken for all b € N#7 with Y ico @ib; > bx. Let
F(o;a), = HY(X, LN @ Za(z)),

which we regard as a subspace of H°(X, £). We note that there are only finitely many ordered
pairs (0,a) with 0 € ¥ and a € A,. Let By.a be a basis of HO(X, £Y) adapted to the above
filtration {F(o;a)s }recr+-

For a basis B of H(X, L"), denote by (B) the sum of the divisors (s) for all s € B. We now
state the following main lemma in [RV].

Lemma 7.4. [RV, Lemma 6.8] With the above notation, we have

(76) V (B2 o (i Zm L ) > 4D

b+ n \1<i< :
gEY - == BZ
aer'

Here, the notation “\/” is referred to the least upper bound with respect the partial order on
the (Cartier) divisor group of X by the relation Dy < Ds if Dy — D; is effective. Write

UBsa=BiU---UBp, = {s1,...,51,}.

o;a
Foreachi=1,...,T1,let J; C {1,...,T5} be the subset such that B; = {s; : j € J;}. Choose Weil
functions Ag, (1 = 1,...,T1), and As; (j = 1,...,T3) for the divisors (B;), and (s;), respectively.
Then, by (7.6) for x € X,

b RO(LN (—
min Zﬂz)\D
(7.7) btm \1sisa s fB
< max Ag () +0(1) = max ) As(z) +O(1).

J€J;
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Let M = h°(X, L") an let the set {¢1,...,¢ar} be a basis of the vector space H°(X,£Y), and
let ® = [¢1,...,¢un] : X — PM~1(C) be the corresponding (rational) map. Let f: C — X be
an algebraically non-degenerate holomorphic map. Let h be a ged of ¢1(f),...,dnm(f), i.e. his
an entire function such that 11 := R~ ¢1(f),..., ¥ := h~ ¢ (f) have no common zeros. Then
U = (¢1,...,9¥n) is a reduced form of ® o f.

By Theorem 7.3,

d9
(7.8) / i 37 A, (F(re) 57 Sese (M + ) Ty.ox (1) = Ny (0,7) — MN,(0,7),
jeJ
here the maximum is taken over all subsets J of {1,...,T5} for which the sections s;, j € J, are

linearly independent. Combining (7.7) and (7.8), we have
q
> Bimg(Di,r)
i=1

<o (14 ) oax s o (LBZ?V(—mDm((

Using (7.5) and the fact that Ty o~ (r) = NT} c(r), we have

M + E)vaLN(l’) — NW(\I!) (0,7) — M Ny(0, ’l"))

q
> Bimg(Diyr) < (14 2€) Tre(x) — C(Nyyr)(0,7) + MN,(0,7)),
=1
where C' = (14 €)(MN)~1. Applying (7.1) to the above inequality, we have
ZﬁJTDJ,f (1+28)Te f(r) <exc ZB]Nf C(Nw(w)(0,7) + MNy(0,7)).

To finish the proof, we will show that there exists a large integer @ (to be determined later) such
that

q q
(7.9) > BiN(D;,7) — C(Nyw () (0,7) + MN,(0,7) Z B;N(Dj, 1)
i=1 =1
For zg € C, let p; be a local defining function of D; around one of its open neighborhoods U. To
show (7.9), it suffices to deduce the following inequality

Zﬁj Uz = C - (v, (W(¥)) + Moz, (h) < ) Bjmin{Q.vZ (pj  f)},

j=1
for each zg € C.
The above inequality holds trivially if vj; (pjof) <Q for each 1 < j < gq. Therefore, we assume

that v;; (pjof)>Q for some 1 < j <¢. By Lemma 7.4, there exists a set of basis s1,...,sy of
HO(X, LN) with the following property:
M
b RO(X, L
N> i
;(51) > (@?q 2 )Zﬂ

q
(7.10) —1+ Zﬁl i éZ,BZD
i=1
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where the last inequality is due to (7.5). Since

Sz‘Uof I"dD Si - z Of)

T MQ

we can derive from (7.10) that

M
(7.11) > vl (silv o f) >*ZBJ v (pjo f).
i=1 j=1

On the other hand, since {¢1,..., ¢} is a basis of the vector space H*(X, L"), each s; is a C-
linear combination of the ¢;’s, and hence each h~1s;(f) is a linear combination of the 1;’s. From
the basic properties of Wronskians, we have

(7.12) Z (sl 0 f) — My (h) — %M(M ~ ).

Combining (7.11) and (7.12) and the assumption that v} (pj o f) > Q for some 1 < j < ¢, we
obtain

;W%(W °f) = O (W, (W(2 0 f)) + Muz, (b)) < %CM(M -1

T Mc

mln{Qv zo( jof)}a

where () is chosen to be % (Note that we have assumed that 3; # 0 for each j.) This
149

completes our proof. O

7.2. Function Fields

In this section we let k be an algebraically closed field of characteristic zero, let C be a smooth
projective curve over k of genus g(C) and let K = k(C) be the function field of C. For each point
p € C, we may choose a uniformizer ¢, to define a normalized order function v, := ord, : K —
Z U {oc} at p. For a non-zero element f € K, the height h(f) counts its number of poles with
multiplicities, i.e.

= max{0, —vy(f)}.
peC
Let fo,..., fm € K not all zeros. Then f = [fy: -+ : fi] € P"(K) can be viewed as a morphism
from C to P™ (k). The height of this morphism (or of the corresponding point in P (K)) is defined
by
h(£) = h(fo, s fm) == Y —min{vp(fo), ..., vp(fim) }-
peC
Let D be a Cartier divisor on a variety X over k. Similarly to the number field case, the classical
theory of heights (see e.g. [HS00, Part B] or [BG0O6, Chapter 2]) associates to every Cartier
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divisor D on X a height function hp : X(K) — R and a Weil function (local height function)
Apyp : X(K)\ SuppD — R, p € C, well-defined up to a bounded functions such that

(7.13) > App(P) = hp(P) + O(1)
peC
for all P € X(K) \ Supp D. Let S be a finite set of points in C. We denote by
mp,s(P) =Y App(P), and Npg(P)=> Ap,(P)
pes pgsS

the proximity and counting functions as defined in [Voj87]. Let agXo + a1 X1 + -+ + an Xy, be a
linear form with ag,...,a;, € k whose vanishing determine a hyperplane H in P™. Then for all
peCand P=[zg: - :xy) € P"(K), the Weil function at p is given by

A p(P) = vp(apozo + a1z1 + -+ - + am@y,) — min{vy (o), ..., vp(Tm) }
We recall the following version of the second main theorem for function fields from [Wan04].

Theorem 7.5 ([Wan04, Theorem 1]). In the above setting, let Hy,. .., Hy be hyperplanes in P™(K)

defined by linear forms with coefficients in k. If P = [xg: - : &y € P™(K) is linearly nondegen-
erate over k, then
m+1
> max Ay, p(P) < (m+ 1h(P) + ”1(2)(29(@ — 2+ #8S),
pes 7€
where the mazimum is taken over all subset J of {1,...,q} such that the linear forms defining Hj,

j € J, are linearly independent.

We will use Theorem 7.5 to obtain a function field analogue of Theorem 7.1 with an explicit
dependence on the Euler characteristic of the curve C.

Theorem 7.6. Let X C P™ be a projective variety over k of dimension n, let Dy,---,D, be
effective Cartier divisors intersecting properly on X, and let L be a big line sheaf. Then for any
€ > 0, there exist constants c¢1 and cs, independent of the curve C and the set S, such that for any
map x = [zg : ... xpy] : C = X, where x; € K, outside the augmented base locus of L we have

either
q
Z Be.p,mp,.s(x) < (14 €)he(x) + ¢ max {1,29(C) — 2+ ||},

or the image of x is contained in a hypersurface (over k) in P™ of degree at most cs.

Proof. The proof is similar to the first part of the proof of Theorem 7.1. We will follow its argument
and notation and only indicate the modification. Let ¢ > 0 be given. Since L is a big line sheaf,
there is a constant ¢ such that Y7 ; hp,(z) < chg(z) for all z € X (K) outside the augmented
base locus B of L. This follows from [Vojl1, Proposition 10.11]. By (7.13), together with the fact
that mp, s < hp, + O(1), we can choose 3; € Q for all ¢ such that

q

> (Bep, = B)mp,s(x) < She(a)

i=1
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for all z € X \ B(K). Therefore, we can assume that Sz p, = 3; € Q for all i. It’s also clear that
we may assume that 3; # 0 for each i. From now on we will assume that the point z € X (K) does
not lie on B.

Choose positive integers N and b to satisfy (7.5). The same arguments in the proof of Theorem

7.1 give
b ; (LN (=mDy)) | ¢
b+n lrélilgq Z Bi Z ﬁi)\Di,P (1’)
(7.14) = v
< _ _ | |
< max Asp(z) +O(1) = max 3 Ay (@) +O(1)
J€J;

Let M = hO(X, LN), let the set {¢1,..., ¢} be a basis of the vector space H(X, LY), and let

(7.15) D =[op1,..., 00 : X ——» PM71(g)
be the corresponding rational map. By Theorem 7.5, either the map ® o z is linearly degenerate,
ie. ¢1(x),...,¢p(x) are linearly dependent over k, or
M(M —1)
(7.16) Zm?XZASJ’P(x) < Mhaw(x)+f(29—2+|5|),
pes JjeJ
here the maximum is taken over all subsets J of {1,...,T5} for which the sections s;, j € J,
are linearly independent. We first consider when ¢1,...,¢ps are linearly independent over k.
Combining (7.14) and (7.16) gives
q n B;
mp, :L“S(l%—f)max - M hpn(z) + (29 — 2+ |S]) + O(1),
;ﬁl D 75( ) b/ 1<i<q Zm21 hO(EN(—le)) LN( ) 1( g | |) ( )

M(M~-1)

where ¢ = ==5—=. Using (7.5) and the fact that h,~(z) = Nhg(x), we have

> Bimp,s(x) < (1+€) he(z) + ¢ (29 — 2+ 1S]) + O(1),
=1

which implies the first case of the Theorem.

To conclude we note that, if ¢1(x), ..., ¢ (x) are linearly dependent over x, there exist constants
ai,...,ay € K, not all zero, such that a1¢1(z) + -+ + aprdpr(x) = 0. Let H be the hyperplane
in PM=1 defined by ayz; + --- + ayrzyr = 0; by assumption ®(z(C)) is contained in H. On the
other hand, since ¢1,..., ¢y is a basis of HO(X, L"), it follows that ®(X) is not contained in H,
hence ®(z(C)) is contained in ®(X)NH which is an hypersurface in ®(X) whose degree is bounded
independently of C and z as wanted. g

Corollary 7.7. In the previous setting, if X has dimension 2, then for any € > 0, there exist
constants ¢ and c3, independent of the curve C and the set S, such that for any K-point x = [x :
: T) 1 C — X, with x; € K, we have that, either degxz(C) < c3, or
q

> B(L, Diymp, s(z) < (1+ €)he(x) + 1 max{1,2g(C) — 2+ 9]}
=1
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Proof. Given Theorem 7.6, it is enough to observe that, since X has dimension 2, the hypersurface
of degree bounded by co intersects X in a union of finitely many curves whose degree is bounded
independently of the point . Moreover, the augmented base locus of £ has dimension at most 1,
and its one dimensional locus is a union of finitely many curves, which are also independent of x.
Therefore, it suffices to define c3 to the be the maximum of the degrees of all these finitely many
curves. O
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