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Abstract. — We define and study jet bundles in the geometric orbifold category. We show
that the usual arguments from the compact and the logarithmic settings do not all extend
to this more general framework. This is illustrated by simple examples of orbifold pairs of
general type that do not admit any global jet differential, even if some of these examples
satisfy the Green—Griffiths—Lang conjecture. This contrasts with an important result of
Demuailly (2010) proving that compact varieties of general type always admit jet differentials.
We illustrate the usefulness of the study of orbifold jets by establishing the hyperbolicity of
some orbifold surfaces, that cannot be derived from the current techniques in Nevanlinna
theory. We also conjecture that Demailly’s theorem should hold for orbifold pairs with
smooth boundary divisors under a certain natural multiplicity condition, and provide some
evidences towards it.
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The main goal of this paper is to define and study the hyperbolicity of orbifold pairs
in the spirit of the program developed in [Cam04]. A smooth orbifold pair is a pair
(X, A), where X is a smooth projective variety and where A is a Q-divisor on X with
only normal crossings and with coefficients between 0 and 1. An orbifold pair (X, A)
such that the canonical bundle Kx + A is big is said to be of general type. Let us explain
why orbifold structures arise very naturally in the study of the hyperbolic properties of
complex projective manifolds.

Let F: Y — X be a holomorphic fibration between complex projective manifolds. Let
|A] € X be the union of all codimension one irreducible components of the locus over
which the scheme-theoretic fibre of F is not smooth. For each component A; of |A|, let
D; := Y. jymi,;iDj jbe the union of all components of F*A; that are mapped surjectively onto
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A; by F. Then one defines the multiplicity of F along A; by m; := m(F, A;) == inf{m; ;, j € ]}
and the Q-divisor
A= ) (1= 1/m)Ar
i€l
The pair (X, A(F)) is called the orbifold base of the fibration F. The fibration is said to be
of general type if its orbifold base is of general type. A manifold Y is said to be special if
there is no fibration of general type F: Y — X with dim X > 0. Equivalently Y is special
if, for any p > 1, any rank-one coherent subsheaf L C Q’;’/ has Iitaka dimension x(Y, L) < p.
Then one has the following fundamental structure result:

Theorem ([CamO04]). — There exists a unique (up to birational equivalence) fibration, called
the core map, cx: X — C(X) such that the general fiber of cx is special, cx is constant if X is
special and cx is a fibration of general type otherwise.

This construction arises naturally in the study of the birational classification of
varieties. Conjecturally, it also describes the behaviour of entire curves (or more
generally the Kobayashi metric) in X, as we shall now explain. On the one hand, it
is conjectured in [Cam04] that the Kobayashi pseudometric of a complex projective
manifold Y identically vanishes if and only if Y is special, on the other hand, we have the
following natural generalization to the orbifold category of the Green-Griffiths—Lang
conjecture, that will be the common thread of this paper.

Conjecture A. — If (X, A) is an orbifold pair of general type, then there exists a proper algebraic
subvariety Z ¢ X containing the images of all nonconstant orbifold entire curves f: C — (X, A).

Here, we consider orbifold entire curves f: C — (X, A) i.e. (nonconstant) entire curves
f: C = X such that f(C) ¢ |Al and mult;(f*A;) > m; for all i and all t € C with f(t) € A;.
In a modern point of view, these curves are nothing but the morphisms (C, @) — (X, A)
in the orbifold category. But these are actually also the central objects of the Nevanlinna
theory of values distribution. These curves have hence been studied extensively since
the beginning of the 20t century.

Assuming Conjecture A, one obtains that (“usual”) entire curves C — X are either
contained in the fibers of the core map or in the inverse image by the core map of a
proper algebraic subvariety. In particular, this would prove that if there is a Zariski
dense entire curve in X, then X is special. In other words, if dim C(X) > 0, then any
nonconstant entire curve C — X is algebraically degenerate. The varieties of general
type satisfy dim C(X) = dim(X).

Using the above core map theorem, one can also reformulate a famous conjecture of
Lang: a smooth projective variety should be Brody-hyperbolic (i.e. does not contain any
entire curve) if and only if it does not contain any special subvariety. The right-to-left
implication is an easy corollary of the Green—Griffiths-Lang conjecture. More generally,
without the hyperbolicity assumption, all entire curves C — X should be contained in
the union of the special subvarieties of X.

Since the seminal works of Bloch and Green—Griffiths [GG80], one successful approach
to study hyperbolicity problems in the usual (i.e. compact or logarithmic) settings is the
use of jet differentials vanishing on an ample divisor, which can be viewed as algebraic
differential equations satisfied by nonconstant entire curves (see [Dem97] and [DL01]).
It is most natural to define orbifold jet differentials to be the logarithmic jet differentials
acting holomorphically on orbifold entire curves (see Sect. 2).

Using jet differentials, we provide new positive results towards the orbifold Green—
Griffiths-Lang conjecture. The control of the cohomology of orbifold jet differentials
tends to be much more difficult than in the usual (i.e. compact or logarithmic) settings.
Nevertheless, for surfaces, we show that jet differentials combined with the theory of
holomorphic foliations can be used to prove hyperbolicity results, in situations where
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the tools of Nevanlinna theory (e.g. Cartan’s Second Main Theorem) cannot be used in
the current state of the art. As an illustrative example, in Sect. 4, we prove the following.

Theorem. — On X := IP?, let A consist of 11 lines in general position with orbifold multiplicity
2, then the orbifold Green—Griffiths—Lang conjecture holds. More precisely, any orbifold entire
curve C — (X, A) is constant.

More generally, we give numerical conditions for which the Riemann—Roch approach
yields the existence of orbifold jet differentials vanishing on an ample divisor and we
study various interesting geometric settings (see Sect. 4). As an example:

Theorem. — Let (X, A) be a smooth orbifold surface such that Kx is trivial and |A| is a smooth
ample divisor. If the orbifold multiplicity is m > 5 and if c1(|Al)? > 10c2(X), then (X, A) admits
orbifold jet differentials vanishing on an ample divisor.

In the direction of the Green—Griffiths—Lang conjecture in the compact case (A = @),
the jet differential approach culminates with the following remarkable recent theorem of
Demailly [Dem11]:

Theorem (Demailly). — If a variety X is of general type, it admits nonzero global jet differen-
tials vanishing on an ample divisor. (The converse holds too, by [CP15].)

This does not hold anymore in the general orbifold setting! We show that it is
actually necessary to strengthen the general type assumption in order to get orbifold jet
differentials (see Sect. 5). As an illustrative example, we prove that on P2, if A is smooth
of arbitrary degree, with orbifold multiplicity 2, there is no nonzero global jet differential.
More generally, we prove the following.

Theorem. — On IP", if A is smooth of arbitrary degree, with orbifold multiplicity m < n, there
is no nonzero global jet differential.

Givena pair (X, A) with A = }(1-1/s,;)A;, we introduce new natural orbifold structures

on X:
AR = Z (1- k/mi)+ A;
i€l
where x* = max{x, 0}, and we propose the following conjecture, for which we can
provide some evidences.

Conjecture B. — A smooth orbifold (X, A) of dimension n > 2 with smooth boundary divisor
admits nonzero global jet differentials vanishing on an ample divisor if and only if (X, A™) is of
general type.

The right-to-left implication should hold without the smoothness assumption on the
boundary divisor. It holds at least (trivially) for the graded bundle associated to the
Green—Griffiths filtration of the bundle of jet differentials (cf. Proposition 2.9 and above
it for all notation):

GreEx nQna = @ sh Qa0 ® st Q0 ® - ® kaQn’A(k).
te(Zso)*: |IEII=N
We prove the left-to-right implication for abelian varieties (see Sect.5.2).
Theorem. — Let X be an abelian variety of dimension n > 2, and let A be a smooth ample

divisor. If (X, A) admits nonzero global jet differentials vanishing on an ample divisor then
(X, AM) is of general type.
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It is then noteworthy that most known results towards Conjecture A coming from
Nevanlinna theory can be a posteriori reformulated in terms of the positivity of a pair
(X, A®@) (see Sect. 1). This confirms the naturality of these pairs (and also shows the
necessity to work with rational orbifold multiplicities).

The striking examples towards Conjecture B that we provide shed light on the
impossibility to solve the Green—Griffiths—Lang conjecture using only jet differentials,
and shows again the relevance of the orbifold framework to test the standard techniques
in a broader natural setting.

Acknowledgements. E.R. would like to thank Mihai Pdun and Nessim Sibony for
fruitful discussions related to this article.

1. Orbifold hyperbolicity

1.1. Orbifold entire curves. — Let us consider smooth orbifold pairs (X, A) for which
the orbifold divisor A can be written

A= Z(l ~1/m;) A,

i€l
where ) ;; A; is a normal crossing divisor on X and where m; € Z U {0} are at first

(possibly infinite) integers. To study hyperbolicity in this setting, one shall define orbifold
entire curves. Two definitions could be considered.

Definition 1.1. — An orbifold entire curve is a (nonconstant) entire curve f: C — X
such that f(C) ¢ |A] and such that for all i € I and for all t € C with f(t) € A;,

classical orbifold curves : the multiplicity mult;(f*A;) at t is a multiple of m;.
geometric orbifold curves : the multiplicity mult;(f*A;) at t is at least m;.

The first definition fits well with the category of orbifolds in the stacky sense (or
classical orbifolds) but is usually unsuitable for applications to hyperbolicity questions
as we shall illustrate now.

Examples constructed in [Cam05] consist in smooth and simply connected projective
surfaces S admitting a fibration g: S — P! of general type. In the classical orbifold
category, the orbifold base of these fibrations is defined using gcd instead of inf in the
computation of the fibre multiplicities. Although the multiple fibres consist of several
components, they are constructed in such way that the “classical” orbifold base is trivial
(i.e. there are no “classical” multiple fibres). Indeed, some components have multiplicity
2, while others have multiplicity 3 (this would be impossible for elliptic fibrations).

Recall that there is no nonconstant orbifold entire curve C — C (for both definitions)
with values in an orbifold curve (C,A) of general type (the orbifold curve is said
hyperbolic, see Corollary 3.6 for a proof). An idea to study the hyperbolicity of the
surface S above is thus to look at the composed maps of the entire curves f: C — S with
the fibration g.

— Working in the category of classical orbifolds, the curves g o f: C — P! will certainly
be orbifold for the (here trivial) orbifold structure induced by the fibration, but we do
not get any restriction on f.

- However, working in the category of geometric orbifolds, the curves g o f: C — P!
will be orbifold for the general type orbifold curve (P!, A(g)). By hyperbolicity of the
base, one obtains the expected algebraic degeneracy of any entire curve f in the fibers of
the fibration g.

More generally, without assumption on the dimension, one obtains easily algebraic
degeneracy (in the fibers of the fibration) for all fibrations of general type on a curve (see
[CamO05]).
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According to these considerations, in all this paper we will consider orbifold curves
only in the sense of the second definition. Using this definition, we can also consider
rational orbifold multiplicities m; € Q. We will denote f: C — (X, A) an entire curve
f: € — X which is orbifold for the structure (X,A). As already mentioned in the
introduction, these curves are also the curves studied in the well-established Nevanlinna
theory of values distribution.

1.2. Hyperbolicity. — Let us study the question of hyperbolicity of orbifold pairs (X, A).
Namely, we want to study the geometry of entire curves f: C — (X, A) and obtain some
results towards Conjecture A. Almost all known results in this direction come from
Nevanlinna theory, more precisely from truncated Second Main Theorems.

Projective spaces. — The first striking result, due to Cartan ([Car28],[Kob98, Cor. 3.B.46]),
can be reformulated in the following way in our terminology:

Theorem 1.2 (Cartan). — Let Hy,...,H. be ¢ hyperplanes in general position in P" and
consider the orbifold divisor A := Y.\, (1 — 1/)H;. If (IP", AW) is of general type, then every
orbifold entire curve f: C — (IP", A) is linearly degenerate.

Note that the positivity condition involved in the statement is a strengthening of the
assumption of general type. It is typical of the kind of positivity conditions that we will
encounter.

Several generalizations of Cartan’s theorem have been obtained (see for example
[Ru09]) but applications to orbifolds are not so useful because of bad truncation levels.
Very recently a second main theorem with truncation level one has been obtained in
[HVX17], which implies the following:

Theorem 1.3. — Let H be a generic hypersurface of degree d > 15(5n + 1)n". If m > d then
every orbifold entire curve f: C — (P, (1 — 1/4)H) is algebraically degenerate.

We see that in these results one needs either many components or high lower bounds
on multiplicities. One of the goal of this work is to develop techniques which will enable
to obtain statements on orbifold entire curves without such strong conditions. Moreover,
once algebraic degeneracy of orbifold entire curves is established, it is sometimes possible
to look at stronger statements such as hyperbolicity, i.e. nonexistence of nonconstant
orbifold entire curves. This is illustrated by the following result.

Theorem 1.4 ([Roul0, Cor. 4.9]). — Let Hy,...,H. be c general hypersurfaces of degrees d;
in IP" and consider the orbifold divisor A == Y." (1 = 1/m)H;. If ¥.:_1(1 = 1/m,)d; > 2n, then
every orbifold entire curve f: C — (IP", A) contained in an algebraic curve is constant.

Let us return to the example of the introduction, where we consider 11 lines in general
position in IP?, with multiplicities 2. In this case, Kp2 + A® = Kp2 < 0, so the theorem
of Cartan cannot be applied. However, once one knows algebraic degeneracy of entire
curves (this is done in Corollary 4.3), Theorem 1.4 yields even the hyperbolicity of the
pair (cf. Corollary 4.5).

Abelian varieties. — After Cartan, one important result in the same direction is the
truncated second main theorem on (semi)-abelian varieties due to works of Noguchi,
Winkelmann and Yamanoi. In particular, one obtains the following confirmation of
Conjecture A (see for example [Yam04b]):

Theorem 1.5. — Let A be an abelian variety, let D be a smooth ample divisor and let m > 1.
Then every orbifold entire curve f: C — (A, (1 — 1/)D) is algebraically degenerate.
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Quotients of bounded symmetric domains. — A last class of examples is given by quotients
of bounded symmetric domains. Let D be a bounded symmetric domain such that the
Bergman metric has holomorphic sectional curvature bounded from above by —1/y, and
I' < Aut(D) be a neat arithmetic subgroup. Then X := D/I" is a smooth quasi-projective
algebraic variety and admits a smooth toroidal compactification X with normal crossings
boundary H. In this setting, Aihara and Noguchi have obtained the following result
[AN91]:

Theorem 1.6. — If K5 + (1 —¥/m)H is big, then every orbifold entire curve
f:€— (X,(1-1/mH)

is algebraically degenerate.

2. Orbifold jet bundles

Let us now provide more detail on the definition of orbifold jet differentials. For the
logarithmic cotangent bundle we refer to Noguchi [Nog86] and for the logarithmic jet
bundles we refer to Dethloff~-Lu [DLO01].

2.1. Adapted coverings. — We consider smooth orbifold pairs (X, A). Such pairs are
studied using their orbifold cotangent bundles ([CP15]). Following the presentation
used notably in [Cla15], it is natural to define these bundles on certain Galois coverings,
the ramification of which is partially supported on A.

An orbifold divisor A can be written uniquely

A=) (1= 1m) A,

iel
where ) ;. A; is a normal crossing divisor on X and where for each i € I, m; = a;/b;, for
integers a; > b; > 0 that are coprimes if b; > 0. If b; = 0, by convention a; = 1.

A smooth projective Galois covering m: Y — X will be termed adapted for the pair

(X, A) if

— for any component A; of |A|, *A; = p;D;, where p; is an integer multiple of 4; and D;
is a simple normal crossing divisor;

— the support of 7*A + Ram(m) has only normal crossings, and the support of the branch
locus of m has only normal crossings.
There always exists such an adapted covering ([Laz04, Prop. 4.1.12]).

Remark that if a covering is adapted for a divisor }.,¢;(1 — bi/4,)4;, it is adapted for
any divisor ) (1 — b}/ al{)Ai with a7 | a;. In particular, one could use a presentation of
orbifold pairs with a; and b; nonnecessarily relatively prime. In what follows, we will
not make this assumption anymore. It is sometimes also convenient to allow a; = b;.

For k € IN U {00}, it will be useful to denote

A0 =Y (1- Kmi) A,
i€l
where x* := max{x, 0}. Aswe shallsoonillustrate, the “multiplicities” (m;—k)* € Z>¢U{oo}
appearing in the numerators of A® shall be interpreted geometrically as the minimal
multiplicities of the kth derivative of an orbifold curve along the components A; (see
Definition 1.1). However, the orbifold multiplicity of A® along A; is m;/ min(k, m;).

By what preceeds, if 7 is an adapted covering for the pair (X, A), it is adapted for all
the pairs (X, A(k)). Note that AV = A is the original orbifold divisor, that AO = Yier A
contains the support [A| = Y. 5,55, A of A (round-up), and that A& =Y. pi=0 Ai is the
logarithmic part of A (round-down).
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Let m: Y — X be a A-adapted covering. For any point y € Y, there exists an open
neighbourhood U > y invariant under the isotropy group of y in Aut(rn), equipped with
centered coordinates w; such that 7(U) has coordinates z; centered in 7(y) and

m(wy, ..., Wy) = (z’fl,...,zZ”

where p; is an integer multiple of the coefficient a; of (z; = 0). Here by convention, if z; is
not involved in the local definition of A thena; = b; = 1.

2.2. The orbifold cotangent bundle. — If A = A, for any A-adapted covering 7t: ¥ —
X, we denote
Qna =1 Qx(ogA).

Then the argument of [Clal15, Sect. 2.2] can be directly adapted to nonstrictly adapted
coverings to define the orbifold cotangent bundle to be the vector bundle Q; A fitting in
the following short exact sequence:

(1) 0= Qra = Qa0 > ) Oraym, = 0.

i€l: mj<oo
Here the quotient is the composition of the pullback of the residue map
n'res: ' Qx(log AV) — @ Orep,
i€l: m;j<oo
with the quotients Oy-a,  Or+p,yy,, ([Clal5, loc. cit.]).

Alternatively, the sheaf of orbifold differential forms adapted to 7t: Y — (X, A) is the
subsheaf () A € Q|5 locally generated (in coordinates as above) by the elements

W™ (dzi)zi) = w PR (dz).
Accordingly, Q, () is the subsheaf locally generated by the elements
w;nin(j’mi)pi/Miﬂ*(dZi/Zl') — wi_Pi(l_j/mi)+ T(*(de).

For any j > 1, one has the inclusion of sheaves
Qp ae © Qg € Qpao € Qrja) € O o

The orbifold tangent bundle Q7 A is defined to be the dual of Q A, locally generated
by the elements

i(1=1/m;) _«
w0 3z).
Clearly, for any j > 1, one has the inclusion of sheaves

v v v v v
QT[,A(O) - Qn,|A| c Qn,AU) c Qn,A(f“) - QH,A(W).

2.3. Orbifold jet differentials. — We will now define orbifold jet differentials of order
k, that generalize orbifold symmetric differentials and coincide with these at order 1.

In a local trivialization as above, the coordinate system z; induce jet-coordinates d/z; on
JikX corresponding to the Taylor expansion of germs of holomorphic curves C — X (note
that many authors use the normalization where jet-coordinates behave as derivatives
but it is preferable to rather consider the normalization where these behave as Taylor
coefficients).

Definition 2.1. — The sheaf of orbifold jet differentials of order k is the sheaf of Oy-
algebras generated in local coordinates as above by the elements

—pil=j/m)* _«/ 1
wip( Jjlm;) T((d]Zi),

forl<i<dim(X)and1<j<k
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Note that for a change of (centered) local adapted coordinatesw <> @onY, for any i with
m; > 1, up to reordering of the coordinates, one can assume that D; = (w; = 0) = (@; = 0).
Hence there is a fonction ¢;: C* — C with ¢;(0) # 0 such that w; = @; - ;(7(®@)) and
zi = Z; - (@i(2))P. One can then check that our definition in local coordinates indeed makes
sense, since a simple computation yields

—i(APi 7
d*=i(pl") o m(w) —pi(1=k/m;)*
(i o me(@))piCt=Kk/m
pole order <p;(1-j/m;)*

(diz) .

w Pk m)* ' (dkz;) =

1

k
j=0

with no pole in * [ X

The sheaf of orbifold jet differentials of order k is naturally a sheaf of graded algebras
whose graded pieces are denoted Ey (), A, the sheaf of orbifold jet differentials of
order k and of weighted degree N. Explicitely, Ex {2y a is the locally free subsheaf of
1"Ex nNQx(log|Al) generated in local coordinates as above by elements

dim(X)
H (Tp‘dlZi/Zl)l.ii(l_l/m"ﬁ)al/1 cee (T[*dkzi/wll’i(l—k/mfy)a"k ,
! i
i=1

such that ||¢|| := ZZ-,]- jaij = N. As an example, one has E1 nQra = SNQH,A.
Itis clear from Definition 2.1 that orbifold jet differentials are logarithmic jet differentials
w € 1"Ex nQx (log(|Al)) satisfying certain cancelations along D = }'ic1. .1 %Di, as shown
by the following rewriting of the former elements
dim(X) i . .
() (m,1)++a;, (mi k) . . )
i ; a; 1 min(m a; o mIn(m - (dzi/zi)“hl o (dkzi/zi)“lrk'
i=1
Note that the direct image of the sheaf of Aut(rm)-invariant sections of Ex {7 A
EinQxa = (BN Q) ™) € ExnQx(loglA),

which is a subsheaf of logarithmic jet differentials, does not depend on the choice of
nt. Explicitely, Ex nQx a is the locally free subsheaf of Ex yQx(log|Al) generated in local
coordinates as above by elements

dim(X)
H Zj[(ai'l min(m;, 1)++a;x min(mi,k))/mi-l (dZi/Zl')ai’l . (dei/Zi)ai’k.
i=1

2.4. Orbifold jet spaces. — Next, we define the jet spaces, which have the crucial
property that every orbifold entire curve lifts to the orbifold jet spaces, in a suitable
sense.

Definition 2.2. — The orbifold jet space is defined as Ji(m, A) := Spec @N ExNQr .
In local adapted coordinates (wy, ..., w,) on U C Y,
Je(1t, A)ly = U x Spec (C[w;pi(l_j/mf)+ n*(d]’zl-)]) =~ U x C"*.

The space Ji(mt, A) is the total space of a fiber bundle over X, with the natural projection,
but for k > 1 it is not a vector bundle. It is a subsheaf of 71*J; X. For any two integers k > ¢,
the restriction of the projection 7*Jy X - 1", X to Ji(mt, A) yields a natural surjective map
Jk(1t, A) > J¢(mt, A). For k =1, of course, J1(t, A) = Qy 4 is the orbifold tangent bundle.

Let f: (ID,0) — (X, x) be a germ of holomorphic curve and let 7: Y — X be an adapted
covering for (X, A). We can construct a Riemann surface V with a proper surjective
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holomorphic map p: V — ID such that there is a holomorphic lifting g: V — Y of f:
8

Vv Y
(%) k %‘
D—L (X A)

Let t be a coordinate on ID. Then we can lift the vector field d/dt as a meromorphic
vector field on V, which we still denote d/dt. Then (9/dt, ..., 1/kd*/dt")is a meromorphic
section of Jx(V) and we can consider (70 ).(3/d%, ..., 1/k1d" /dt*) to define a meromorphic
lifting j¥(g): V - Ji(Y) --» 7*J(X). In a local trivialization of 7" J(X) around 1 (x):

F @ = (g f op....fPop).
Hence ]I’: (g): V = 'Ji(X) is actually holomorphic.

Recall that a holomorphic curve f: ID — X is termed orbifold for the pair (X, A) if
f(ID) ¢ |Al and if for t € ID such that f(t) € A;, mult,(f*A;) > m;.

Proposition 2.3. — f: (ID,0) — (X,x) be a germ of holomorphic curve. The following
statements are equivalent.

(1) The curve f is orbifold for the pair (X, A).

(2) For any (for one) commutative diagram (%) and for any orbifold form w € H(U, Qy ) on
U > g(V), the meromorphic function (§*w/p* dt) is holomorphic.

(3) For any (for one) commutative diagram (%), one has for any (for some) k > 1

jr (8) € Ju(m, A).

Proof. — The problem being local, we can reduce to the following situation

ue]D—g>lD3w,

P,k
teD N D>z
where f(t) = t%p(t) with ¢(0) # 0, g(u) = uPy(u) with ¥(0) £ 0, and p(u) = u’, n(w) = wt.
In particular, we have ar = fp.
A section w of Q, 4 is locally of the form

w = w_p(l_l/m)n* dZ - pw(p/m)_l dw’

with 1 < m < co. One infers that g*w vanishes at order p((p/m)—1)+ (- 1) = (a/m)r — 1.
Therefore ¢*w/p* dt is holomorphic if and only if @ > m. This proves the equivalence of
(1) and (2).

Now we prove the equivalence between (2) and (3) for a fixed diagram (x). Recall
that by definition, ],:‘ (g) belongs to Ji(m, A) if and only if w( ];: (g)) is holomorphic for all
jet differentials . Such a jet differential being locally of the form

Z a, (n*dlz JaP(=1/m)* )al e (n*dkz /wp(l—k/my)ak ,

it is necessary and sufficient to check the holomorphicity of

0i(jE(9) = (T diz/ypa-im*) (g, f o p, ..., f¥ o p).

When m = oo, one has a standard logarithmic derivative:

) f(j) op f(f)
w;i(jF () = =—op.
JMVk gp f p
It coincides with g"w1/p* dt for j = 1. The vanishing order r((a — j) — a) is indeed non
negative if and only if @ = co.
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When m is finite, if j > m, there is nothing to check. Else, a straightforward computation
shows that:

fPop b (@VfPop) (gwr)
gp(l—j/m) N ]l(p — j)!pj (g’)jn(f) og ol dt)’
(note that j < m < p). In particular, for j = 1, by commutativity of (x) one has

w;i(j (8)) =

w1(jy (8)) = w1 /p" dt.

More generally, since (p’)/ f) o p and (¢’)/n') o g appear both in the development of the
jth derivative of f o p = 7 o g, these have the same vanishing order. Therefore w;(j(g))
is holomorphic if and only if (¢"w1/p* dt) is holomorphic. O

Note that conversely, any point of Ji(7, A) can be obtained as j(g) for some diagram
(%). Hence, we record the following natural fact, for completeness.

Proposition 2.4 (Differentials of an orbifold morphism). — Let ¢: (X, A) — (X', A") be
an orbifold morphism (see [Cam11]). Then for any commutative diagram

%

Y ——Y

(X, A) —= (X', )

7

where the vertical maps are adapted coverings, there is a canonical map @.: Ji(1, A) = Ji(r', A),
coinciding with the (lift of the) kth differential of ¢ outside of A. At a point corresponding to the
kth jet of a diagram

8

V———Y

O
f

D—— (X,A)
it is locally given by
(8F 0p...fP0p) > (gog o op,..., o HPop).
Proof. — The morphism ¢ o f is an orbifold entire curve. O

Remark 2.5. — This allows one to define the pullback of orbifold jet differentials by
orbifold morphisms, in the obvious way.

Proposition 2.3 allows one to evaluate jet differentials on orbifold curves, or on their
holomorphic liftings, as follows.

Definition 2.6. — Let (X, A) be a smooth orbifold pair and let 7: Y — X be an adapted
covering. For a holomorphic lifting ¢ of an orbifold entire curve as in (%), and a global
orbifold jet differential P € H(Y, Ex yQ5 a), we denote by ¢*P the holomorphic function

§'P=P(j(g): V- C.

Remark 2.7. — Now, note that if f: C — (X,A) is an orbifold entire curve and if
P e H'(X, ExnQx a) is a global orbifold jet differential defined on X, for any diagram (x),
the function ¢g*(r*P) is constant in the fibers of p. We hence get a holomorphic function
f*P: C — C, that moreover does not depend on the diagram (x). It is of course nothing

but f*P = P(jk(f))-

Remark 2.8. — Beware that, as an example, we will from now on denote plainly by g*w
the function that was until now denoted by (g*w/p" dt).
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2.5. Filtration of jet differential bundles. — For each g = 1,...,k, one can define a
weighted degree |||, on (Z50)™k by

q9 n
e plly = Y ) jevi .

j=1 i=1

For g = k, it corresponds to the usual weighted degree ||-||. It induces a weighted degree
on meromorphic sections of 7*Ey yQx using the formula

= min(llally: ux # 0).

5w (0"

llall=N ij

q

Proposition 2.9 (Green-Griffiths filtration). — There is a natural filtration of Ex Qg
induced by the weighted degrees ||-||x_1 . . ., ||-l, with associated graded bundle

GreEg nQna = @ sh Qa0 ® st Q0 ® - ® kaQn’A(k).
te(Zso)*: |IEII=N

Proof. — We proceed by induction on the length of tensor products in the summand: we
will prove that there is a natural filtration of Ex {2, A induced by the weighted degrees
I llx—1 - - -, [I1l,, with associated graded bundle

_ 14 ¢
Grr:EkrNQn,A = @ Ep,N—pt’p—~~~—k€an,A ®S an,AW) ®---®S an,A(k).
ply+-+kl<N

Since Eq (Qna = San,A, the sought statement corresponds indeed to the case p = 1.
The weighted degree ||-||x—; induces a descending filtration by subbundles

~ N w+1 w 0 _
ExanQna=F_, Cc---CchRZ R, C- CF_; = EnQra
of Ek,NQT[,A/ with
Fl = {a) € EnQun [ llwll-y > w}.

Note that these are indeed subbundles because in a coordinate change, the weighted
degree ||-[[x-1 can only increase. This is an easy corollary of the upper-triangularity of the
Faa di Bruno formula.

We claim that the graded pieces are

— ifktN-w,
k=17 " k-1 Er1,0Qna ® S*Q a0 if w =N -k,

and the announced result follows. The proof of the claim is standard. Let us simply
point out that it relies on the simple observation that if one mods out by jet-coordinates
of order less than k, d*(¢ o z) = (¢’ o z) - dkz; hence, in the filtration, polynomials in
jet-coordinates of order k behave under coordinates changes ¢ in the exact same way as
symmetric differential forms (i.e. polynomials in jet-coordinates of order 1) do. Here the
slight subtelty is that we consider orbifold jet differentials: the pole order of a kth jet

—pi(1=k/m;)*

coordinate w, 7*dkz; for the pair (X, A) is not the same as the pole order of the

i—p (A=) 2 4z, for the pair (X, A) but rather the same as the pole order

of the 1st jet-coordinate wz._p A=K/ 2+ Az, for the pair (X, A®) (cf. Definition 2.1). |

1st jet-coordinate w

Remark 2.10. — Notice that for k > 1, one has A® = A the logarithmic part of A.
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2.6. Euler characteristic of the Green—Griffiths bundle. — Following Green—Giriffiths,
we now use the graduation obtained in Proposition 2.9 and the Riemann—Roch formula
to compute the Euler characteristic of Ex yQr -

Proposition 2.11. — The Euler characteristic of Ex NQr a has the asymptotic expansion in N,
for fixed k:
N(k+1) -

(kD" ((k + T)n = 1)!

(Ek NQr A) ,Xk(ﬂ, A) + O(N (k+1)n_2),

where

Sq (QQA) 84, (2 Aw)
e (_1\1 n T,A L A
(m, A) = (=1) Z 17 ke
geNF: |gl=n
Proof. — We follow in spirit Green and Griffiths [GG80, Prop. 1.10]. By Proposition 2.9
chEgnQra = Y | ch(840, 50) ch(S2Q, o) -+ ch(SHQ, y»).

lelI=N
Fori=1,...,k, the orbifold cotangent bundle Q, ,¢ is a vector bundle of rank n. Let
/lgl), cer, /\S) be a set of Chern roots for it. In terms of these Chern roots, we get

chExnQna = Z exp Z Z xijA

Zi‘;] Z;;] l'xi,]':N i=1 ]:]
Using the sum-integral formula yields

n

k
chExNQra = Nkl f exp Z Nxsz(l )dw + O(NF=2),
Z{c 1 Z? 1ix=1 =1 j=1

Expanding the exponential:

(Z’.‘ 1 1xl])\(l))
i=1 L j=
ch Ek,NQn,A — N(k+1)n—1 fz“ . 1 - dow + O(N(k+1)n_2).
i=1 Lij=1 i, j= ’

Rescaling:

207"
]

Y Xi

( ] 14,75 ) dw

hE, vQ. » = Nk+Dn-1 + O(NK+Dn-2
ch B NCna = Th T el n! (k)" ( )-
Using multinomial formula, one gets
(1) . (k) " q1,1 Akn
ch Eg ,,Qy o = N1 Z (A ) (A )% f 11 ... Yen dw +O(Nk+Dn-2)
A — .
m 12917 . . Lk vk S el q11! in! (k)"

Y gij=n
For any q’s with }_ g; j = n, by calculus:

f 11 kn 1
N A e —
S = Al et ((k+1)n -1
Factorizing;:
NE+Dn-1 ( )\gl))ﬂh,l o Aff))qk,n
() (k+ Dn =D} e 1T

i,j=

ch Ek,NQn,A = + O(N(k+1)n_2).
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By plain linear algebra manipulations, one then gets

chExnQna = + O(NU+Dn=2y,

Nk+Dn-1 Z hﬁh (/\(1)) .. .hqk(/\(k))
(kD ((k + 1)n — 1)! =, 171 - - - ek

where h; is the gth complete symmetric function. It remains to note that a definition of
Segre classes is

5¢(Qp p0) = (=1)hg(AD).

This proves the sought formula for the asymptotic Euler characteristic, by the Riemann—
Roch theorem. O

For large jet orders, the asymptotic Euler characteristic is controlled by the canonical
bundle of the logarithmic part of A.

Proposition 2.12. — For an adapted covering m: Y — (X, A) of a smooth orbifold pair,

Ky + A"
Xi(1t, A) = w(logk)n + O((logk)"‘l).

Proof. — We follow again Green-Griffiths [GG80], with some slight modifications.
Recall that one can fix some i such that A®) coincides with A for p > i. Then:

Sq1(Q a0) -5 (Qp aw)
191+« kA -

0 +...+qk:n

801 (Q A) =+ 83:(Qp A1) Z S (Qr a@) 54, (Qr A)
191 ... 44i (i + 1)%i+1 - - - Kk ’
Jrt--t+gitq=n Ji+1t+qk=q

Reasoning in the exact same way as in [GG80]:

Sqy (QT[,A(D) © e Sq (QTL,A(k)) _

191 - - - kA
qrt--tqr=n
S (Q (1))"'5 l.(Q (i)) (10 k)q _
Z 7 H’Alql .Zi i ( g' 51(Qp a)T + O((logk)q 1))
q1+-+qi+q=n ! q:
0(1)
Hence, keeping only the term in (log k)" (for which q; = --- =g; = 0),
g1 (Qram) -+ -5 (Qr aw)  (log k)" _
C1r Y, T = @)+ O{(tog k),
q1+---+qk:n .
This finishes the proof. O

Remark 2.13. — Note that, in contrast with the compact setting and the logarithmic
setting, here the condition (Kx + A(‘X’))” > 0 does not coincide with the condition of
orbifold general type, since e.g. it reduces to (Kx)" > 0 when A # 0 but A = 0. This
tends to show that in order to treat the orbifold Green—Griffiths conjecture one should
also deal with higher order cohomology spaces.
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3. Tautological inequalities and vanishing theorems

3.1. Nevanlinna Theory and the tautological inequality. — We first recall useful
results of Nevanlinna theory, following the point of view of Yamanoi in [Yamo04a] (see
also the more recent [Yam15] and [PS14]). It shall soon appear that the orbifold setting
fits perfectly with this point of view (cf. Theorem 3.5). Let Y be a smooth projective
manifold. We consider holomorphic curves g: V — Y, where V is a Riemann surface
with a proper surjective holomorphic map p: V — C (which may be the identity):

vy
@) L”
C

Let t be the standard complex coordinate on C and recall that we denote by d/ 9t the
meromorphic lifting to V of the vector field 9/t

Forareal r >0, let V(r) := {v € V [|p(v)| < r}. Recall the main Nevanlinna functions.
For an effective divisor D = (¢ = 0) on Y, and a hermitian metric ||-|| on O(D),

— the proximity function to D of g is defined as

1 1
me(r, D _ lo *dt;
D)= 2mdegp fa‘V(r) loogll P

— the counting function of D is defined as

* o— 1 ' * %
N(T’,g D)= degp ﬁ (ue‘z/‘(s) ord, § D] s’

— the truncated counting function of D is defined as

Ni(r, ¢'D) = delgp fl ( Y min{1, ord, gD}) Cls

uevV(s)
Lastly, for a line bundle L on Y, the height function of g with respect to L is defined as

r d
To(r, L) = delgp fl ( fv . g*cl(L))?s +0(1).

Recall that the height function enjoys boundedness, additivity and functoriallity proper-
ties.
The Nevanlinna functions are related by the following fundamental result.

Theorem 3.1 (First Main Theorem). — Assume that g(V) ¢ SuppD. One has
Tq(r,O(D)) = N(r, &"D) + mg(r, D) + O(1).
Let us next recall the classical Lemma on logarithmic derivatives.

Theorem 3.2 ((Nog85, Yam04a]). — Let & be a meromorphic function on V considered as a
holomorphic function V. — L. Then for any € > 1, one has

3[
1 +
2nidegp fv(r log

HE <
The symbol || means that the inequality holds for r > 0 outside a set of finite linear measure and

P *dt < O(log™ Te(r, [o0])) + O(logr) |.
log™ x = max{log x, 0}.

A geometrical consequence of the Lemma on logarithmic derivatives is McQuillan’s
“tautological inequality”. In the non-orbifold setting: let g1} denote the canonical lifting
of a nonconstant holomorphic map g: V — Y to IP(Qy). From Vojta [Voj11, Th. 29.6]
(see also [PS14]), in the classical setting (without boundary):
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Theorem 3.3 (Tautological Inequality). — For an ample line bundle A — Y, one has:
Tg,(r, Opy)(1)) < N(r,Ram(p)) + O(log™ Tq(r, A)) + O(logr) ||

We will now extend this classical result to the orbifold setting. Let (X, A) be a smooth
orbifold pairand let t: Y — Xbe a A-adapted Galois covering. We consider holomorphic
liftings g: V — Y of orbifold entire curves f: C — (X, A), where V is a Riemann surface
with a proper surjective holomorphic map p: V — C. Namely the curves f and g fit in
the following commutative diagram:

v Y
() lp L |
c— x )

According to Proposition 2.3, using this diagram, one can then define j7(g): V —
Ji(mt, A) = QF A and thus gj: V — P(Qr ). We fix this notation for later use. Recall also
that g"P refers to the holomorphic function introduced in Definition 2.6.

Viewing any jet differential as a polynomial in the orbifold jet coordinates with
holomorphic coefficients, one obtains the following important intermediate result.

Corollary 3.4 (Lemma on logarithmic derivatives for orbifold jet differentials)
Let P € HO(Y, E,nQx a) be an orbifold jet differential. Let A — X be an ample line bundle. If
§'P # 0, then one has:

1

— log*|g"P|- p* dt < O(log™ To(r, A 1 .
gD oy o8 18°PI " 1 < Oog" Ty A) + Ologr) |

Proof. — We refer to the proof of Theorem A7.5.4 in [Ru01], which can easily be adapted.
In order to use Theorem 3.2, remind that the orbifold jet coordinates of g are obtained by
applying 9’ /dt’ to 1 o ¢ coordinatewise. o

A key feature of the orbifold tautological inequality is that, using the orbifold cotangent
bundle instead of the usual cotangent bundle, one is able to get rid of the ramification
term N(r, Ram(p)) for the maps g stemming from orbifold entire curves:

Theorem 3.5 (Orbifold Tautological Inequality). — Let g: V. — Y be the holomorphic
lifting of an orbifold entire curve f: C — (X, A). For an ample line bundle A — X, one has:

Tgu, (1, Op@, (1) < O(log™ Tg(r, w*A)) + O(logr) |-

Proof. — We follow the approach used by Vojta [Voj11], to which we refer for the
geometric interpretation of the proof. The rough idea is to see the integral in the Lemma
on logarithmic derivatives for jet differentials as a proximity function to infinity, in an
appropriate compactification. Let S be the total space of QY A and let S = P(Q, o ® Oy).
Let [co] denote the divisor S\ S. Let p: P — S be the blow-up of S along the image [0] of
the zero section, let E denote its exceptional divisor and let g: P — IP(Q »). There is a
lifting gfu of gin IP(Q o ® Oy) and a lifting ¢ to P. To sum up, one has the commutative

v

]P(Qn A) —= Y <~—P(Q; A ®Oy)
o 811

C <o
8
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One has then (cf. [Voj11] for more details):
P'Opq, xe0v)(1) = 4°0pq, ,)(1) ® O(E) = q"O([0]) ® O(E).
Hence:
g (1, Op, (1) = To (1,4 Opr(,, (1) + O(1) = Tge (1, [00]) = Ty(r, E) + O(1).

Now, since g is nonconstant, ¢(V) ¢ E, and Ty(r, E) is bounded from below. It remains
to control TgE] (7, [o0]), using the First Main Theorem. From the Lemma on logarithmic

derivatives, s (r, [0]) is bounded from above by O(log* T,(r, 7*A)) + O(log ). Lastly,
since g is the holomorphic lifting of an orbifold curve, the map gfl] is holomorphic (cf.
Prop. 2.3), and therefore N g (7, [o0]) = 0. This ends the proof. O

As an immediate corollary, one recovers the hyperbolicity of orbifold curves of general
type.

Corollary 3.6. — Let (X, A) be a smooth orbifold curve and let A — X be an ample line bundle.
For any orbifold entire curve f: C — (X, A), one has:

T¢(r,Kx +A) < O(log™ T¢(r,A)) + O(logr) |I.

In particular, if Kx + A = A > 0 then there is no entire curve f: C — (X, A).

Proof. — For curves, the projection p: P(QQ;A) — Y is an isomorphism and O(1) =
p*Qna = p't"(Kx + A). Therefore by Theorem 3.5, one has:

Tf(r,Kx + A) < O(log™ T(r, A)) + O(logr) ||. m|

3.2. A vanishing theorem for orbifold jet differentials. — Another immediate appli-
cation of the tautological inequality is the following vanishing theorem for orbifold
symmetric differentials vanishing on an ample divisor.

Corollary 3.7. — Let (X, A) be a smooth orbifold pair, and let m: Y — X be an adapted
covering. If P € HO(Y,SQ, » ® m*AY) is a global orbifold symmetric differential vanishing on
an ample divisor A — X, then for any holomorphic lifting g: V — Y of an orbifold entire curve
f:C— (X,A), one has gP = 0.

Proof. — Considering the projectivization p: IP(Q2; o) — Y, the symmetric differential P
can be seen as a global section P € HY(IP(Q;; »), £), where £ = Op@, ,)(O)® p(m*AY). Let
gp be the lifting to P(Q A) of g (such that ¢ = p o g1)). Should ¢*P = P(gp1)) not vanish,
then, by the boundedness, additivity and functoriallity properties of the height function,
one would get that

Toy(r, £) = € Ty, (r,0(1)) = Te(r, T A)

is bounded from below, which would contradict Theorem 3.5. O

We shall now extend this result to higher order jet differentials. Let us first settle the
case of orbifold curves, in which the existence of orbifold jet differentials gives us an
even stronger conclusion.

Lemma 3.8. — If an orbifold pair (X, A) is not of general type, then
HOY, EgnQna @A) = (0),

for any adapted covering : Y — X, for allk > 1 and N > 1, for any ample line bundle A — X.
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Proof. — Recall the graduation obtained from the Green-Griffiths filtration:

Grads EgnQra @ TAY = () §10:a ® 820, 0 -+ ® S0, \n @AY,
lelI=N

and remark that for j = 1,...,k, one has Sfon,A(p C Sfon,A C (Qn’A)@"’i . Recall also
from [CP15] that if for some integer g > 0 and some ample line bundle A, the vector
bundle (Q,)® ® 7*A" has a nonzero global section, then the pair (X, A) is of general
type. One infers that under the assumption of the Lemma, for any ¢, the graded bundle
Grad,. Ex yQra @ TAY has no global section. This fact holds a fortiori for the bundle
ExnQra ® AV itself. O

Corollary 3.9. — If an orbifold curve (X,A) admits a nonconstant orbifold entire curve
f:C = (X, A), then

H(Y, ExnQra @A) = {0},
for any adapted covering t: Y — X, for allk > 1 and N > 1, for any ample line bundle A — X.

Proof. — From [CW09] we have that (X, A) contains an orbifold entire curve f: C — (X, A)
if and only if deg(Kx + A) < 0. |

Now, we can extend the fundamental vanishing theorem of the jet differentials theory
to the orbifold setting.

Theorem 3.10. — Let (X, A) be a smooth orbifold pair, and let w: Y — X be an adapted covering.
If P € H(Y, ExnQna ® T°AY) is a global orbifold jet differential vanishing on an ample divisor
A — X, then for any holomorphic lifting g: V — Y of an orbifold entire curve, one has g*P = 0.

Proof. — We follow the classical proof (see for example Theorem A7.5.5 in [Ru01]). Let
us see that f has to extend to a rational curve. Then, one gets an orbifold morphism
f: (P!,D) — (X,A), where D is necessarily supported at infinity, together with a
holomorphic lifting . By Corollary 3.9, it follows without difficulty that g"P = 0.

To show that f extends to a rational curve, by a classical result, it suffices to establish
that T¢(r, A) = O(log ), or equivalently that Ty(r, 7*A) = O(log 7).

Since P vanishes on A, viewing ¢*P as a holomorphic function V — P!, one has

Ty(r, " A) < O(Tg-p(r, [c])).

Now, recall from Definition 2.6 that the function g"P: V — C is holomorphic. Hence
Ngpfeo] = 0. Furthermore, applying Corollary 3.4, one obtains that the proximity function
to infinity of ¢*P satisfies:

mg-p(r,[o0]) = O(log™ Te(r, w°A)) + O(logr) |I.

Therefore, one has
To(r,m"A) < O(log™ To(r, ©*A)) + O(log 7).
It follows that T¢(r, ©*A) = O(log r), which ends the proof. O

A second version of the vanishing theorem, expressed directly on X, is the following.

Corollary 3.11. — If P € H(X, ExnQxa ® AV) is a global orbifold jet differential vanishing
on an ample divisor A — X, then for any orbifold entire curve f: C — (X, A), one has f*P = 0.

Proof. — It follows at once from Remark 2.7 and from Theorem 3.10. O
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3.3. Orbifold curves tangent to holomorphic foliations. — In this section, we will
extend to the orbifold setting McQuillan’s degeneracy results for entire curves tangent
to foliations on surfaces of general type [McQ98] (see also [EG03] for the logarithmic
setting and [PS14] for related results in the setting of parabolic Riemann surfaces).

Theorem 3.12. — Let (X, A) be a smooth orbifold surface of general type with a holomorphic
foliation ¥ . Any orbifold entire curve tangent to F is algebraically degenerate.

Let D := [Aland fj1: C — P(Qx(log D)) be the lifting of f. We shall use the following
tautological inequality due to McQuillan (see [Voj11]):

(4) T, (r,0(1)) < Ni(r, f'D) + O(log™ T(r, A)) + O(log 1) ||,
where A is an ample line bundle on X.

Let us recall the construction of Ahlfors currents associated to entire curves. Let
n € A%(X) be a 2-form. Let T,() = ( ) . This defines a family of positive currents of

bounded mass from which one can extract a closed postive current T := lim,, T, .

Proof. — We suppose that f: C — (X, A) is a Zariski-dense orbifold curve. Let us prove
that
T(Kx+A)<0
thus contradicting that (X, A) is of general type.
Let S ¢ IP(Qx(log D)) be the surface induced by the foliation ¥ and let 7: S — X be
the projection. S contains f[1}(C) and , supposing that S dominates X, S is equipped with
a foliation . After some blow ups, we obtain a foliated smooth surface (S, Dy, Fin) —

(S, YD), Fy), i.e S, is smooth, D,, is normal crossing and ¥, has reduced singularities.

Let D,, = C + B where C is the invariant part of D,, by #,,,. We have an exact sequence
0 — N*(C) = T, (log Dyy) = Kg,,(B).I7 — 0,

where 17 is an ideal supported on the singularity set Z of 7.
Now, we apply the logarithmic tautological inequality (4) which gives

Tfm[l] (r,L) < Ni(r, f, D) + O(log™ T¢(r, A) +logr) ||,

where L = Op(q(iog D,,))(1), fm and finpy) are the lifts of f.
We have
Ly = p'K,(B) ® O(=En),
where Ly denotes the restriction of L to the graph Y of the foliation, p: Y — S, the
projection and E,, is the exceptional divisor.
Therefore we obtain

Ty+n(r) < Tf, kg, +D, (1) < Na(r, f*D)+Tfm[l](r, En)+Ty, (1, N*(C))+O(log™ T¢(r,A)+logr)
Since f is an orbifold curve, we have
miN(r, f*Ai) < N(r, f*Ai) < T(r, Ag).

This gives
T(Kx + A) < T, (Em) + T(N"(C)),
where T7, is the current associated to fy ;.

To finish the proof, we shall now use the two following results of Brunella [Bru99]:

Tw(N*(C)) < 0and T, (E;) — 0as m — oo i.e. performing infinitely many blow ups. O

Let us say that a holomorphic foliation # on X is a A-foliation if 7*¥ is a subsheaf of
the orbifold tangent bundle Ty o := QY A

Theorem 3.13. — Let (X, A) be a smooth orbifold surface of general type with a A-holomorphic
foliation ¥ with reduced singularities, then any (orbifold or not) entire curve tangent to F is
algebraically degenerate.
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Proof. — We suppose that f: C — X is a Zariski-dense curve tangent to . We have
the exact sequence 0 — ¥ — Tx — N. We have T(K#) < 0 by a result of McQuillan (see
[Bru99]). We also have T(N*(A)) < T(N*([A1)) < 0 by the already mentioned result of
Brunella. Therefore we obtain, T(Kx +A) = T(K# + N*(A)) < 0, giving a contradiction. O

Corollary 3.14. — Let (X, A) be a canonical orbifold surface of general type (i.e. the pair (X, A)
has canonical singularities). If ¥ is a A-holomorphic foliation then any entire curve tangent to
¥ is algebraically degenerate.

Proof. — By Seidenberg’s theorem we can do some blow ups such that on X the induced
foliation ¥ has only reduced singularities. Let us denote A the strict transform of A.
Then (X, A) is a smooth orbifold of general type thanks to the hypothesis that (X, A) is
canonical. Therefore we can apply Theorem 3.13 to conclude. |

4. Existence of orbifold jet differentials on varieties of general type

4.1. Order-one jet differentials. — An immediate application of Theorem 3.12 is the
following result (see also [Rou10]).

Theorem 4.1. — Let (X, A) be a smooth orbifold surface of general type. If one has
H(X, By, SV Qxa ®LY) # (0,

for some ample line bundle L on X, then there exists a proper subvariety Z C X such that every
nonconstant orbifold entire curve f: C — (X, A) satisfies f(C) C Z.

As a consequence, one obtains the following orbifold version of results of Bogomolov
and Mc Quillan [McQ98] (see also [Rou12]).

Theorem 4.2. — A smooth orbifold surface of general type (X, A) such that

x1(, A) = (1(Qra)? = €2(Qr)) > 0
satisfies the orbifold Green—Griffiths—Lang conjecture A.

An interesting application of the preceding result is the following one, already
discussed in the introduction.

Corollary 4.3. — Let X =P?and A= Y;_, (1 - %)Li where L; are lines in general position.
If c > 11 then (X, A) satisfies Conjecture A.

More generally, we get:

Corollary 4.4. — Let A be an orbifold divisor on IP? with orbifold multiplicities m; > 2. If A
has either

— at least 4 components of degree at least 11,

at least 5 components of degree at least 6,

at least 6 components of degree at least 4,

at least 7 components of degree at least 3,

at least 8 components of degree at least 2,

or at least 11 components (of arbitrary degrees),

then (P2, A) satisfies Conjecture A.

Proof. — Considering the conjecture and the definition of orbifold curves, one can
always remove some components (i.e. take m; = 1), and one can always assume that all
remaining orbifold multiplicities are equal to 2. Let us thus consider an orbifold divisor
with c components, of respective degrees dy, . .., d., having all orbifold multiplicity 2. By
Theorem 4.2, it is then sufficient to prove that the orbifold pairs under consideration are
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of general type and satisfy x1 = 52(Q5,a) > 0. Namely, these have to satisfy d; +---+d. > 6
and

2
Yicicc i N Yicicjce didj = Lacicc 9
2 4

The first condition is clearly satisfied. The partial second derivative with respect to d; of
the second expression is (-1/2), whence it is a concave function. Let d,, be the minimum of
the d;’s and dj; their maximum. On the convex set {d,;, < d; < dp¥i} C R, the minimum
of the concave function under consideration is attained in an extremal point. At this
point, ¢, of the d;’s have the value d,, and the others have the value dy;. The minimum
value is then

> 0.

X1 = deg(m)[6—3

2

dm dM m dmdM
6 3cm2 3(c cm)2 + clcm 3)8 + c(c — ) 1

Moreover, the derivative of this value with respect to dys must be nonnegative, and the
derivative with respect to d,, must be nonpositive, namely:

iy
+(c—cm)(c—cm — 3)?.

(c cm)(7 + C’”I +(c—cpy 3)T) >0 and ¢y (7 + (o 3)I +(c Cm)T) <0.

One infers that if ¢,;; ¢ {0, ¢} then:
Z(dm dM)—(2+cm4+(c Cm 3)4) (2+(cm 3)4+(c cm)4)>0.

Therefore d,, = dy;. Hence in any case, the minimum is attained in a point where all
degrees are equal. We can thus assume that all degrees are d. Then

X1 = deg(m) (6 — %d + @dz).

It remains to check that this polynomial in 4 has a positive leading coefficients for ¢ > 4,
that its discriminant is negative for ¢ > 12, and to compute the largest root for 4 < ¢ < 12.
These are easy computations. O

Up to passing to general hypersurfaces, we can strengthen the conclusion of Corol-
lary 4.4 using Theorem 1.4, since in all the considered cases ) (1 — 1/,)d; > 4.

Corollary 4.5. — If A is a general orbifold divisor on P? satisfying the same assumptions, then
all orbifold entire curves C — (P2, A) are constant.

4.2. Existence of orbifold jet differentials on surfaces. — We will now consider higher
order jet differentials. We shall use the following vanishing theorem for orbifold tensors
recently obtained by Guenancia and Paun.

Theorem 4.6 ((GP16]). — Consider an adapted covering t: Y — (X, A) of a smooth orbifold
pair with Kx + A ample. For all r > s one has

HO(Y, (Q% 0% ® (Qr0)*) = {0},
This result allows us to use the Riemann—Roch approach on surfaces.

Corollary 4.7. — Consider an adapted covering : Y — (X, A) of a smooth orbifold surface of
general type. For each integer k such that Kx + AW is ample:

dim H(Y, B n Q) g KENQra).
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Proof. — Since we are in the surface case, it is sufficient to prove that for large N,
HA(Y, Ek,NQn,A) = {0}. We use the graduation induced by the Green-Giriffiths filtration

Grads ExnQra = @) $1Q, 50 ® 520, 40 @+ ® S50 .
lI€I=N
This shows that it actually sufficient to prove that for all £ € NK with ||€]| = N
H(Y, 8Q, s ® $2Q, 0 ® -+ ® S5Q, 1)) = (0).
Using Serre duality, this is equivalent to
HO(Y, S1QY 0 ® 520\ - ® SHQY, \» ® O(Ky)) = {0).
Now, we remark that we have an injection
Sflg;/_(,A(]) ® SKZQ\T/[,A(Z) Q- ® Sf"Q;A(k) — (Q\é,A(k))@[l.
On the other hand, choosing p such that p - 7*(Kx + A®) — Ky > 0, we obtain
O(Ky) = O(p - " (Kx + AD)) — (Q, r0)®%.
From Theorem 4.6, we see that
Sf1 Q\T/[,A(l) ® SczQx,A(z) R kaQ\é,A(k) ® O(Ky) — (Q\é,A(k))@)l[l ® (QR’A(k))®2p

has no global sections as soon as || > 2p. Since [{] > %], this is achieved as soon as N is

large enough. |
4.3. Projective plane. — We derive the following result on IP?, for smooth boundary
divisors.

Proposition 4.8. — Every entire curve f: C — P? which ramifies over a smooth curve C

of degree d > 12 with sufficiently high order (> amin depending on d) satisfies an algebraic
differential equation of order 2.

d Amin d Amin d Amin d Amin
12| 107 || 16 | 19 | 20-21| 12 || 31-38 8
13| 44 || 17| 16 || 22-23| 11 39-60 7
14| 29 ||18| 15 || 24-25| 10 || 61-245| 6
15| 22 |19 13 | 26-30| 9 24600 | 5

TasLE 1. Minimal ramification orders for Prop.4.8

Proof. — Ifa > 2d/(d - 3) then Kp2 + A® > 0, which allows us to apply Corollary 4.7.
Now, for k = 2, a > 2, Proposition 2.11 yields

N°> deg(m) 2y 2 2 4
X(EanQ(m, A)) = T (48 — 27d + 2d%)a® — 12(d - 3)da + 124%) + O(N*).
The result follows. o
Remark 4.9. — By Proposition 5.1 below, jet order 2 is minimal for orbifold surfaces

with smooth boundaries.

Remark 4.10. — We have seen the asymptotic formula

Nk+Dn-1 c1(Q p)"
X(EinQna) = (kN ((k + )n — 1)! ( n!

Since c7(IP?) > 0, this Euler characteristic is always positive for k large enough. However,

(log k)" + O((log k)”‘l)) + O(N{k+1-2),

it is impossible to guarantee Kx + A® > 0 for such asymptotic jet orders k.
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4.4. Surfaces with trivial canonical bundle. — We shall now implement the Riemann—
Roch approach in the interesting case of orbifold surfaces when the ambient surface has
trivial canonical bundle.

Theorem 4.11. — If (X, A) is a smooth orbifold surface with Kx = 0, A ample and xi(mt, A) > 0,
then for any ample line bundle L — X,

H(P 1 ExnQna ® LY) # (0},

Proof. — The case k = 1 follows at once from Proposition 2.11 and Corollary 4.7.
Assume now that xx(m,A) > 0 for k > 1. Since HO(@®ns1E_1nQua ® LY) —

HO(EBNzlEk,NQn,A ® L), reasoning by induction, one can moreover assume that

Xk-1(15, A) < 0. We then claim that Kx + A® > 0, and the result follows by Corollary 4.7.
Indeed, if not, then Kx + A® =0, ie. A® = @ and

Qp A0) 51(Q Aw) . $2(Q2; Am)
i k k2

SZ(QX).

k-1
s1(
Xi(1t, A) = X1 (1, A) + Z 2

i=1

= Xk-1 (TC/ A) +
But by the classification of surfaces with trivial canonical bundle, s,(Qx) = —c2(X) <0
and this yields a contradiction, since then 0 < xx(m, A) < xx-1(7, A) < 0. O

Corollary 4.12. — Let (X, A) be a smooth orbifold surface such that Kx is trivial and |A| is a
smooth ample divisor. If the orbifold multiplicity is m > 5 and if c1(JAl)* > 10c2(X) then for any
ample line bundle L — X,

HO(@k,N;lEk,NQn,A ® LV) # {0}

Proof. — Recall that for k big enough, the positivity of the Euler characteristic is given
by the positivity of the coefficient

e, A) = (1" Y

geINk: |gl=n

Sq1(Qram) — 85(Qr a0)
11 ko

Now, from the residue short exact sequence:

0 =500 [ g0

If X is a surface with trivial canonical bundle, a formal computation yields that for

k > m;, Vi

) ==Y (%)czom

1<j<k
Y| L 5 L e

i1 <ip 2<j1<mil Zéjzéml‘z

i

1 (m; — 1) 2
- - c1(Dy)~.
Z Py 2 1(Di)

2< 1 <ja<m;

Recall that c2(X) > 0. In the one component case one gets:

Xk(ﬂ/A)>[ Z 1L _m-1)

2<j1 <]'2<m ]1]2 Zm

s CZ(X).

c1(D)? - 3

A numerical exploration shows that the coefficient c,, of c1(D)?* becomes positive for
m > 5 and that then 72/ (6¢,,) < 10. |
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Remark 4.13. — The same proof shows that the result also holds e.g. if |A| has several
components A; with multiplicities m; = 2 such that

2
c1(D)* - Z 3c1(Dy)? > %CZ(X)-

(Anticipating the next section, notice that this of course never holds in the 1 component
case.)

5. Non-existence of orbifold jet differentials on varieties of general type

The following results give some support to Conjecture B.

5.1. Projective spaces. — We start with IP”, with a suitable smooth boundary divisor,
giving examples of orbifolds of general type without any nonzero global jet differentials.
To see this, we first establish the following vanishing theorem for orbifold jet differentials,
in the spirit of Diverio [Div08].

Proposition 5.1. — Take X = P" and A = (1 —1/,) H, for a smooth hypersurface H of degree
d > 3. If m < n, then for any adapted covering m: Y — (X, A), for k > 1 and for N > 1, one has
HO®Y, ExnQra) = {0}. This vanishing holds without the assumption m < n when k < n.

Proof. — Suppose that for some k and N, H°(Y, ExyQr ) # 0. Then one infers from
Proposition 2.9 that for some ¢y, ..., { with ||{|]| = N

551 QT[,A(l) ® sz QT(,A(Z) ®-® Sngn,A(k)

has some nonzero global sections. Note that Q s« = 7"Qpnr. Since Qpx is globally
generated, one obtains nonzero global sections of

SHQ A ® - ®STQ N

for the largest p < k such that p < m (i.e. for which A®) > A®) = @),

Remark that a nonzero section o of Ex yQ7 A can be made invariant to yield a nonzero
section of Ey ¢n{2x A, Where ¢ is the order of the Galois group of the covering 7t: Y — (X, A).
It is obtained by taking the pushforward along 7 of the product of the Galois conjugates
of o, which are all nonzero. Applying this result for k = 1, one deduces the existence of
some nonzero global sections of

SE1Qy A0 ® - ® S87Qy yi» € S¥1Qpn(log H) ® - - - ® S8 Qv (log H).

Since there are less than n factors, this yields the sought contradiction, by the vanishing
theorem of Briickmann-Rackwitz [BR90] (see [Div08, Div09]). O

Example 5.2. — Take X = P> and A = (1 — 1/2) C, where C is a smooth curve of degree
d > 7. Itis a pair with ample canonical bundle such that HO(Y, b, N>1 Ek,NQn,A) = {0},
for any adapted covering m: Y — (X, A).

5.2. Abelian varieties. — Let A be an abelian variety of dimension n > 2 and let D be a
smooth divisor on A. We start again by proving a vanishing theorem for the logarithmic
tangent bundle.

Proposition 5.3. — One has
H%(A, $*(Qa(log D)) ® L) # {0}
for an ample line bundle L — A if and only ifSA(QA(log D)) = (Ka(log D)),
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Proof. — Let us first observe that Q4(log D) is nef. Since ()4 is globally generated, one is
reduced to verify the nefness over D. On D, one has the following short exact sequence:

0—->Qp— QA(IOgD)lp — Op — 0.

Here, as a quotient of Q4|p, the vector bundle Qp is nef. Thus, as an extension of nef
vector bundles, Q4 (log D)|p is nef.

Consider now a partition A, and recall (e.g. [Dem88, Man94]) that the Schur bundle
51(Qa(log D)) is then the direct image of a nef line bundle .# on the flag bundle associated
to A. Namely, let 1 < j; < jo < -+ < j,; < n be the jumps of A, for a certain m < n
(i.e. Aj > Ajy1 & i€ {j1,...,jm}), and let F be the bundle of flags of subspaces with
codimension ji, ..., j, in the fibers of Q4(logD). Let Uh, ..., Ui be the universal
subbundles of codimension jy < j1 <... < ju < jus1 on F, where by convention jy := 0
and jy41 = n. Then

m
¥ = ® det(u]'pfl /ujp)®/\fp_
p=1
We will now study the bigness of .Z. To prove that . is not big, it is sufficient to observe
that the Segre number s,(.Z) is zero. Using the Gysin formula from [DP17, Prop. 1.2] for

the flag bundle F — A (we transform a little bit), one gets the following expression for
su(ZL):

m .
(D" - ][ (At + -+ Ayty)” 1—[1(fj,,+1"'tjp+1)_]” [T (ti—t) II tis1;,(Qa(logD))|,
p:

1<i<j<n 1<i<n

where for a monomial m and a Laurent series P in the formal variables t4, ..., t,, [m](P)
means the coefficient of m in P.
Now, the residue exact sequence on A reads as follows:

0—- Q4 — Qu(logD) — Op — 0.
Therefore, by the Whitney sum formula, we obtain the equality of total Segre classes:
5(Qa(log D)) = 5(Q4) - s(Op) = 5(Q4) - c(O(=D)).

The last equality follows again from the Whitney sum formula applied on the short
exact sequence 0 — O4(-D) = O4 — Op — 0. The bundle Q4 being trivial we obtain
s(Qa(log D)) = 1 - c1(D). Replacing in the above expression, the number s,,(.Z") becomes:

D) ] ((Altl + ot Apty)” fn[l(tjp+1"‘tjp+1)_j” [T ti—t) II (ti_cl(D))]-
pe

1<i<j<n 1<i<n

This coefficient is clearly a linear combination of 1,...,c1(D)" but, for dimensional
reasons, the only such number that is nonzero on A is c1(D)". In other words

sn<$>=[tglmt}z](mltl+~~-+Antn>” ﬁ(tjp+1~~tf,,ﬂ>‘fp I (ti—m]cl(D)“.
-

1<i<j<n

The degree of the polynomial under consideration is n(n + 1)/2 — 221:1( Jp+1 = Jp)jp-
As a consequence, if Z;":l( jp+1 = Jp)jp > 0, the coefficient of £/ - - - £, is 0. To conclude, it
remains to observe that Z;Ll( Jp+1 = jp)jp = 0iif and only if 5)(Q4 log D) is a tensor power
of the canonical bundle (i.e. j1 =n = jy41).

Now, since . is relatively ample and p..# = $*Qu(log D), where p: F — A:

AL ample, H(A,5"'Q4(logD)® L) # 0 = £ big,.
The only if direction follows directly from the fact that (A, D) is of log general type. O
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Remark 5.4. — Note that in general the bigness of .Z’ is not equivalent to the bigness
of the Serre line bundle on IP(S,(Q4(log D))). The first one is related to the sections
of S"*Q4(log D) which is only a direct factor in S"(S*Q4(log D)) and also these line
bundles could lie on bases with different dimensions. It is clear that if A has n parts,
SM(Qa(log D)) is big. Indeed

SMQa(log D)) = (Ka(log D))®'r @ Sti=An--Aw-1=4)(Q) 4 (log D)),
which is the product of a big line bundle by a nef vector bundle.

As an immediate corollary, we obtain examples of orbifolds of general type satisfying
the Green—Griffiths—-Lang Conjecture A without any nonzero global jet differentials
vanishing on an ample divisor.

Corollary 5.5. — Let A be an abelian variety of dimension n > 2 and D a smooth ample divisor
on A. Then, for any 1 < m < n, the orbifold (A, (1 — 1/mm)D) satisfies the Green—Griffiths—Lang
Conjecture A but has no nonzero global jet differentials vanishing on an ample divisor.

Proof. — From Theorem 1.5, we know that (A, A) = (A, (1 — 1/4)D) satisfies conjecture
A.

Let: Y — (A, A) be an adapted covering for the pair (A, A). Suppose that for some
kand N, HO(Y, ExnQra ® T'LY) # 0 for some ample line bundle L. Then, since m < n,
one infers from Proposition 2.9 and from the triviality of Q, \» = 1'Q4 that for some
,..., 01

sh Qn,A(U ®: @8 Qn/A(nq) ® LY

has some nonzero global sections. This would imply that
S84 Qu(logD)®---® G861 Qu(logD) ® (Lg”’l)v

has nonzero global sections (g := |[Aut(r)|)). Combined with the previous proposition,
this yields a contradiction because according to the Pieri rule 584 QulogD)® -+ ®
S8t-10) A(log D)® (Lgn_l)v is the direct sum of some Schur powers SA(Ql(log D))® (Lg"_l)v
for partitions A with at most n — 1 parts. O

5.3. Kummer and “general” K3 surfaces. — We now show that the vanishing of
orbifold jet differentials for Abelian surfaces gives a similar conclusion for Kummer K3
surfaces and for “general” K3 surfaces equipped with big and nef smooth divisors.

We first describe the situation and data relevant to the case of Kummer surfaces.

Let po : Ag — So be the double cover from an Abelian surface Ay onto its associated
Kummer quotient surface Sg. Let Dy C Sg be a smooth irreducible ample divisor on Sg
which avoids its 16 singular points. Let a : A — Ag (resp. f: S — Sp) be the blow-up of
the 16 corresponding points on Ag (resp. Sp), and p : A — S the induced double cover.
Let D C S the inverse image of Dy in S, and DE) C Ap, D’ C A its inverse images there.
Write Ag := (1 - %)Do, and similarly for its inverse images A, A('), A on S, Ay, A.

Let o : Yo — Sp be a cover adapted to (Sp,Ag), so chosen that its ramification
locus avoids the 16 singular points of Sg. By base-changing with the relevant covers
or blow-ups, we obtain covers : Y — S, mj: Y[ — Ap, ' Y — A’ respectively
adapted to (S,A), (Ao, A)) and (A, A’). To simplify notation, we still denote with
B:Y = Yo,p: Y = Y,a: Y — Y| the maps induced by these base-changes.

For each k,N > 0, we thus also get natural injective sheaf maps: p*: ExyQra —
ExnQna and o Ek,NQn(’),Aé — Ex nQp o which are isomorphic outside of the inverse
images of the 16 singular points of So.

We now denote by Hy a very ample line bundle on Sy, and H, H’, H6 its inverse images
on S, A, Ap.
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Proposition 5.6. — The notations being as above, let B be an ample line bundle on S, and By
its inverse image on Y. Then: for any k,N > 0, HOY, ExnQra ® B;l) = {0}.

Proof. — The natural map:
p": HY, EgnQna ® BYY) = HO(Y', EgnQr n ® pY(BYY))
is obviously injective, and by Hartogs theorem, the natural map:
o HYY, EgnQm a4 ® B'gY) = HOY', EnQu v ® (B )

is isomorphic, for any ample line bundle Bj on A (its inverse image on Y[ being written
in the same way). From the (proof of the) preceding Corollary 5.5, we know that
HO(Y(), Ek,NQng),Ag] ®By 1y = {0}. This implies the claimed vanishing, since k.a*(B’g) — p*(B)
is effective, for k big enough. |

We know consider the preceding orbifold pair (S, A), together with a marking for
H?(S,Z). Notice that the class [D] of D = 2.A in H*(S, Z) is what is called a ‘pseudo-
polarisation” (i.e. a big an nef class) in [Bea85]. Associated to the pair (S, [D]) is a
(nonseparated) fine moduli space of marked projective K3 surfaces (S, [D;]),t € T. Let
f: X — T be the associated family of K3 surfaces, together with the line bundle 9’ on X’
inducing D; on Sy, for each t € T” (base-changing from T to P(f.(D)) := T’), indicated
with a ‘prime’ subscript. The map f’ being locally projective, we can (locally) construct
a simultaneous cover n’: Y’ — L’ adapted to 9. We now consider the direct image
sheaves & = (f' o n’)*(Ek,NQn/,A/T 871, for B relatively ample on Y’, and A, := % 9.
By the preceding Proposition 5.6, these sheaves all vanish for t = 0, with (S, A);= our
initial Kummer orbifold pair. We thus deduce that these sheaves all vanish for t “general”
in T’ (that is: outside of a countable union of Zariski closed subsets of T").

Remark 5.7. — One can of course wonder whether this result holds for all pairs (S, % -D)
with S an arbitrary K3 surface and D an ample smooth divisor, or even for (X, % - D) for
X projective with Kx trivial, D smooth ample, and m < n := dim(X). For the “general”
member of the known families of Hyperkéhler manifolds, the preceding argument can
probably be adapted, but it were more interesting to have an intrinsic, deformation-free,

argument.

Remark 5.8. — Example 5.2, Corollary 5.5 and Proposition 5.6 show clearly that in the
general orbifold situation, one cannot expect to fully establish the Green—Griffiths-Lang
conjecture by using only the approach of jet bundles. Corollary 5.5 proves the left-to-right
direction of Conjecture B for abelian varieties.

Remark 5.9. — Corollary 4.3 and Corollary 5.5 also illustrate that Nevanlinna theory
and the theory of orbifold jet differentials introduced in this paper produce positive
complementary results towards the orbifold Green-Griffiths-Lang conjecture.
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