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Nonstandard analysis

Reaching the inaccessible
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Intuitive explanation

Mismatch between theoretical objects:
o N, Z, 7k infinite
e R, F(R,R), P(N): (very) infinite

and objects that are concretely accessible:

6837(84%%%?9435683%73
0

1055 0 375 f’ﬁ

46261 266

Robinson (1961):

Standard / non-standard elements
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Internal set theory

Nelson IST: syntactical extension
L + st(x)
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internal formulas / external formulas
L L + st(x)

o Transfer: conservativity over standard world
VSix. A(x) = Vx.A(x) (A internal)

o ldealization: saturation property
Vsi(n € N).3x.Vsy < n.R(x, y) = Ix.Vly.R(x, y) (R internal)

o Standardization: comprehension scheme
VIIBAMANVSIz(z€ Ao z € BAC(2)) (any C)
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Nonstandard models
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Constructive interpretations

State of the art:
o pioneer works by Moerdijk, Palmgren and Avigad
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Constructive interpretations

State of the art:
o pioneer works by Moerdijk, Palmgren and Avigad

@ variants of Kreisel’s modified realizability
Van den Berg, Briseid & Safarik, Ferreira & Gaspar, D. & Gaspar

% all inspired by Nelson’s syntactical approach

translations of formulas inducing conservative extensions of Heyting arithmetic

This talk

Computational interpretation relying on stateful computations
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Realizability

Unveiling the computational contents of proofs
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Realizability defines models

Realizability: Tarski
A {t: tl A} A |Al e B
(intuition: programs that share a common (intuition: level of truthness)

computational behavior given by A)

Great news

Realizability semantics gives surprisingly new models!

(e.g.. Krivine realizability provides a direct construction of M F ZF, + ~CH + =AC)
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Realizability, a 3-steps recipe

@ formulas
@ an operational semantics

@ formulas interpretation
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this talk

Q formulas (aka. types)
% simple types, 2" — order logic , ZF, ...

@ an operational semantics (aka. your favorite calculus)

9 some A — calculus , a combinators algebra, PCF, etc.

@ formulas interpretation (ak.a. truth values)
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A simple realizability interpretation

Types & terms: (excerpt)
*'-order exp. e =x|0]|S(e)|fler,...,en)
Formulas A, B ::= Nat(e) | X(er,...,e,) | A—> B ...

|Vx.A|3x.A| VX.A|3X.A
x| 0|succ|rec|Ax.t|tu]...

Terms t,u
where f : N" — N is any arithmetical function.

Typing rules:

T+0:Nat(0) Trrec:VZ.Z(0)— (Yy.(Z(y) = Z(S(y)))) — V™.Z(x)

[Lx:Art:B F'+rt:A—> B FI—u:A(H)
THAx.t:A— B Trtu:B :
Tkt:Alx:=n] Trt:AX(xg,...,x) = B]

'rt:3Ix.A I'rt:3X.A
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Formulas A, B ::= Nat(e) | X(er,...,e,) | A—> B ...
|Vx.A|3x.A| VX.A|3X.A
Terms tbu = x|0]|succ|rec|Ax.t|tu]...

where f : N" — N is any arithmetical function.

Typing rules:

Reductions:

(Ax.t)uvp tlu/x] rec up u; (succt)vp uy t(rec ug uyt)
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Realizability interpretation:

INat(e)|, = {teA:t>*succ”0, where n=[e],}
|X(eb-~-’en)|p = P(X)([[e1]]p""a[[en]]p)
|A > Bl, £ {teA: VuelAl, .(tue|B|,)}
| Vx .Al, £ (Mnen [Alp,xen
[Sx Al = Unew (Al xen
VXA, £ Nenes sar [Alpxer
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {teA:t>*succ”0, where n=[e],}
|X(€1,-~-,en)|p = P(X)([[ed]p’---’[[en]]p)
|A > Bl, £ {teA: VuelAl, .(tue|B|,)}
|Vx . Aly £ Npen [Alpxen
| 3x -A|p = Unen |A|p,x<—n
VXA, £ Nenes sar [Alpxer
13X.Alp 2 Uppis sar 1Aloxer

Key ideas:
o realizers compute

o realizers defend the validity of their formula

o truth values are saturated: tv*t' A t' €|A] = te|A
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Value restriction

Realizability is flexible.
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Scenario: you want to change the calculus (here: call-by-value)
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What about the interpretation ?
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What about the interpretation ?
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Q formulas: [A, B = ...|{A}— B]
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Value restriction

Scenario: you want to change the calculus (here: call-by-value)

V. = 0|succV|Ax.t]:-- (Ax.t)V oy [ V/x]

What about the interpretation ?
% same recipe!

@ formulas: {A, B = ...|{A} B}

Q terms:

F'rt:A— B F'rtt:{A}—»B T+HV:A
Trt:{A — B TrtV:B

@ interpretation:

{A} > B, £ {teA:YVe|A,.(tVe|B|)}

Quick check:
v/ |{A} = B|, saturated v adequacy preserved
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Value restriction

In the sequel, stateful computations: evaluation strategy matters!

Shorthands:

v A £ Vx.({Nat(x)} — A)
AN A2 VX (VN (A - X)) - X

We can define wit such that:

Witnhess extraction

If t € |3™Nx.A|, then In € N, u € |A[x := n]|, , t wit>" (7, u) .

12/1



Stateful realizability interpretation

From states to slices
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Stateful computations

N N NN N N N N

s
s

R

R S s TSI

Intuition: states = slices
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Stateful computations

A-calculus with states:

Terms [t, u = ... |get]|set| States S £ N
Reductions:

tepg t’ s” = max(s, s’) tel, t/

tos t getr: s set§t>§:, t C[t]»;, C[t']

where C|-] are well-chosen contexts
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Realizability interpretation

Individuals Truth values Predicates
NS P(A X ) Nk — P(AxS)
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Realizability interpretation

Individuals Truth values Predicates
N® P(A X S) Nk - P(AXS)

Appllcatlon FO(fy,. ... f)| defined slice-wise

FO(fr,....fi) £ {(t;s) : (t;5) € F(i(s), ... fi(5))}

Realizability interpretation:

|A — BJ, = {(t;5) e AX S :Vu.((u;s) € |Al, = (tu;s)€|Bl, )}
{ AxG if [e], isstandard

(1>

st(e
Ist(e)l, 0 otherwise

[{Nat(e)} — Al, L {(s) e AXGC: (tms) € |Al,, where n = [e],(s) }
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Realizability interpretation

Individuals Truth values Predicates
N® P(A X S) Nk - P(AXS)

Application: | FO(fy, . . ., fx) defined slice-wise

Realizability interpretation:

|A = Bl, £ {(t;s) e AXG:Vu.((u;s) € |A, = (tu;s)€|Bl,)}

(>

AxS if [e]|, isstandard
@, { Lel,

0 otherwise
[{Nat(e)} — Al, L () e AXG: (ths) € |Al,, where

Adequacy

Typing rules are adequate, except 2"-order comprehension rules .
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Realizability interpretation

Truth values
PAXS)

Application: | FO(fy, . . ., fx) defined slice-wise

Realizability interpretation:

|A = Bl, £ {(t;s) e AXG:Vu.((us) €A, = (tu;s)e|Bl,)}
Ist(e)], £ AXG if [e], isstandard
0 otherwise

[{Nat(e)} — Al, L {(t;s) e AXG: (tms) e |Al,, where

Adequacy

Typing rules are adequate, except 2"-order comprehension rules .
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Glueing theorem

The interpretation of internal formulas can be decomposed as the
product of its slices.

formally : (t;s) € |Al, & te [ATf;
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Glueing theorem

Theorem

The interpretation of internal formulas can be decomposed as the
product of its slices.

formally : (t;s) € |Al, & te [AT]5

Consequence

2"-order comprehension rules are adequate for internal formulas.

16/ 1



Natural numbers

Natural numbers:

@ contain0

@ are closed under S and recursion over internal formulas
realized with succ / rec
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Natural numbers:

@ contain0

@ are closed under S and recursion over internal formulas
realized with succ / rec

© contain §
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Natural numbers

Natural numbers:

o

2]
o
o

contain 0

are closed under S and recursion over internal formulas
realized with succ / rec

contain §
realized with get

are uncompatible with Leibniz equality
elimination only for internal formulas
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Transfer

For any |internal formula A(x) we have:

() = () 1A, U 1Ag,= U A

feN® neN feN®

Intuition: internal = glueing (i.e. slice wise)
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Transfer

For any internal formula A(x) we have:

) 1A= () . U e, = U .

feN® neN feN® nelN

Intuition: internal = glueing (i.e. slice wise)

Transfer
The following formulas are realized: (A(x) internal)

Q Vx.A(x) & V'x.A(x) Q Ix.A(x) & Fx.A(x)

(by trivial realizers)
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Nonstandard reasoning principles

External induction

For any formula A(x) s.t. FV(A(x)) = {x}:
rec - A(0%) = V8. (A(x) = A(S(x))) — V*Ux. A(x).

induction restricted to standard elements
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Nonstandard reasoning principles

External induction

For any formula A(x) s.t. FV(A(x)) = {x}:
rec - A(0%) = V8. (A(x) = A(S(x))) — V*Ux. A(x).

induction restricted to standard elements

Overspill

For any internal formula A:

- lIF VEXCA(X) — 3x.(=st(x) A A(x))

existence of nonstandard elements

Underspill

For any internal formula A:

o IF (Vx.ast(x) = A(x)) = =3 x.A(x)

an internal formula cannot characterize standardness

19/1



Idealization

o lIF VB, 38 vy (v < 0 - R(x, y)) = 3NV R(x, y)
(R:N?2 - N)
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Idealization

Idealization

o llIF VB8R 38 VY (y < 0 — R(x, ) — 3NV R(x, y)

(R:N?2 - N)

Intuition:
@ from a realizer of [V{St}n.H{St}x.V{St}y.(y < n— R(x, y))}

@ for any n we compute 7, € N and u, € A s.t.

[un I-V8Yy.(y <n— R(1,,y)) (in the state s = n)

o
Q to realize V& R(z, y):
o takey =m o set the state tom o use upy
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Idealization

- lIF VU, 388 vy (v < 0 — R(x, y)) — 3NV Sy R(x, y)
(R:N? - N)

Intuition: diagonalization process

N N NN NN N N

441,44“
R

yi=5
s
, L

([}

Vtyy <6
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Conclusion

Ongoing & future work
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Towards a quotient

Missing step:
quotient up to some ultrafilter U

Here:

?
IAI® = Al
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Towards a quotient

Missing step:
quotient up to some ultrafilter U
Here:
?
AIZ = A
A guideline:

tos’s theorem

te|Al" iff {s€eS:(ts)€lAlteU

Here: only 1-order internal formulas

|A— Bl, C{t:VuelAl,.tue|B|}

22/1



Future work

@ Quotient: unsatisfactory as such

@ Missing: LLPO, full standardization

o Next steps:

e consider the classical case
e compare with existing related works
(functional interp. / bounded realizability / ...)
e is this the direct presentation of some logical translation?

23/1



Questions?
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