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What are realizability models?



Realizability

@ Provides ]models for theories & (such as HA2 / HOL / ZF / ...)

Tarski

A |Al€B e

(intuition: level of truthness)

\
Boolean

algebra

Realizability
A {t:tIF A}

(intuition: programs whose computa-

tional behavior is guided by A)
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Realizability, a 3-steps recipe

@ formulas (a‘k.a. types)
9 simple types, 2" — order logic , ZF, ...

@ a computational system (ak.a. your favorite calculus)

S some A — calculus , a combinatory algebra, PCF, etc.

@ formulas interpretation

If p:(T'+A) and olFT then o(p*) € |A].
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Realizability, a 3-steps recipe

next slide

Q@ formulas (a.k.a. types)

S simple types, 2™ — order logic , ZF, ...

@ a computational system (ak.a. your favorite calculus)

S some A — calculus , a combinatory algebra, PCF, etc.

© formulas interpretation (aka. truth values)
G |Al={teA:tIFA}

If Trt:A and olFT then o(t) € |A|
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A simple realizability interpretation

Types & terms: (excerpt)
1*'-order exp. e x=x|0]|S(e)| fer...,en)
Formulas A,B := Nat(e) | X(ey,...,ey) | A—> B ...
|Vx.A|3x.A|VX.A|3X.A
Terms t,bu == x|0]|succ|rec|Ax.t|tul...

where f : N — N is any arithmetical function.

Typing rules: (excerpt)

T+0:Nat(0) Trrec:VZ.Z(0) = (VNy.(Z(y) — Z(S(y)))) — V™.Z(x)

Ix:Art:B T'+t:A—>B Tru:A T'ri:Alx:=n]
'rAx.t:A— B I'+tu:B F'rt:3x.A
TEt:Vx.A T'rt:A x¢FV(T) Trt:A[X(x1,...,x,) := B]

TrHt:Alx :=n] Trt:Vx.A F'rt:3X.A
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Types & terms: (excerpt)
1*'-order exp. e x=x|0]|S(e)| fer...,en)
Formulas A,B := Nat(e) | X(ey,...,ey) | A—> B ...
|Vx.A|3x.A|VX.A|3X.A
Terms t,bu == x|0]|succ|rec|Ax.t|tul...

where f : N — N is any arithmetical function.

Typing rules: (excerpt)

Reductions:

(Ax.tyuvg tlu/x] rec ug u; (succt) »p up t (rec uguy t)
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A simple realizability interpretation

Realizability interpretation:

[Nat(e)],
[X(e1, ..., en)lp
|A — B,

| Vx .Al,

| 3x .Al,
IVX.Al,

13X A,

> 1> >

> 1> >

[>

{t € A:t>" succ”0, where n = [e] ,}

P(X)([[€1]]p,~-~,ﬂen]]p)
{teA: VuelAl, (tuelB|,)}

mne]N |A|p,x<—n
UnE]N IAlp,x<—n
mF:]Nk_) SAT |A|p,X<—F

UF:]Nk—> SAT |A|p,X(—F

If THt:A and olFT then o(t) €Al
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A simple realizability interpretation

Realizability interpretation:

[Nat(e)|,
IX(e1,....en)lp
fA — B |p

| Vx A,
| 3x .Al,
[VX.Al,
|3X.Al,

Key ideas:

- realizers compute

> > >

(> 1> 1>

[[>

{t € A:t>" succ”0, where n = [e] ,}
p(X)([[el]]p’ ) [enﬂp)
{teA:NuelAl,.(tuelB|,)}
Mnen 1Alpxen

Unen 1Alpxen

Npnes sar HAlpxerF

Urneos sar Alpxer
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {t€A:t>"succ"0, wheren = [e],}
X oenly 2 p)([erln. [e],)
A > Bl, = {teA:YuelAl,.(tuelB|,)}
|Vx Ay £ Npen lAlpxen
| 3x Alp £ Unen lAlpxen
VXA, £ Nppes, sar [Aloxer
3X.Al, = Upnes, sar Mloxer

Key ideas:

- realizers compute

- realizers defend the validity of their formula
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A simple realizability interpretation

Realizability interpretation:

INat(e)|, = {t€A:t>"succ"0, wheren = [e],}
Xerooenly 2 p)([erln-. [enl,)
|A > B|, & {teA:YuelA|l,.(tuelB|,)}
|Vx Ay £ Npen lAlpxen
| 3x Alp £ Unen lAlpxen
VXA, £ Nppes, sar [Aloxer
3X.Al, = Upnes, sar Mloxer

Key ideas:

- realizers compute
- realizers defend the validity of their formula

o truth values are saturated: t>*t' A t' € |A|

= telA|
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Formal definition
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Formal definition?

iki/Realizability B %

Reahzablllty ¥ 4 languages v

Article Talk Read Edit View history

From Wikipedia, the free encyclopedia

In mathematical logic, realizability is a collection of methods in proof theory used to study constructive proofs and extract additional
information from them.[1] Formulas from a formal theory are "realized" by objects, known as "realizers", in a way that knowledge of the
realizer gives knowledge about the truth of the formula. There are many variations of realizability; exactly which class of formulas is
studied and which objects are realizers differ from one variation to another.

Realizability can be seen as a formalization of the BHK interpretation of intuitionistic logic; in realizability the notion of "proof" (which is
left undefined in the BHK interpretation) is replaced with a formal notion of "realizer". Most variants of realizability begin with a theorem
that any statement that is provable in the formal system being studied is realizable. The realizer, however, usually gives more
information about the formula than a fermal proof would directly provide.

Beyond giving insight into intuitionistic provability, realizability can be applied to prove the disjunction and existence properties for
intuitionistic theories and to extract programs from proofs, as in procf mining. It is also related to topos theory via the realizability
topos.

Example: Kleene's 1945-realizability [edit1

Kleene's original version of realizability uses natural numbers as realizers for formulas in Heyting arithmetic. A few pieces of notation
are required: first, an ordered pair (n,m) is treated as a single number using a fixed primitive recursive pairing function; second, for
each natural number n, g, is the computable function with index n. The following clauses are used to define a relation "n realizes A"

2o & Szt m”
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Formal definition?

wiki/Boolean_algebra_(structure) B %

Definition [ edit]

A Boolean algebra is a six-tuple consisting of a set A, equipped with two binary operations a (called "meet" or "and"), v (called "join"
or "or"), a unary operation - (called "complement" or "not") and two elements 0 and 1 in A (called "bottom" and "tep", or "least" and
"greatest" element, also denoted by the symbols L and T, respectively), such that for all elements a, b and c of A, the following axioms

hold:(2]
avibvc)=(avblvc aanlbac)=(anb)nac associativity
avb=bva anb=bna commutativity
aviaanb)=a anlavbl=a absorption
avo=a anl=a identity

avibac)=(avblnlavc aanlbvc)=(anblvianc distributivity

av-a=1 an—-a=o0 complements
Note, however, that the absorption law and even the associativity law can be excluded from the set of axioms as they can be derived
from the other axioms (see Proven properties).

A Boolean algebra with only one element is called a trivial Boelean algebra or a degenerate Boolean algebra. (In older works,
some authors required 0 and 1 to be distinct elements in order to exclude this case, )[</tation needed]

It follows from the last three pairs of axioms above (identity, distributivity and complements), or from the abseorption axiom, that
a=bna if and only if avb=bh.

The relation < defined by a = b if these equivalent conditions hold, is a partial order with least element 0 and greatest element 1. The
meet a A b and the join a v b of two elements coincide with their infimum and supremum, respectively, with respect to =.

The first four pairs of axioms constitute a definition of a bounded lattice.
It follows from the first five pairs of axioms that any complement is unique.
The set of axioms is self-dual in the sense that if one exchanges v with a and 0 with 1 in an axiom, the result is again an axiom.

1 r 5/ 50



Formal definition?

tlab.org/nlab/showirealizability+topos B %

Home Page  All Pages

realizability topos

Contents Context
1. Idea Topos Theory
. Constructivism,
2. Constructions Reallzabllity,
Via tripos theory Computability

Via assemblies
3. Properties

Axiomatic characterization
4. Related concepts

5. References

1. Idea

A realizability topos is a topos which embodies the realizability interpretation of intuitionistic
number theory (due to Kleene) as part of its internal logic. Realizability toposes form an
important class of elementary toposes that are not Grothendieck toposes, and don’t even have a
geometric morphism to Set.

The input datum for forming a realizability topos is a partial combinatory algebra, or PCA.

+ When the PCA is Kleene's first algebra %, the resulting topos is called the effective topos
RT(K ).

Latest Revisior
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Formal definition?

Anne S. Troelstra (Ed.)

Metamathematical
Investigation of Intuitionistic
Arithmetic and Analysis

Lecture Notes in Mathematics

@ Springer
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Formal definition?

FLSEVIER

STUDIES IN LOGIC

AND

THE FOUNDATIONS OF MATHEMATICS

VOLUME 132

5. AMRAMSEY [ %, ARTEMONV [ DM, OABBAY [ A, KECHRES / A, PILLAY / KA, SHORE

EDITORS

Realizability:

An Introduction to
its Categorical Side

JAAP VAN OOSTEN

ELSEVIER
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

I A realizability model

MEA & 3FttlFA
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

Tripos

realizability

« A functor 7 : Set®” — HpA with:

! |
1 1
! |
. - quantifiers I

1
: « computability w. substitutions !
1
1 1

« generic predicate
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

e Tripos Topos

realizability model

| Codes: a set C

| Application: a partial binary operator
- : C X C — C with the functional
completeness property.
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Topoi, Triposes and PCAs

Pitts’ PhD (80s)

Tripos Topos
PCA o
realizability model
A A
| |
No logic! No realizers!
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This Talk: Goal #1

Pitts’ PhD (80s)

PCA

No logic!

/' Evidenced

1

v
.

.~

frames

Tripos

realizability

—A_J

No realizers!

Topos

model

the logical and computational aspects

Introduce an intermediate structure that connects
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Computational Choices Matter

With side-effects come new reasoning principles:

« exceptions ~ Markov’s principle

- control operators ~ classical logic

« quote instruction ~ dependent choice
« memoization ~ dependent choice

« monotonic memory ~ Cohen’s forcing

« monotonic memory ~ nonstandard analysis
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Computational Choices Matter

With side-effects come new reasoning principles:

« exceptions ~ Markov’s principle

- control operators ~ classical logic

« quote instruction ~ dependent choice
« memoization ~ dependent choice

« monotonic memory ~ Cohen’s forcing

« monotonic memory ~ nonstandard analysis

But PCAs can only support non-termination!
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This Talk: Goal #2

e ~
. N

! Evidenced \ Tripos Topos
PCA - [EEN 2 | I
. frames y realizability model

S
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This Talk: Goal #2

." Evidenced Tripos Topos
. frames realizability model
: —_—

computational
effects - MCA

Smooth integration of useful computational effects
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This Talk: Goal #3

What about the syntactic approach to realizability?
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Realizability, the historical recipe



Partial Combinatory Algebras

A Partial Applicative Structure (PAS) (A, ) is given by:
. aset A of “codes”,
« a partial application - : AX A — A.

Notations:

s ¢f-cq | ¢, means that c, is the (successful) result of applying cf to c4,

* ¢f ¢ | means that there exists some ¢, € A such that cy-c, | ¢;.
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Partial Combinatory Algebras

A Partial Applicative Structure (PAS) (A, ) is given by:
. aset A of “codes”,
« a partial application - : AX A — A.

Notations:

s ¢f-cq | ¢, means that c, is the (successful) result of applying cf to c4,

* ¢f ¢ | means that there exists some ¢, € A such that cy-c, | ¢;.

A Partial Combinatory Algebra is a PAS that is “functionally complete”.

S For every expression e with n free variables, there is a code (A,.e) € A such that:

Ant1-€ - Ca | An.e{ca} and Ao-e-cqgl e & efcat |
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Partial Combinatory Algebras: examples

Examples of PCAs:

. Kleene’s first model K;

IN with partial recursive application a, b — ¢, (b),
« Kleene’s first model %
NN with application F : NN x NN — NN,
+ Scott graph model: P(IN) as a graph:

graph : F— {(n,m) | m € F(e,)} € (P(N) — P(N)) — P(N)
fun:A— B {(m]|3ne, CBA{(n,m) e A} € P(N)— P(N) — P(N)

« Any model M of Peano Arithmetic:

(ab=c) = M 3y.T(a,b,y) AU(y) =c

11/ 50



Historical factory: P(A)-valued predicate

A P(A)-valued predicate on a set X is a function ¢ : X — P(A).

a € ¢(x) : ais arealizer of p(x).
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A P(A)-valued predicate on a set X is a function ¢ : X — P(A).
a € ¢(x) : ais arealizer of p(x). We can define:

s (p=>Y)(x)={ac A|Vbep(x), ab| and ab € Y(x)},
s (pAyP)(x) ={{ab) e Alacp(x), bey(x)}
c (Vi) (x) ={u(a) e Alacp(x)} U{nb) e Albey(x)}

12/ 50



Historical factory: P(A)-valued predicate

A P(A)-valued predicate on a set X is a function ¢ : X — P(A).
a € ¢(x) : ais arealizer of p(x). We can define:

s (p=>Y)(x)={ac A|Vbep(x), ab| and ab € Y(x)},
s (pAyP)(x) ={{ab) e Alacp(x), bey(x)}
c (Vi) (x) ={u(a) e Alacp(x)} U{nb) e Albey(x)}

We pose ¢ < = Ja € A, Vx € X, Vb € ¢(x), ab | and ab € §(x).

12/ 50



Historical factory: P(A)-valued predicate

A P(A)-valued predicate on a set X is a function ¢ : X — P(A).

a € ¢(x) : ais arealizer of p(x). We can define:

s (p=>Y)(x)={ac A|Vbep(x), ab| and ab € Y(x)},
c (@AY)(x) ={({a,b) e Alac p(x), bey(x)}
c (pVi)(x)={u(a) e Alacp(x)} U{n(b) e A|lbey(x)}

We pose ¢ < = Ja € A, Vx € X, Vb € ¢(x), ab | and ab € §(x).

(P(A), =) is a pre-Heyting algebra.

12/ 50



Models and triposes

Realizability model

MEA & 3FttlFA
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Models and triposes

Realizability model

MEA & 3FttlFA

Triposes

PCA/

A-calculus /| ——————

Tripos

realizability

Categorically speaking

a topos

Topos

model
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Models and triposes

A triposis a functor 7 : Set’” — HpA s.t.
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Models and triposes
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S Intuition 7 (T) : predicates ¢(X) sC @ )=e( s (D)
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Models and triposes
A triposis a functor 7 : Set’” — HpA s.t.

% Intuition 7 (T) : predicates ¢(X) s* () = o(s(7))

Quantifiers. Any s* has left/right adjoints [,/ : 7(I') — 7 (I"):
p<s'(y) o (e sy o)<y & o <ILW)
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Models and triposes
A triposis a functor 7 : Set’” — HpA s.t.

% Intuition 7 (T) : predicates ¢(X) s* () = o(s(7))

Quantifiers. Any s* has left/right adjoints [,/ : 7(I') — 7 (I"):
p<s'(¥y) o L)<y o)<y & o <ILW)

% Intuition 3IxX.— : T(T'x X) — T(T) = left adjoint to 7y x : T X X — T;

Vi x. [o(@x) = ¥(H] o V5. [Fxe@.x) = §7)]
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Models and triposes

A triposis a functor 7 : Set’” — HpA s.t.
Quantifiers. Any s* has left/right adjoints [ [,/ : 7(I') — 7 (I"):

p<s'(y) e (e <y ') <y & ¢ <IL{)
Compatibility w. substitutions.
r— 1’
J
If vl l” then [[,or*=s*o[[,and s*o[],=1],or".
r/l _S> rl//

% Intuition (Fx.0(y,x)) [y :=s(y')] = 3x.0(s(y’), x))
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Models and triposes

A triposis a functor 7 : Set’” — HpA s.t.
Quantifiers. Any s* has left/right adjoints [ [,/ : 7(I') — 7 (I"):

p<s'(y) o (o) <y s'(o) <y o o <[LY)
Compatibility w. substitutions.
T —> 1/
J
If Ul l" then [[,or*=s*o[[,and s*o[],=1],or".
r/l _s> rl//

Generic predicate There exists Q € Set and - € T(Q),s.t:
forall ¢ € 7(I), we have y4 : T — Q satisfying

R 0w =

S Intuition Q = set of propositions holds( Xw(" = (%)
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Models and triposes

A triposis a functor 7 :Set’” — HpA s.t.
Quantifiers. Any s* has left/right adjoints [[/[]s : 7(I) — 7 (I'):
Compatibility w. substitutions. ...

Generic predicate. There exists Q € Set and holds € 7(Q), s.t. ...

Standard example (with H € HpA)

T(I) =H! T(s:I—->])=Ah:H').hos

Quantifiers. arbitrary meets/joins
Compatibility. yes.
Generic predicate. Q =H and holds £ Ax.x

13/ 50



Models and triposes
A triposis a functor 7 :Set’” — HpA s.t.
Quantifiers. Any s* has left/right adjoints [[/[]s : 7(I) — 7 (I'):
Compatibility w. substitutions. ...

Generic predicate. There exists Q € Set and holds € 7(Q), s.t. ...

So far so good but:
« ltis a heavy structure

« What about terms and the realizability interpretation?
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Models and triposes

A triposis a functor 7 :Set’” — HpA s.t.
Quantifiers. Any s* has left/right adjoints [[/[]s : 7(I) — 7 (I'):
Compatibility w. substitutions. ...

Generic predicate. There exists Q € Set and holds € 7(Q), s.t. ...

So far so good but:
« ltis a heavy structure

« What about terms and the realizability interpretation?

Recently

PCA /..

[ Tripos Topos
/ realizability model

—13

classical [Strt"fher] J

realizability
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Effectful realizability, from an algebraic

perspective



The quest for a better world

intuitionistic

realizability

. .
’ \ .
p \ Tripos Topos
\ & — T
/'\ J realizability model
. S £
classical R

realizability
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Algebrization of realizability models

Key observations : truth values live in P(A) ‘ which

Q isa ‘complete lattice|,

@ can be endowed with ‘ Kleene arrow}:

¢=y={acA|Vbegab|A abey}
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Algebrization of realizability models

Key observations : truth values live in P(A) ‘ which

Q isa ]’complete lattice|,

@ can be endowed with ‘ Kleene arrow}:

¢=y={acA|Vbegab|A abey}

% for classical realizability, this applies to P(I1).

15/ 50



Implicative structures

Implicative algebras: a new (...)
Alexandre Miquel [2018]

Types Formulas

A-terms === Proofs
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Implicative structures

Implicative algebras: a new (...)
Alexandre Miquel [2018]

Types Formulas

A-terms === Proofs

In particular, a < b reads:

 ais a subtypeof b
o ais a realizer of b

o the realizer a is more defined than b

16/ 50



Implicative algebras

An implicative algebra is a complete meet-semilattice (A, <, —) s.t.:
e ifag < a and b < bythen (a = b) < (ag — by) (Variance)
s Apepla—=b)=a— \ppb (Distributivity)

together with a separator S € A satisfying axioms.

Main results:

« System F’s terms and types can be interpreted in an adequate way:

If rt:A then 7' < AR

« Any implicative algebra induces a tripos :

7. Set’”? — HA
I — AS[I]

17/ 50



Great, but...

« implicative algebras : a (too?) minimal structure

€ A > formulas
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higher-order < generic predicate
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Great, but...

« implicative algebras : a (too?) minimal structure

€ A > formulas

« tripos: does not account for realizers
propositional logic <  Heyting prealgebra

quantifiers < adjoints to substitutions

higher-order < generic predicate

« lack of a smooth integration for

states / non-determinism / dependent types / ...

In short

Two general structures, none account for realizers!

18/ 50



Evidenced Frames




Evidenced Frame: A Unifying Framework for Realizability Models

(®, E, 1> ¢ )

TN

propositions evidences e realizes ¢; — ¢,
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Evidenced Frame: A Unifying Framework for Realizability Models

(®, E, 1> ¢ )

TN

propositions evidences e realizes ¢; — ¢,

Intuitively: a “specification” of the minimal structure
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Evidenced Frame (O, E, - — )

Reflexivity. ¢4 € E s.t.:
S99

Transitivity. ;€ EXE — Es.t:

. ¢1i>¢2/\¢2i>¢73 = ¢1:>¢3
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Evidenced Frame (O, E, - — )

Reflexivity. ¢4 € E s.t.:
S99

Transitivity. ;€ EXE — Es.t:

° ¢1i>¢2/\¢2i>¢73 = ¢1:>¢3

Top. Tedander € Est:
. ¢e—T)T

Conjunction ANEDPXDP -, (--) eEXE—E, and ef, €snq € E s.t.:

€fst ‘ erez)

« Pinds — C DD PAPD hr= ) —> A
o P1APy = o)
Universal implication. > € X P(®) — ®, 1 € E — E, and ey € E:
- (Vg e ¢ o} /\¢z—> $) = ¢1 5 $of
- V€ B.L($108) A d1 = §]
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Goal #1: An intermediate structure




PCA to Evidenced Frame

. RS
. N
’ N

PCA :' Evidenced\‘l

i
\ Frame
\ 4
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PCA to Evidenced Frame

. RS
. N
’ N

PCA :' Evidenced\\l

i
\ Frame
\ 4

« A set of “codes”
« partial application ¢; - ¢y

« functional completeness
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PCA to Evidenced Frame

PCA

. RS
. N
’ N

:' Evidenced\‘l

« A set of “codes”
o partial application c; - ¢,

« functional completeness

i
\ Frame
\ 4

The triple (P(A), A, -— -), where:
« a proposition in ® = P(A) is
defined by its set of realizers
+ anevidence in E = A is a code
. $1> ¢ ifforalle; € ¢y

o e -e; terminates
. 6‘811,82 = €2€¢2
S connectives and their evidences are defined as

usual in realizability models
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Evidenced Frame to Tripos

p \
Ao \
+ Evidenced {
'

d E Tripos
. Frame ¢
3 /

UFam construction
Given &F = (@, E, - — ), the structure UFam(&EF) is defined by:

Predicates. T € Set is mapped to ®' € HpA

« ¢ < ¢’ £ FeVy. 4(y) = ¢’ (y) % uniform entailment
« Heyting prealgebra: pointwise via ®

Substitution. s:T' — I is mapped to 7(s) = Ah.hos % as usual

Quantifiers. [[, € ® — &/ 2 1¢$.Aj. [Licu1(j) ¢(D) % as usual
[ €@ - & 2 2p.A). icu1(s) (D)

Generic predicate. Q £ @, holds £ idg, and X6 2 4. % as usual
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From Implicative Algebras to Evidenced frames

Any implicative algebra (A, <, —,S) induces an evidenced frame

UEF(A) 2 ( A, S , 5  where aSb2e<a—b
—_—— ——
prop. evidences

S Proof. Connectives and quantifiers from the internal logic of A / evidences via the

expected A-terms.
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From Implicative Algebras to Evidenced frames

Any implicative algebra (A, <, —,S) induces an evidenced frame

UEF(A) 2 ( A, S , 5  where aSb2e<a—b
—_—— ——
prop. evidences

S Proof. Connectives and quantifiers from the internal logic of A / evidences via the

expected A-terms.

Remark

o blurs the distinction btw. evidences & propositions
« UEF(A) is consistent if and only if A is.
« the implicative tripos 7' and UFam(UEF(A)) are equivalent.
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From Implicative Algebras to Evidenced frames

induced mode|

B \
i UEF(A ," “
PCA imp. alg. (A) L oeF UFam(&F) T
A 3 y
classical
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From Implicative Algebras to Evidenced frames

induced mode|

\ ) R
’ N

imp. alg. UEF(A) L eF 3 UFam(&F) Tripos

B

PCA ———

realizability

classical

completeness
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Final picture

Evidenced Frames : a Unify-
ing... (...) Cohen, M. and Tate

[2021]
induced mode|
B
\ %‘5\‘ induces
A | P ‘/\
imp. alg. . ' \ N .
PCA ——> A Hext CEF Rint Tripos
1 4
\/\ ‘,’\/
/ completenes® Completeness
classical
realizability

completeness

WROCAQ formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/ 24/ 50
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Final picture
ﬂ\
classical
realizability

Evidenced Frames : a Unify-
ing... (...) Cohen, M. and Tate
[2021]

induced mode|

Tripos

completenes® Completenes®

completeness

Tripos = evidenced frame that has forgotten its evidence.

WROCAQ formalization available : https://www.i2m.univ-amu.fr/perso/etienne.miquey/ 24/ 50
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This Talk: Goal #2
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This Talk: Goal #2

Tripos

Completeness

computational
effects ?

Smooth integration of useful computational effects
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Monadic Combinatory Algebras




Reminder : PCA

A Partial Applicative Structure (A, ) is given by:

a set A of “codes” + a partial “application” - : AX A — A

Notations:
« cf-cqlcr iy isthe (successful) result of the application cr - ¢,

e cfcgl i3, € Acrocalcr

A Partial Combinatory Algebra is a PAS that is “functionally complete”.

S for every expression e with n free variables, there is a code (A".e) € A s.t.:

</1"+1.e> “ca | (A".e{ca}) <)Lo.e> cqgler &= efcq} ler
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Monads

A monad M over a category C is a functor M : C — C, with:

e n:1= M (unit) o : MM = M (multiplication)
satisfying
nM Mn My
M —— MM <— M MMM —— MM
\ lﬂ/ ”Ml l”
M MM —— M

Computationally :

+ f:A — MB : effectful program taking a value in A and returning a

computation in B
« [a] : MA stands for n (a) (‘return’)
o letx &minn:MB withAx.n: A— MBand m: MA (‘bind’)
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Monadic Applicative Structure

In this work: [M is a Set monad}

A Monadic Applicative Structure (MAS) over M is a set of “codes” A
with a (Kleisli) application: (=) - (-) : AX A — MA.

S PAS where partiality is replaced by any monad.

(=)-(=)
codes

Cf-Cq
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Monadic Applicative Structure

In this work: [M is a Set monad}

A Monadic Applicative Structure (MAS) over M is a set of “codes” A
with a (Kleisli) application: (=) - (-) : AX A — MA.

S PAS where partiality is replaced by any monad.
Intuitively:

« (=)-(-) takes two codes and returns a ‘computation’ of a code.
« codes = encoding of programs or inputs of programs.

* cf-cq : computation executed by running cr on ¢,

28/ 50



Monadic Applicative Structure

In this work: [M is a Set monad}

A Monadic Applicative Structure (MAS) over M is a set of “codes” A
with a (Kleisli) application: (=) - (-) : AX A — MA.

S PAS where partiality is replaced by any monad.
Intuitively:

« (=)-(-) takes two codes and returns a ‘computation’ of a code.
« codes = encoding of programs or inputs of programs.

* cf-cq : computation executed by running cr on ¢,

Expressions

ex=icN|cecAleeoe En(A) == {e | all isin e are < n}

28/ 50



Evaluation

We follow the PCA historical presentation :

Evaluation v is defined by induction on E; (A) as follows:

v(c) = [c] v (ef oe,) =let =V (ef) inletc, &= v(eq) incr-cy

S evaluation is reflected by an equality in A

S having an algebraic counterpart of evaluation would require switching to an ordered setting

29/ 50



Monadic Combinatory Algebra

A Monadic Combinatory Algebra is a MAS A s.t. for any expression
e € Eyy1 (A) there is a code (A".e) € A satisfying the following laws:

n ((A".efc})) (Ve € Epnvz (A))
v (e{c}) (Ve € E1 (A))

</1"+1.e> e
</1°.e) -c

S this can also be expressed in categorical terms, see the paper
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Example -

The sub-singleton monad:

e MA = {S CA | Vxq,x9 € S.x; :.X'z}
* 74 (x) = {x}
* HA (m) = UXemX

Riddle : what is the encoded effect ?
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Example - PCA

The sub-singleton monad:

e MA = {S CA | Vxq,x9 € S.x; :.X'z}
* 74 (x) = {x}
* HA (m) = UXemX

Riddle : what is the encoded effect ?

PCA is a special case of an MCA.
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Example -
eMA=(A—>R) >R on4 (x) =Ak.kx o 1y (m) = Ak.m (Ag.g (k))

Riddle : what is the encoded effect ?
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Example - CPSCA
eMA=(A—R) >R o4 (x) =Ak.kx o j1p (m) = Ak.m (Ag.g (k))

Such an MCA allows for e and ek, which save/restore continuations :

(ecc - ca) (u) = (ca : eKu) (u) (eKu : Ca) (u') =u(ca)
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Example - CPSCA
eMA=(A—R) >R o4 (x) =Ak.kx o 1y (m) = Ak.m (Ag.g (k))

Such an MCA allows for e and ek, which save/restore continuations :

(ecc - ca) (u) = (Ca : eKu) (u) (eKu : Ca) (u') =u(ca)

By defunctionalization, we obtain an abstract stack machine with states:

Q@ e 71 evalstate Q@ c « 7 applystate @ c finalstate

Operational semantics:

efreg>m > epD>t(ey) crAt(e) ‘—)eabu(cf)-ﬂ
c>mr > cdArx ca<u(</10.e>)-7r — e{cgt >
ce4d) — ¢ ca av ((A™e)) - r > (A"efca}) «n

32/ 50



More Examples

Comb. Alg. Monad MA return 4 (x) bind p4 (m)

Partial {XCA|Vx,ye Xx=y} {x} UxemX

Relational P(A) {x} UxemX

Stateful 3> P(EXA) Ao {(o,x)} Ao U frem(of (0)
CPS (A—>R)—>R Ak.k (x) Ak.m (Ag.g (k))
Parameterized P — {X CA|Vx,y e X.x =y} Ap.{x} Ap.U{g(p) |gem(p)}
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Realizability models

The good old recipe :
« P(A)-valued predicates
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Realizability models

The good old recipe :
+ P(A)-valued predicates
$: X — P(A).
+ Kleene arrow

(p=1Y)(x)={ac A|Vbep(x).ab | A ab e (x)}.

34/ 50



Realizability models

The good old recipe :
« P(A)-valued predicates
¢: X — P(A).

« Kleene arrow X

(d=>¢)(x)={ac A|Vbep(x)ab| A | ab € ¢Y(x) [}.
——
€ MA CcCA

We need to lift € P(A) to an adequate set of computations € P(MA)
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M-modality

An M-modality over (Q, <) a complete HpA is a natural transformation:

Ox :MX - (X > Q) - Q
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M-modality

An M-modality over (Q, <) a complete HpA is a natural transformation:

Ox: MX —->(X->Q —> Q
—— ——

computation predicate truth value
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M-modality

An M-modality over (Q, <) a complete HpA is a natural transformation:

Ox: MX —->(X->Q —> Q
S~—— EE— S~——
computation predicate truth value

s.t., writing { x < my ¢ (x) £ & (m) (¢) (“after m, ¢ holds”), we have:
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M-modality

An M-modality over (Q, <) a complete HpA is a natural transformation:
Ox: MX —->(X->Q —> Q
—— ——

———
computation predicate truth value

s.t., writing { x «— mY ¢ (x) £ O (m) (§) (“after m. ¢ holds’), we have:
Q After / return:
¢ (a) < gx « [a] g9 (x)
@ After / Bind
pxemy{y— f(x) 29 (y) < {y—letx =minf(x) ¢ (y)

@ Internal Monotonicity.

[e (¢1(c) T2 () < (x — my 1 (x) T {x — my ¢y (x)
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All good ?
Consider the PCA example, that is:

MA = {S CA | Vx1, x9 € S.x1 =XZ}

What about the following M-modality?

(x e myd(x) £ e ¢ (%)

36/ 50



All good ?
Consider the PCA example, that is:

MA = {S CA | Vx1,x2 € S.x1 = XZ}
What about the following M-modality?

(x e myd(x) £ e ¢ (%)

Consider :
. ¢y 2 (Ax.86), that yields no value when applied,

o the predicates T=x+1and L=x+0
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All good ?
Consider the PCA example, that is:

MA = {S CA | Vx1, x9 € S.x1 =X2}

What about the following M-modality?
(x = myd () =i ¢ (1)

Consider :
. ¢y 2 (Ax.86), that yields no value when applied,

o the predicates T=x+1and L=x+0

Then we get:

C,
T—O>J_<:>VCEA.1<gx<—co-c(20

S Vee Al < |—| 0511 X
x€v(cey - c)
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Separator

A separator for < is:
+ a combinatory complete subset S of A,

« such that, for every cr, ¢, € S, “progress” holds:

§recrcag0=<0

S when progress holds for all codes, A is a separator

Packing all the ingredients we define

A monadic core is a tuple (A, Q, ©,S), where:
« A is an MCA over a monad M, « (Q, x) is a complete HpA,

+ < is an M-modality over A + S is a separator over them.
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Example - PCA

Monadic core
« sub-singleton monad
MA = {S CA | Vx1,x2 € S.x1 = XZ}

« modality :
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Example - PCA

Monadic core
« sub-singleton monad
MA = {S CA | Vx1,x2 € S.x1 = XZ}

« modality :

”

S if 1 5 $2 and $1(c), then { x «— e-cy $2 should express that e - ¢ returns a valid
code for ¢z
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Example - PCA

Monadic core
« sub-singleton monad
MA={S CA|Vx,x; €S.x;=x3}
» modality :
(x = myP(x) 2 Liem $(x)

S if ¢ 5 $2 and ¢1(c), then { x « e-c) ¢z should express that e - ¢ returns a valid
code for ¢
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Example - PCA

Monadic core
« sub-singleton monad
MA={S CA|Vx,x; €S.x;=x3}
» modality :
(x = myP(x) 2 Liem $(x)

S if ¢ 5 $2 and ¢1(c), then { x « e-c) ¢z should express that e - ¢ returns a valid
code for ¢

e separator:

the whole set A
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Example - Classical realizability (1/2)

Quick reminder from Krivine realizability:

o fixa 1 (= “valid” computations) ~> here, 1L C R.

« orthogonality relation between A — Rand A
kla 2 k(a) € 1L t1k 2 t(k) e 1L

~ realizers of ¢ = computations in ¢++ = {t | Vk.kL¢ = t Lk}
« if 1L is non-empty, there exists t |- L

~~ restrictions to proof-like realizers (no captured continuation).
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Example - Classical realizability (2/2)

« continuation monad
MA=(A—>R) >R

« modality (m € ¢*+), with fixed 1L C R:

(x —myd(x) £ |—| (( |—| (¢p(a) O kJ_a)) J mJ_k)

keA—R \ a€A
e separator:

proof-like: codes obtained by combinatorial completeness extended with e,
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The induced Evidenced frame

Let MCy = (A, Q, ©,S) be a monadic core. The triple (QA, S, — -),

where
$1— Py 2 Ve € Ay (c) < {1 e-cY ey (r)

forms an evidenced frame.

Preuve : As usual! see the paper ;-)
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The induced Evidenced frame

Let MCy = (A, Q, ©,S) be a monadic core. The triple (QA, S, — -),

where
$1— Py 2 Ve € Ay (c) < {1 e-cY ey (r)

forms an evidenced frame.

Preuve : As usual! see the paper ;-)

Let MCy = (A, Q, ©,S) be a monadic core. Then the induced evidenced frame
has an evidence e € A such that T — L iff 1 <0.

WROCAQ formalization available : https://github.com/dominik-kirst/mca/ /50
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Effectful Higher-Order Syntactic
Realizability




Bonus : Syntactic Realizability
Different tradition : Godel’s Dialectica, Kreisel modified realizability, etc...

In a nutshell: from a derivation of T + A, produce
« atype A*
o atermtst. Tx+t: A"

« which is a realizer of A
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Bonus : Syntactic Realizability
Different tradition : Godel’s Dialectica, Kreisel modified realizability, etc...

In a nutshell: from a derivation of T + A, produce
« atype A*
o atermtst. Tx+t: A"

« which is a realizer of A

Goal #3: mimick the results obtains with MCA, and develop a unified

framework for syntactic realizability models.
We aim at a framework that:
« models expressive systems like HOL or type theory
« supports effectful computational interpretations
« enables the perspective of syntactic proof transformations

« can be formalized in proof assistants
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Contribution: Effectful Higher-Order Logic (EffHOL)

TYPES Polymorphic A, COMPUTATION

System F EffHOL

Deductive F,, Evaluation Logic

Higher-Order Logic

LOGIC
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Realizability Translation

E Kind Index Specification/Expression | |

If T FroL ¢ then there is p : M([¢]") such that
[T [T Femmor (x < p) [o]® (x).

WROCAQ formalization available : https://github.com/dominik-kirst/effhol/ 44/ 50
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Conclusion & bonus




Conclusion

Goal #1 : introduce an algebraic structure for realizability models that
connects the logical and computational aspects.

« Any models induces a tripos (hence a topos)

« Implicative/arrow algebras : minimalistic axiomatization for some

models

An algebraic structure accounting for realizability models.
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Conclusion

Goal #1 : introduce an algebraic structure for realizability models that
connects the logical and computational aspects.

« Any models induces a tripos (hence a topos)

« Implicative/arrow algebras : minimalistic axiomatization for some

models

flexible
A |uniform algebraic structure accounting for realizability models.

complete
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My favorite feature of EFs: robust interpretations

The effect of effects on
constructivism

Cohen, Faro & Tate [2019]

A short story about Countable Choice

« Thm 1. - the realizability model induced by a PCA models CC.

& UFam(EF %) E CC
| |

« Thm 2. - adding non-determinism makes it negate CC.

{% UFam(EF /") # ccl

« Thm 3. - adding states and using memoization restores CC.

he UFam(EF /") Ccl
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My favorite feature of EFs: robust interpretations

The effect of effects on
constructivism

Cohen, Faro & Tate [2019]

A short story about Countable Choice

« Thm 1. - the realizability model induced by a PCA models CC.

% UFam(87%) F CC|

« Thm 2. - adding non-determinism makes it negate CC.

% Uram(EF ) ccl

« Thm 3. - adding states and using memoization restores CC.

he UFam(&F o) & cc\

(")pi ooku . . . 9
UFam(STDﬂ Plookpy - — specification # implementation
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Conclusion

Goal #2 : Smooth and uniform integration of useful computational effects.

« Monadic combinatory algebras: natural combinatorial view on
monadic computations

« M-Modality to relate predicate on values and computations

Smoothly extend all the constructions/results for PCA.
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Conclusion

Goal #3 : Investigate a syntactic counterpart of MCA.

« EffHOL : a Higher-Order Logic to reason on effectful programs
« realizability as translations from HOL to EffHOL

If T FroL ¢ then there is p : M([@]") such that:

[T | IT]" FesrioL {x < p) [o]® (x).
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Future Directions

Lots of questions on Evidenced Frames (study morphisms, relation to

the induced topos, ...)

Use EF to define robust realizability interpretations

« Extension of EffHOL to non-monadic effects ?
« Increased usability and scope of formalization

Understand better the relation between typed/untyped realizability
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Future Directions

Lots of questions on Evidenced Frames (study morphisms, relation to

the induced topos, ...)

Use EF to define robust realizability interpretations

Extension of EffHOL to non-monadic effects ?

Increased usability and scope of formalization

Understand better the relation between typed/untyped realizability

Thank youl!
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MCA, categorically (1/2)

For a Freyd category (C, K, J), an applicative object is an object
A € Obj (C) equipped with an application morphism ® € K (A x A, A).

Given A applicative in (C, KK, J), a morphism f € K(A", A) is
A-computable when, for all k < n,and all ¢q,...,cx € C(1, A),
there is a code ef(c,,...c,) € C(1, A) s.t.:

1 x An-k ) KT, AT Ax ATk ety pk
J(Clw':ck)k D(A"_kl l@n—k l®k
]ef(cl ,,,,, Ck)

k n—k v AN \
AFx A A A A



MCA, categorically (2/2)

An A-monomial is a morphism in K (A", A) defined using only
projections, morphisms in C (1, A), and application ®, used in an

applicative order.

An applicative object A is called a combinatory object when all positive
A-monomials are A-computable.

A is an MCA over M iff if it is a combinatory object in Set ;.
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